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Prefuce 

In investigating the highly different phenomena in nature, scientists have al- 
ways tried to find some fundamental principles that can explain the variety from 
a basic unity. Today they have shown not only that all the various kinds of 
matter are built up from a rather limited number of atoms but also that these 
atoms are composed of a few basic elements or building blocks. It seems pos- 
sible to understand the innermost structure of matter and its behavior in terms 
of a few elementary particles: electrons, protons, neutrons, photons, etc., and 
their interactions. Since these particles obey not the laws of classical physics but 
the rules of modern quantum theory of wave mechanics established in 1925, 
there has developed a new field of “quantum science” which deals with the 
explanation of nature on this basis. 

Quantum chemistry deals particularly with the electronic structure of atoms, 
molecules, and crystalline matter, and describes it in terms of electronic wave 
patterns. It uses physical and chemical insight, sophisticated mathematics, and 
high-speed computers to solve the wave equations and achieve its results. Its 
goals are great, and today the new field can boast of both its conceptual frame- 
work and its numerical accomplishments. It provides a unification of the natural 
sciences that was previously inconceivable, and the modern development of 
cellular biology shows that the life sciences are now, in turn, using the same 
basis. “Quantum Biology” is a new field which describes the life processes and 
the functioning of the cell on a molecular level and a submolecular level. 

Quantum chemistry is hence a rapidly developing field which falls between 
the historically established areas of mathematics, physics, chemistry, and biol- 
ogy. As a result there is a wide diversity of backgrounds among those interested 
in quantum chemistry. Since the results of the research are reported in period- 
icals of many different types, it has become increasingly difficult for both the 
expert and the nonexpert to follow the rapid development in this new multidis- 
ciplinary area. 

The purpose of this serial publication is to present a survey of the current 
development of quantum chemistry as it is seen by a number of internationally 
leading research workers in various countries. The authors have been invited to 
give their personal points of view of the subject freely and without severe space 
limitations. No attempts have been made to avoid over lapon the contrary, it 
seems desirable to have certain important research areas reviewed from different 
points of view. 

The response from the authors and the referees has been so encouraging that 
a series of new volumes is being prepared. However, in order to control pro- 

xi 



xii PREFACE 

duction costs and speed publication time, a new format involving camera-ready 
manuscripts was initiated with Volume 20. A special announcement about the 
new format was enclosed in that volume (page xiii). 

In the volumes to come, special attention will be devoted to the following 
subjects: the quantum theory of closed states, particularly the electronic structure 
of atoms, molecules, and crystals; the quantum theory of scattering states, deal- 
ing also with the theory of chemical reactions; the quantum theory of time- 
dependent phenomena, including the problem of electron transfer and radiation 
theory; molecular dynamics; statistical mechanics and general quantum statis- 
tics; condensed matter theory in general; quantum biochemistry and quantum 
pharmacology; the theory of numerical analysis and computational techniques. 

As to the content of Volume 27, the Editors thank the authors for their contri- 
butions, which provide an interesting picture of part of the current development 
of quantum chemistry. The topics range from freeon dynamics of atoms and mol- 
ecules, over response theory and calculations of spin-orbit coupling phenomena 
in molecules, functional groups in quantum chemistry, and characterization of 
shape and Auger resonances by means of dilated one-electron propagators, to 
investigations of radical hyperfine structure by means of configuration interac- 
tion and density functional methods and a study of certain properties of linear 
functionals and adjoint operators. 

In contrast to the regular review volumes with a rather eclectic content, the 
Editors tried instead in Volume 21 to focus interest on a single topic, in that case, 
on “The Density-Functional Theory of Many-Fermion Systems.” Since this 
experiment turned out very well, the Editors are now planning-in addition to 
the regular review volumes-a few more “thematic volumes” with contributions 
concentrating specifically on recent advances, and with specialists in the field as 
Guest Editors. 

PER-OLOV LOWDIN 
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1. INTRODUCTION 

In the first volume of Advances in Quantum Chemistry [l] I published an 
article called Spin-Free Quantum Chemistry. Since then I have broadened this 

concept considerably and have changed the name of the subject to "freeon 
dynamics". The word "freeon' means "free-of-spin'' and not the common 
refrigerant. Freeon dynamics is a viable alternative (for light atoms and for 

molecules with light atoms) to the more-conventional fermion dynamics. The 
raison d'8rre for freeon dynamics is that it is conceptually and computationally 
simpler than fermion dynamics and so is consistent with Ockham's razor: 

"A satisfactory proposition should contain no unnecessary 
complications." 

William of Ockham, 14th century 

A1 Sherman, who introduced me to quantum mechanics while I was an 
undergraduate at the University of Wisconsin, was co-author with Van Vleck of a 

classic paper on quantum chemistry which contained the following significant 
statement: 

"Actually, the only forces between spin are magnetic forces which are 
exceedingly small and the only reason that spin figures in the answer is 

that the constraints imposed by the Pauli principle correlate different spin 

alignments with different electrostatic exchange energies. Thus spin is 
only an indicator.. .", J. H. Van Vleck and A. Sherman, Rev. Mod. Phys. 

7 ,  167 (1935). 

Central to freeon dynamics is the indistinguishability of electrons; this 

property is a symmetry which is expressed in terms of the symmetric group, SN, 
the group of permutations on the indices of the N identical electrons. The 
irreducible-representation-spaces (IRS) of SN are uniquely labeled by Young 
diagrams denoted YD[5] where [h] is a partition of N and where YD[5] is an 

array of N boxes in columns of nondecreasing lengths. The Hamiltonian for a 
system of N identical particles commutes with the elements of SN. By the 
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Wigner-Eckart theorem the Hamiltonian-state-spaces (HSS) are uniquely labeled 

by Young diagrams. 

In 1926 (Zeitschrf, Phys., 40, 492) Eugene Wigner, who taught me group 

theory at Princeton , wrote the first paper on freeon dynamics. He used the 

Frobenius algebra of SN as described in my first article in the Advances. To 

satisfy the fermion antisymmetry principle he required the IRS of the spin and the 

freeon spaces be conjugate to each other. Since there are two, and only two spin 

orbitals, the spin IRS are labeled by Young diagrams with no more than two rows. 

The conjugate freeon IRS are then labeled by Young diagrams with no more than 

two columns of lengths, L12 L2 2 0. 

The number of electrons is then 

L1+L2=N (1.2) 

Because of the conjugacy of the spin IRS to the freeon IRS the Pauli Principle 

spin can be used as a label of the freeon IRS as follows: 

%spin) = (Li - L2)/2 ( 1.3) 

Freeon Young diagrams, YD[X] with no more than two columns are graphical 

realizations of partitions of the form, 

[XI = [2P,lN-2P] (1.4) 

where 0 I p I N/2 is the "freeon quantum number"; it is related to the spin 

quantum number by 

S = N / 2 - p  (1.5) 

The use of spin to label the freeon spaces, which carry the dynamics of the 

system, has confused those chemists who are locked into the spin paradigm. 

In 1929 (Phys. Rev., 34, 1203) John Slater published his famous (non-group- 

theoretical) determinantal method for constructing antisymmetric fermion 

functions. In 1927 (Proc. Roy. Soc.,ll4A 243) Paul Dirac introduced the 
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second-quantized procedure into field theory in which N is allowed to vary. The 

second-quantized algebra proved to be both convenient and glamorous for 
chemists who used it in the construction of antisymmetric functions for fixed N. 

In 1930 Herman Weyl responded to these two developments as follows. 

"It is rumored that the group pest is gradually being cut out of quantum 
physics and as far as the permutation group is concerned it does indeed 

seem possible to avoid it with the aid of the Pauli exclusion principle. 
Nevertheless, the theory must retain the representations (the IRS) of the 

permutation group as a natural tool to obtain an understanding of the 
relationships due to the introduction of spin so long as its specific dynamic 

effect is neglected." (H. Weyl, Theory of Groups and Quantum Mechanics 

(1930) ) 
From all this one must conclude that the detenninantal and second-quantized 

formulations should be regarded as a poor man's group theory which, while 
convenient, hides the basic freeon dynamics. These fermion methods have the 
additional disadvantage that their antisymmetric fermion functions are not 

normally pure spin (freeon) states so that spin-projection may be required. A 

method for avoiding (approximately) spin projection is the employment of the 

variation principle to approximate the ground state; e. g., unrestricted Hartree- 

Fock theory. Finally the use of the fermion formulations has lead to the spin 

paradigm as a replacement for the more fundamental fkeeon dynamics. 

These facts appear to be unknown to most chemists even after thirty years. 

During this period I have presented freeon dynamics, on separate occasions, to 

Nobel-Laureate Robert Mulliken and to my research professor, Henry Eyring, 
after which I was asked by each whether "they had to learn that stuff?". I was 

able to assure them that their reputations would not suffer through the neglect of 

freeon dynamics. Even now after thirty years freeon dynamics does not appear in 

the standard quantum chemistry texts with the noteworthy exception of Roy 
McWeeny's Methods of Molecular Quantum Mechanics [2] Consequently the 

title of this article has been taken to be Freeon Dynamics. A Novel Theory of 
Atom and Molecules. When, at the onset of my research on freeon dynamics, I 
told Norman Hackerman, a former office-mate and at that time president of the 

University of Texas, that I had an idea for a novel way to do quantum mechanics 

but that I did not know whether I would be able to acquire the necessary 
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mathematical skills, he replied characteristically: "Why do you think we pay you 

fat-cat professors good salaries? We expect you to take chances and if no papers 

on your novel theory appear in your vita, I will personally see that you do not get 

a pay raise". While this was a joke, it was a very encouraging one. In contrast, I 

could not get NSF support (i. e., freeon dynamics is not relevant to chemistry). 

Fortunately, the Welch Foundation has come through every year for the past thirty 

years. 

In the eleventh volume of Advances [3] I showed that an equivalent, but more 

elegant, formulation of freeon dynamics can be based on the unitary group, U(M) 

where M is the number of freeon orbitals. The following question was put to me a 

reviewer: Since unitary group theory has been formulated in terms of the second 

quantized operators (principally by my good friends, Marcos Moshinsky and 

Larry Biedenharn) should second quantization be called a poor man's group 

theory? But of course it should because the second-quantized operators act only 

as the scaffold of a house which is tom down after the house is completed. It is 

comforting to know that Lany agrees with my assessment. 
The IRS of U(M) are also labeled by Young diagrams so that much of the SN 

formulation can be camed over directly. An added feature of the U(M) 

formulation is that the IRS are spanned by orthonormal Gel'fand states, named 

after I. M. Gel'fand (1920 -) the famous Russian mathematician. These states are 

uniquely labeled by Gel'fand diagrams constructed by adding, to the proper, N- 

electron Young diagram, N of the M freeon orbitals in nondescending order along 

rows and ascending order down columns. A corollary to the freeon exclusion 

principle is that no more than two electrons may be added to the same freeon 

orbital. A Gel'fand diagram identifies both the spin (S = (L1 - L2)/2) and the 

freeon electron configuration. Valence bond states are constructed from atornic- 

orbital Gel'fand states and their number provides a theoretical basis for Rumer's 

rule. In my contribution to the festschrift [4] celebrating the fortieth anniversary 

of the publication of Coulson's Valence I applied the Coulson phrase "primitive 

patterns of understanding" to these ubiquitous Gel'fand diagrams. 

The theory of the application of the unitary group to quantum chemistry 

(together with relevant references) has been developed in Roy Mcweeny's text [2] 

and in The Unitary Group in  Quantum Chemistry (1986)[5] written in 

collaboration with Ruben Pauncz. The freeon unitary-group formulation is the 
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basis of the Paldus-Shavitt GUGA (graphical-unitary-group approach), an 

efficient algorithm for large-scale configuration-interaction calculations. The 

theory and vocabulary of freeon dynamics is quite technical and intimidating 

particularly to those unfamiliar with group theory. Fortunately its application is 
actually quite simple as was demonstrated by three articles [6] I wrote in 1985 
with Marye Anne Fox for the Journal of Chemical Education ; she is a member 
of the National Science Board and has just been appointed Vice President for 
Research at the University of Texas. This work is discussed in Section 3. 

In this, my third contribution, I apply freeon dynamics to problems of interest 
in chemistry and physics and compare with the results obtained by the spin 

paradigm. In particular I will apply freeon dynamics to the following "spin 

phenomena": i) spin exchange, ii) spin superexchange, iii) spin polarization, iii) 

spin density, iv) high-and low-spin states of the transition-metal ions, v) the 
periodic table, vi) ferromagnetism. vii) spin waves and viii) high-TC 

superconductivity. 

An important feature of the unitary group formulation is that U(M) is the head 
group of a lattice of group chains which have spectral significance for atoms, 
molecules, solids and nuclei. Of even greater importance is the role that U(M) 

plays in symmetry-quantization. Quantum mechanics was invented to describe 

discrete spectra In wave mechanics quantum numbers are by imposing physical 

boundary conditions on solutions of the SchrWnger equation. It was later shown 
that quantum numbers and quantization are the consequence of symmetry. In the 

U(M) theory the major quantum number is the particle number N. For freeon 

dynamics the group chain, with N fixed. is 

U(M) XI R((3) XI G(pointgroup) 

quantum numbers: N, p(S) L K 
(1.6) 

These matters are discussed in detail in Sections 10-13, where they are used in 
theories of atoms, nuclei and baryons. 
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2. THE SPIN PARADIGM 

The spin paradigm, widely-used by the chemical community, is the 

replacement of fermion dynamics by spin dynamics in the discussion of spectia, 

structure and mechanism. The average chemist feels very comfortable with this 

spin paradigm and resists passionately any attempt to break it. The spin paradigm 

does have a number attractive features: 

i) The spin arrows provide an extremely elementary "primitive pattern of 

understanding". 

ii) At this elementary level spin-arrows are often represented by bar magnets. 

Here bar magnets with the north and south poles opposed attract each 

other while magnets with north and with south poles opposed repel. This 

interpretation gives a comforting feeling of objective reality. 

Unfortunately this model does not make correct prediction in all cases; e. 

g. Hunds rule. 

iii) At a higher level the spin paradigm is justified by the Heisenberg spin 

Hamiltonian which is interpreted as a magnetic dipole-dipole interaction 

between the magnetic moments of the two spins. There are two strong 

objections to this interpretation: 

a) The strength of the spin dipole moment is too small to predict the 
observed interaction. 

b) The origin of the Heisenberg spin Hamiltonian lies in freeon dynamics. 
iv) At a higher level theoretical chemists avoid freeon dynamics by employing 

the poor man's group theory; e. g., the Slater-determinantal and second- 

quantized fermion formulations. These techniques often require spin 

projection to obtain pure spin states (i.e. freeon states). 

Freeon dynamics provides a dynamically-correct replacement for the faulty 

spin paradigm. In particular its freeon Gel'fand diagrams are a dynamically 

correct replacement for spin arrows as a "primitive pattern of understanding". 
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3. THE POLYENES 

3.1. Introduction 

In this section the simplicity of freeon dynamics is illustrated by its 

application to polyenes [6] .  Here I relate molecular-orbital Gel'fand states to 

atomic-orbital Gel'fand states and then relate the atomic-orbital Gel'fand states to 
valence bond states. Note that this construction provides a theoretical basis for 

the Rumer rule; i.e., for the number of linearly independent valence bond states. 
We then use this freeon dynamics to explicate the spin paradigm. 

3.2. The Electronic Structure and the Spectra of Polyenes 

The procedure for the construction of the freeon Gel'fand states of polyenes 

i) Specify M, the number of carbon atoms in the polyene chain. 

ii) Specify N, the number of electrons 
iii) Specify S, the spin 

iv) Compute the freeon quantum number 

consists of the following simple steps: 

iv) 

v) 

vi) 

p = N/2 - S (3.1) 

Determine the appropriate Young diagram; i. e., specify L 1 2  L2 2 0 from 
the following relations: 

and 

(3.2) 

(3.3) 

Construct Gel'fand diagrams by adding fieeon atomic or freeon molecular 

orbitals in nondecreasing order along rows and in ascending order down 
columns. 
Construct valence bond states from linear combinations of atomic-orbital 

Gel'fand states by requiring that chemically-bonded atoms be invariant 

under the exchange of the freeon orbitals of the bonded atoms. 
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3.3. The Hiickel-Hubbard Hamiltonian 

We have outlined above the procedure for the construction of orthonormal 

molecular-orbital and atomic-orbital Gel'fand states and for the conversion of the 

latter to the non-orthogonal valence bond states. We require, in addition, a freeon 

Hamiltonian to compute the spectra of the several polyene systems. For this we 

employ the freeon, reduced Huckel-Hubbard Hamiltonian which has the 

following form: 

H = ( z - l ) x ( E r s  + Esr) + zd 
< r e  

(3.4) 

Here Ers = Cilri><Sil where the freeon orbitals are summed over their electron 

numbers, d counts the number of doubly-occupied, freeon atomic orbitals and 

O I z = J -  < 1  (3.5) U + t '  - 
is the coupling strength. Further t is the one-electron transfer integral (the 

negative of Huckel p) and U is the repulsive energy of two electron on same 

carbon atom. At z = 0 and at z = 1 the molecular-orbital spectrum and the atomic- 

orbital spectrum occur. For simple systems the polyene spectra can be obtained, 

without calculation, by linear interpolation between these two limits. As examples 

I present the IG theory of ethylene and the ally1 radical. 

3.4. The Ic Theory of Ethylene 

3.4.1. The IRS for Two Electrons 

s = (L1- L2)/2 

0 (singlet) 

l(mp1et) 
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[ h] 
[2,01 

[ 1 J I  

3.4.2. Freeon Atomic-Orbital Gel'fand States 

Yp.1 P V2[hI 

Ul 1 

0 

Atomic orbitals are denoted la> and Ib> and their orbital energies are taken to 
be zero. 

3.4.3. Freeon Molecular-Orbital Freeon Gel'fand States 

The molecular orbitals and their energies are given by 

3.4.4. The Interpolated Ethylene Spectrum 

The calculation of the ethylene spectrum from the Hiickel-Hubbard 
Hamiltonian is a freshman exercise. However a good approximation to the 
spectrum is obtained by linear interpolation between the MO and A 0  limits. See 
Fig. 3.1 
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MO A 0  

13 

Z 

Fig. 3.1. The linear Huckel-Hubbard spectrum of ethylene. The letters 

constitute a point group classification of states. 

The interpolation proceeds as follows: 

(i) Plot the energies for each Gel'fand state at x=O (MO limit) and at x=l(AO 

(ii) Correlate the lowest MO singlet state with the lowest A 0  singlet 
limit). 

state m. 
(iii) Correlate the remaining A 0  triplet state with the MO triplet state 
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(iv) Correlate the remaining MO singlet state with one of the two 

highest singlets (m. m]], leaving behind one singlet state which is 

then correlated with the highest MO singlet state m. 
B (v) Note that the MO singlet-triplet pair is split; with the MO triplet state 

lying lower because it correlates with the lower lying covalent A 0  state 

8, while the MO singlet state 11121 correlates with one of the higher- 

lying ionic A 0  states (m, m). This splitting obeys Hund's rule; i. 

e., states of higher spin lie lower. We see that this splitting, is not as is 

often claimed, due to the interaction between spins, but is due to the 

coulomb repulsion between two electrons on one site. 

(vi) Note further that the A 0  singlet-triplet pair is also split; the A 0  singlet 
state lying lower because it correlates with the ground MO state - 
11111, while the A 0  triplet state (II) correlates with the higher-lying - td 

. We see that the stability of the singlet relative 
n 

to the triplet is also not due to the interaction between spins, but rather 

to the correlation of these two states with the ground and the first excited 

MO states, respectively. This splitting obeys the Heitler-London rule. 

The electronic spectra of ethylene is well-fit at x = 0.6. 

3.4.5. The Valence bond Structures of Ethylene 

A covalent bond between two atoms is defined as one which is invariant under 

the exchange of the two orbitals. We can see this most simply by expressing the 

singlet and triplet Gel'fand states in terms of atomic orbital products: 

and 

and 
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= 1al>1a2> 

and 

= Ibplbp. 

15 

(3.9) 

(3.10) 

(3.1 1) 

The electrons on sites a and b are paired to form a covalent bond;. 

m * IC=C> (3.12) 

ii) Triplet State 

(3.13) 

(3.14) 

Here the electrons on sites a and b are anti-paired to form the triplet biradical. 

Note that by the Gel'fand construction a triplet state cannot be formed from a pair 

of identical freeon, atomic orbitals. 

Ionic States (d = 1)  

The two electrons on the same site are paired 

3.4.6. Freeon Heisenberg Antiferromagnetic Exchange 
Hamiltonian 

The application of second-order perturbation theory to the Huckel-Hubbard 

Hamiltonian for z close to one (Section 4.2) yields the freeon, antiferromagnetic, 

Heisenberg exchange Hamiltonian, 

H = J P &  (3.15) 
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where Ph acts on the freeon Gel'fand states and where 

J = - 2t2/U (3.16) 

is the exchange parameter. If t is taken to be inversely proportional to the distance 

between the paired atoms, the freeon antiferromagnetic Heisenberg Hamiltonian 
provides a qualitative theory of chemical bonding; i. e., as the paired atoms 
approach each other the pair becomes more stable relative to dissociation. This 
supports the association of the covalent state with the chemical bond, 

IC=C>. 

3.4.7. Spin-Arrow Diagrams 

The spin paradigm employs spin arrows to indicate electron pairing and 

antipairing. Here I compare the spin-mow diagrams for ethylene to their 

Gel'fand and the valence bond counterparts: 

i) The singlet covalent state 
* IC=C>* c - c  

ii) The triulet covalent state 

t t  
The following spin-paradigmatic statement is often found in the organic literature: 

"By Hunds rule electrons with parallel spin cannot occupy the same atomic 
orbital". This is not precise; the statement should be the following: by the 

. cannot be constructed from two Gel'fand construction a triplet Gel'fand state, 

identical freeon atomic orbitals. 

Ionic States (d = 1) 
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3.4.8. "Spin Exchange" 

The equivalent Heisenberg, antiferromagnetic, spin-exchange Hamiltonian 

H = + JS&, (3.17) 

is obtained from the freeon antiferromagnetic Heisenberg Hamiltonan by 

replacing the permutation by a dot product of spins according to the Dirac 
identity. Dirac was a great walker and when he visited Austin several of us were 

assigned to walk with him in relays. While he was a great walker he was not a 
great talker so that during my watch I had to carry-on the conversation. I talked to 
him about freeon dynamics and told him that the Dirac identity had misled many 

chemists and physicists into the spin paradigm. His only comment was," is that 

what they call it?". In the spin paradigm, the Heisenberg spin Hamiltonian is 
interpreted as the magnetic dipole-dipole interaction of the spin magnetic 

moments on neighboring atoms. This is clearly not a physical interpretation since 

the spin magnetic moments are not large enough to predict the observed splitting 

3.4.9. Hund's Rule and the Heitler-London Rule 

The spin paradigm can lead to serious inconsistencies. Consider for example 
the Hund and the Heitler-London rules discussed in Section 4.2. The spin-arrow 

description of the states assigns parallel spins to triplet states and antiparallel 

spins to singlet states as follows: 

Hund Rule, Z = 0 Heitler-London Rule, Z = 1 - 
E( til )>E(m) 

tt tl tt tl 
From these spin assignments we conclude the following: 

always repel! 

Electrons with parallel spins attract or maybe they repel? Of course electrons 
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[l3] 

3.5 The Ally1 Radical and Larger Polyenes 

S = (3-0)/2 = 3/2, quartet 1 

3.5.1. The Three-Electron Spaces 

For the allyl radical N = M = 3. For N = 3 there are three IRS one of which is 

excluded because its Young diagram contains more than two columns. 

I [XI I y w l  I Spin 

3.5.2. The Interpolated Spectrum 

Fig. 32 .  

0.0 0.2 0.4 0.6 0.8 I b  
Z 

The linear Hiickel-Hubbard spectrum of the allyl radical 
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3.5.3. The Valence Bond Structures of the Ally1 Radical 

Covalent Structures, d = 0 
i) The quartet state 

* IC- c-c> 
A dot denotes an unpaired electron 

ii) The doublet space 

a) Ionic states. Two electrons assigned to the same freeon orbital product 
from a unique ionic state; e.g., 

p * l c = c - c + >  

b) Covalent states 

The valence bond smctures of the doublet allyl radical are more complicated. 

The transformation properties under orbital permutation of the doublet, covalent 
Gel'fand states are shown below: 

The valence bond states for the allyl radical are then 

IC=C-c> = P 

ICTC> = 4 p - f p = IC=C-c> - IC-C=C> 
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Note that the three valence bond states are linearly dependent. This is a corollary 
of the Rumer rule. The C2 symmetry-adapted covalent states are 

which are antisymmetric and symmetric, respectively, under PBc. These states are 

good approximations to the two lower energy eigenvectors, for z close to one. 
The ground state, I2B>, is called a resonating valence bond (RVB) state, a concept 
which has been used in Anderson's theory of superconductivity. 

12B> = ( IC=C-b + I&C=c> )/d3 and 12A> = I C T b  

3.5.4. Spin Arrow Diagrams 

c -  c -  c o p -  c -  c 
1c=c-t>- p * 

t S t  t J S  

3.5.5. Freeon Superexchange 

Superexchange is the exchange between a pair of next-nearest neighbors. We 
illustrate superexchange by the following four-electron, three-atom, singlet and 
triplet Gel'fand diagrams: 

=IC-C--C>and 

where the singlet state lies lower than the triplet state. In both states the electrons 

on the central atom (b) are paired while the electrons on the two terminal atoms 

(a,c) are paired and antipaired respectively. The freeon Heisenberg 

superexchange Hamiltonian is written 

H =  -JPx (3.18) 
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3.5.6. "Spin Superexchange" 

The spin exchange Hamiltonian is written 

H = JSa*& (3;19) 

The Gel'fand, valence bond and spin-arrow diagrams are compared below - - t$j* IC -C- -C>  * &(C-C-C - c - c -C)  

M 3 I c ' - C - C > * C - C  - c  
t tl t 

But again the magnetic spin dipoles are too weak to produce the observed splitting 
between the singlet and the triplet states which is, of course, the consequence of 
freeon dynamics. In public lectures spin superexchange has been illustrated as 

follows: the lecture's head is taken to be the central atom and the several spin 

arrangements are represented by the lecturer's arms arranged parallel or 
antiparallel to each other. While this is vivid and amusing it is dynamically 

incorrect (the spin magnetic moments are too small to cause the splitting). 

3.5.7. "Spin Polarization" 

"Spin polarization" has been used in the interpretation of the hyperfine 

structure of ESR spectra. As described above the strength of the spin-magnetic 
dipoles is too small to effect such a polarization and is the consequence of freeon 

dynamics. It requires the interaction of the electronic spin of the IF system with 

the nuclear spin of the hydrogen atom and is based on the mixing of a low-lying 

excited freeon Gel'fand state with the ground freeon Gel'fand state. The fteeon 
dynamics employs three freeon orbitals, Ih> the orbital on the hydrogen atom, Is> 

and Ip> the sigma and IF orbitals on the carbon atom. The two lower-lying, 

doublet, freeon Gel'fand states are 

11> = 
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and 

State II> is the zero order ground state because of the smng sigma bond between 
Is> and Ih7. However the Is> orbital cannot couple with the angular momentum of 

the proton spin. In the excited state III>, Ih> is paired with a p orbital which has a 

nonzero component angular momentum and so can couple to the nuclear spin and 

produce the hyperfine interaction. Note that the concept of freeon dynamics is an 
electronic phenomena which does not exclude the magnetic dipole-magnetic 
dipole interaction between nuclear spin and the electronic orbital angular 

momentum. 
The first order wavefunction is 

IY> = 11> + hD> (3.20) 

The unpaired electron density on the hydrogen atom is PH = 12, and the spin 

density at the hydrogen atom is given 

SH PH& (3.21) 

The spin-arrow picture is 

(3.22) 

1 n > = d 2 t  t 1 - T  1 t 1 t t 
The spin-dynamic interpretation is that the up spin associated with the p orbital 

polarizes (unpairs) the paired spins on s and h. This is of course dynamically 

incorrect because the electron spin magnetic moments are not large enough to 

produce the observed polarization. 

3.5.8. Negative Spin Density 

The electron spin resonance of certain paramagnetic compounds e. g., 

diphenyl picryl hydrosil (DPPH) and the ally1 radical are said to exhibit negative 

spin density. The negative spin density is determined by the freeon unpaired 
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electron density. The unpaired electron density for the allyl radical is computed 

for the allyl radical whose ground state is 

12B> = l( IC=C-b + I&C=c>) (3.23) 
6 

and whose fist  excited state is 
n 

12A> = IC-&C> (3.24) 

The unpaired electron density on the center carbon atom in the ground state is 
given by 

p2 = < ~ B I ~ # B >  (3.25) 

= (0 + 0 + 2<IlpzIII>)/3 
where p2 is the unpaired electron density operator on the center carbon atom. 

Now the unpaired electron density on the center carbon for the 12A> state is from 
its valence bond form is equal to one so 

1 = <2Alp212A> (3.26) 

= 0 + 0 - 2dlp21II> 
and so 

p2 = - 113 (3.27) 

Further the total unpaired electron density is 

1 =  p = p 1 + p 2  +p3  (3.28) 

so 

p i  = p3 = 213 (3.29) 

This gives good agreement with the observed hyperfine ESR spectrum 

3.5.9 Benzene 

Benzene played an important role in my development of freeon dynamics. I 

knew, by the Rumer rule, that benzene had five canonical structures (i. e., five 

linearly independent wave functions). These are the two Kekule structures and 

the three Dewar structures. From this I surmised that the singlet IRS for N = M = 

6 should be of five dimensions. On consulting the symmetric group textbooks I 
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found this to be the case, so I knew then I was on the right track. The number five 
Can be shown 

1 
most easily by 

1 
constructing the - five Gel'fand 

1 
states for M = N = 6: 

m 

II> III> IN> IV> 

Like the ally1 radical only the first Gel'fand state, II>>, is a pure valence state 

3.5.10. Kekule', Sylvester and Young 

It is appropriate that since this Section has dealt with organic chemistry we 
should give credit to Kekule, one of the great organic chemists who, strangely 
enough, can be regarded as one of founders of the algebra of freeon dynamics. In 
1878 James Sylvester, a mathematics professor at John's Hopkins, wrote a paper 
entitled, On The Application of the New Atomic Theory to the Graphical 
Representation of the Invariants and Covariants of Binary Quantics. He 
introduced the paper with the following sentence: " By the New Atomic Theory, I 
mean that sublime invention of Kekule' which stands to the old in a somewhat 
similar relation as astronomy of Kepler to Ptolemy, or the System of Nature of 
Darwin to that of Linnaeus - like the latter it lies outside the immediate sphere of 
energetics basing its laws on pure relations of form and like the former as 
perfected by Newton, these laws admit an exact arithmetical definition". Initially 
chemists like Frankland and Mallet (the first dean of the University Texas) 
expressed considerable interest in the algebraic representation of chemical 
structure Fifty years later Texas chemist H.R. Henze [7] extended the Sylvester 

concept by assigning to valence bond structures mathematical indices. Currently 
Texas Ph.D. D.J. Klein [8] continues the tradition by basing many-body theory on 
valence bond structures. 

In 1937 Yamanouchi [9] clearly demonstrated the group pest had not yet been 
cut out of physics. Additional demonstration has been provided by Kotani[lO] and 
associates. The Japanese developments have been summarized by the Russian 
Kaplan [l 13. Paldus and Li have recently used a freeon, valence bond algebra to 
study excited polyene states [ 121. 
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In 1903 Alfred Young (with J. H. Grace) in his famous book, The Algebras of 
Invarianrs stated "the so-called Chemico-Algebraic theory - an idea originally 

due to Sylvester which has attracted perhaps more attention than its intrinsic 

merits deserve". Young clearly did not recognize that his own research was in the 

genre of Sylvester and would play a leading role in the formulation of freeon 

dynamics. Incidentally when I studied Young's work I felt as if he had been 

reading my mail. In 1964 J. S. Griffith agreed with my assessment of Sylvester 

and stated that "Sylvester had anticipated by fifty years the essential and central 

role of a certain type of algebra in modern theories of chemical valency. In 

summary Kekule' on the basis of the nonexistence of two ortho disubsituted 

isomers of benzene actually defined a two-dimensional vector space and 

represented benzene as a vector in that space Griffith goes on to state that "In 
particle theory a certain amount of order is apparent and as yet the significance of 

much of that order is entirely obscure. As did Sylvestor, so today people try to 

affix algebraic schemes onto physical theory and interpret the order as arising 

from the structural features of the algebra. In modem theory the algebraic 

schemes are the Lie algebras of the unitary group which describe electrons, 

nucleons and quarks. (See Sections 10- 13) 

4. THE HEISENBERG EXCHANGE HAMILTONIAN 

4.1. Introduction 

In the previous Sections we have made considerable use of the freeon 

exchange Hamiltonian. In this Section we give a little history of this concept. 

Ferromagnets spontaneously magnetize below some critical temperature. Tc 

While spins are necessary to detect magnetization, the spin-spin interaction is not 

strong enough to account for spontaneous magnetization. This became apparent 

as early as 1907 when Weiss proposed his molecular-field theory of spontaneous 

magnetization. The assumption that the electron-electron interaction was a 

magnetic spin-spin interaction led to the prediction of = 0.25K for the 

ferromagnets. two to three orders of magnitude smaller than observed values. 

Undaunted Weiss commented on this discrepancy as follows: 
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"I believe, however, that the molecular-field theory is supported by a 

sufficient number of facts that one can be certain that it contains an 

important part of the truth and that the difficulty of interpretation should 
be considered less an objection than a stimulus for research on new 

hypotheses of atomic structure". 

Thirty years later Heisenberg showed that the new hypothesis of atomic 

structure was the freeon exchange interaction expressed by the freeon Heisenberg 

Hamiltonian, 

H = JPh (4.1) 

Here J > 0 for a fernmagnet and J c 0 for antifernmagnet. 

In this Section the ferromagnetic and the antiferromagnetic Heisenberg 

exchange Hamiltonians are derived from the Huckel-Hubbard Hamiltonian in 

which the value of the coupling constant, z takes on values from - 1 to + 1. The 

M = N = 2, linear, extended Huckel-Hubbard spectrum is plotted in Fig. 4.1. 

(Compare with Fig. 3.1) 

Fig.  4.1. The freeon extended linear Hiickel-Hubbard spectrum for M = N = 2 
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The Heisenberg Hamiltonians are derived by the application of second-order 

perturbation theory to the extended Hiickel-Hubbard Hamiltonian at z close to 

-l(ferromagnet) and at z close t o  + 1 (antifemmagnet) respectively. 

In Section 4.4 the freeon ferromagnetic Hamiltonian is used to the develop the 

freeon theory of spin-waves. 

4.2. The Heisenberg Exchange Hamiltonian 

4.2.1. Second Order Perturbation Theory 

The second-order perturbation energy is given by 

E(2) = <PIVRVIP> (4.2) 

where 

R = IQ>(HO - EO>-kQl (4.3) 

is called the resolvent. The second-order perturbation energy theory is computed 

for Hiickel-Hubbard Hamiltonian with z close to plus and to minus one. Here the 

singlet primary state is 

IP> = Imb, Eo = 0 (4.4) 

the secondary state is 

IQ> = l(lm,>+m>), Eo = f U (4.5) a 
for z close to minus and plus one respectively. (See Fig. 4.1). The perturbation 

operator is 

v = -t(Eab + Eba) (4.6) 

so the singlet, second order energy is 

E@)(singlet) = <PIHIP> (4.7) 

The triplet primary state is 
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I b = I  8 > 

so 

E@(triplet) = 0 

4.2.2. The Heisenberg Freeon Hamiltonians 

The Heisenberg coupling constants are defined by 

2J = E@)(triplet) - E@)(singlet) 
= o - ( * +  2 (forz= * 1) 

(4.10) 

or 

JF = + (ferromagnetic) (4.1 1) 
U 

and 
2 

JA = - % (antiferromagnetic) 

Since 

P a d p T b l = + l D  

and since 

(4.12) 

(4.13) 

(4.14) 

the freeon Heisenberg (effective) Hamiltonian is 

HH = JPab (4.15) 

for both the ferromagnetic (J > 0) and antiferromagnetic (J < 0) interactions. 

4.2.3. The Spin Paradigm 

The freeon Heisenberg Hamiltonian is converted to the spin Heisenberg 
Hamiltonian by the Dirac identity, 

Pab = - I (I + aa'sb) (4.16) 
2 
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which relates a permutation in the freeon space to a spin operator acting on the 

conjugate spin space. On neglecting the additive constant we have 

H = - 2JSa*& (4.17) 

4.3. Freeon Waves 

4.3.1. Introduction 

Freeon waves are detected in magnetic materials by neutron diffraction acting 
on the spin space. The frequency of the waves is observed to be 

o(k) = Jk2a2 (4.18) 

4.3.2. Theory of the Freeon-Wave Spectrum 

The imposition of cyclic symmetry, CN on the SN-IRS decomposes them into 
a direct sum of the CN-IRS, each of which are labeled by K = 0, 1,2, .. For [ I ]  = 

[ lN] , (p = 0). the K = N/2 space is one-dimensional and no others occur. For [h] 

= [1N-22] (p = 1) the K = 0 space does not occur and all other K's are one- 

dimensional. The eigenvalues E(p,K) of these two lowest energy states of the 
freeon Heisenberg Hamiltonian are 

E([O,O) = -NJ (ground state) (4.19) 

and 

E( 1 ,K> 0) = -NI + 211 1 - cos(2aK/N)] (excited states) 

The excitation energy from the ground state is then 

w(K) = 2J (1 - COS(KC~) (4.20) 

= JK2u2 for N large and K small 

This is called the freeon-wave dispersion. It is expressed in terms of a lattice 
parameter, a, by the substitution 

K = Nak/2~  (4.21) 

so 
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w(k) = Jk2a2 (4.22) 

The coupling of the freeon waves with the appropriate spin function produces a 
wave function which has nonzero mamx elements with the wave function of a 

neutron scatterer so that permutation dispersion relation can be and has been 

experimentally verified. 
For p >1 more than one permutation wave state occurs in the same CN-IRS 

and gives rise to freeon wave-freeon wave interaction. 

4.3.3. The Spin Paradigm 

The freeon theories are converted in to spin theories by means of the Dirac 

identity. which coverts the freeon Heisenberg to the spin Hamiltonian 

H = 2 C  JijSi*Sj 
i#j 

(4.23) 

The theory employs the spin quantum number which is related to the freeon 

quantum number, p by 

S = N/2 - p (4.24) 

The p = 0, freeon ground state becomes the spin ground state with S = N/2 and the 
p = 1 freeon excited state becomes the S = N/2 - 1, one-magnon, excited state. 

The p > 1, S c N/2 - 1, states become multimagnon states and exhibit the so- 

called magnon-magnon interaction. Dyson has given an elegant treatment of this 

magnon-magnon interaction inside the spin paradigm [13]. In a recent interview, 

he stated this was the best thing he had ever done. He, however, did not respond 

to my query about a freeon formulation of the spin waves. 

5. MEAN-FIELD THEORIES OF THE SECOND-ORDER, 
PH ASE-CHANGE 

The second-order, phase-change exhibited by ferromagnets (Section 6), 
antiferromagnets (Section 7) and by superconductors (Section 8) have a 

phenomenological description in terms of the mean-field equation, 
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R = tanh(Wt) (5.1) 

where 0 < f2 I 1 is the order parameter and where 0 < t = T/rc I 1 is the reduced 

temperature. See Fig. 5.1. 

0 t 1 

Fig. 5.1. The temperature-dependence of the order parameter 

At t = 0 the system is completely ordered (a = 1) while at t = 1 the system is 

completely disordered (a = 0). As t -> 1 

f22 + 3[t -1 - l]t3 (5.2) 

3(1 - t ) 

By analogy to the liquid-vapor equilibrium the system is said to be condensed for 

f2 2 0. The critical temperature is expressed in terms of a Heisenberg exchange 

parameter 

Tc  = 2d/k (5.3) 

were z is the number of nearest neighbors 

The mean-field equation will be derived from two models: the uniform 

interaction model and the king model. Neither of the two derivations depend 

explicitly on spin. They will be applied to the freeon theory of ferromagnetism 

Section 6 and freeon theory of high-TC superconductivity in Section 7. 
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6. THE FREEON THEORY OF FERROMAGNETISM 

6.1. Introduction 

In this section we give the freeon thwry of fermmagnetism. As pointed about 
above ferromagnetism is a second order-phase change which is well-defined by 
mean-field theory. In Section 6.2 we give the uniform interaction derivation of 

mean-field thwry and in Section 6.3 we compare prediction with observation. 

6.2. The Uniform-Interaction Model 

6.2.1. The Theory 

The uniform interaction (UI) model assumes that the freeon, Heisenberg 

ferromagnetic exchange interaction is uniform for all pairs in the sample: i. e., 

H = JC pab (6.1 ) 

This is the freeon analogue [14] of the spin model of Kittel and Shore [15]. Since 
the UI Hamiltonian is the sum over all pairs with a uniform interaction strength it 
can be expressed in the following form 

ab 

H = JK2 (6.2) 

where K2 commutes with all permutations; it is an invariant of the SN algebra and 

so by Schur's lemma is diagonal in the several IRS. Further its eigenvalues are 
shown to be 

Up) = J[p(N + 1) - p2 - N(N -1)/21 (6.3) 

The dimension (the weight) of the p* covalent space is 

fin1 = fp (6.4) 
- N! (N-2p+l) 

p! (N-p+l)! 
- 

where p is the fieeon quantum number. For example for N = 3 and p = 1 

fi2.11 = 2 
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The two Gel'fand states are 

a n d p  

I will now compute the most probable value of the freeon quantum number, p 

by means of the canonical partition function. Here it is finally necessary to 
acknowledge the existence of the conjugate spin space whose dimension 

(statistical weight ) is 

fs [XI = fps (6.7) 

= 2s +1 

= N - 2 p +  1 

Consequently the total weight of the p* state 

Fp = fpfps 

The partition function is then 

z = F Fpexp(-PE(p)) (6.9) 

where /3 = (kT1-l. I follow Kittel and Shore and rewrite the partition function as 

follows: 

z = E exp(-$@)> (6.10) 

where 

$(P) = NlnN - (N - p)MN - P) - plnp + PE@) (6.1 1) 

The most probable value of the freeon quantum number p is given by the 

condition, 

(6.12) 

or 

In(N - p) - lnp + 2ppJ = 0 (6.13) 
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Kittel and Shore define the freeon order parameter by 

R = (N - 2p)/N 

so 

4%) = an 

(6.14) 

(6.15) 

where 

a = kT&T (6.16) 

Alternately 

R = tanh(W2) (6.17) 

This transcendental equation has a zero root only for 01 2 a0 = 2 so the critical 

temperature is 

kTc = NJ/2 (6.18) 

Consequently 

R = tanh(RTC/r)= tanh(n/t) (6.19) 

Below the critical (Curie) temperature, Tc a ferromagnet spontaneously 

magnetizes to a permanent magnet whose magnitude and direction is denoted by 
the magnetization vector, M(T). The experimental order parameter is defined by 

the ratio 

M(t)/M(O) = %exp(t> (6.20) 

and equated to the mean field order parameter. This essentially the result obtained 
from Weiss molecular-field theory in the limit of a vanishing applied molecular 

field. 
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7. SUPERCONDUCTIVITY AND MEAN-FIELD THEORY 

7.1. Introduction 

A superconductor exhibits perfect conductivity (See Section 7.2) and the 

Meissner effect (See Section 7.3) below some critical temperature, Tc. The 

transition from a normal conductor to a superconductor is a second-order, phase- 
transition which is also well-described by mean-field theory. Note that the mean- 

field condensation is not a Bose condensation nor does it require and energy gap. 
The mean-field theory is combined with London-Ginzburg-Landau theory 

through the concentration of superconducting caniers as follows: 

nS(T) = n@(T) (7.1) 

where n is the concentration (= 1022 cm-3) of active electrons. This produces a 

macrotheory which makes predictions in strong qualitative agreement with 

observations on both metallic (low-TC) and cuprate (high-TC) superconductors. 

7.2. Perfect Conductivity 

7.2.1. Introduction 

A perfect conductor is one that exhibits zero resistance. In this Section we 

describe both the observations and the theory. 

7.2.2. The Observations 

A schematic plot of the observed resistance-temperature relations of normal 

and superconductors is shown in Fig. 7.1 
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Fig. 7.1. Resistivity as a function of temperature for 
(a) A normal conductor 
(6) A conventional superconductor with critical temperature TC1 
(c)  A high-temperature superconductor with critical temperature 

Tc2 

The conduction in the low-Tc metallic superconductors is isotropic while in the 
high-TC cuprate superconductors the conduction takes place along crystal planes 

7.2.3. Theory 

The London supercurrent density is 

J =-kA (7.2) 

where A is the vector potential and where 

k = qns(t)/w (7.3) 

Here q is the charge, ns(t) is the concentration and p is the mass of the 
superconducting carriers. The time-derivative of the current density is 

aJ/& = k2E (7.4) 

J = k2Ez (7.5) 

where E is the electric field. For constant E 
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This is the equation for perfect conductivity. The temperature-dependence of the 

resistivity is 

R(t) =l (7.6) 
na2 

Ast->1 

Further 

+00 1 
R(t) 3n( 1-t) ’ (7.7) 

=-+-I-- (7.8) 
311(l-t)~ 

Fort > 1 normal resistivity obtains; i. e., 

RN = Rot (7.9) 

This reproduces the sharp break of the metallic superconduction shown in Fig. 
7.1. The absence of the sharp break in the cuprate resistance vs. temperature plot 
has been attributed to their short coherence lengths which give rise to large 

thermal fluctuations at the critical temperature. 

7.3 The Meissner Effect 

The Meissner effect is the exclusion of an external magnetic field from the 
bulk of the superconductor. By London theory the magnetic induction is 

B(x) = B(0) ex 4C.I (7.10) 

where A is the penetration depth. See Fig. 7.2. The penetration depth can be 

directly determined by the a mutual-induction bridge by muon resonance 
spectroscopy and by polarized neutron reflectivity . Its dependence on t is shown 
in Fig. 7.3. 
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Superconductor 

Penetration r depth, 1 

Fig. 7.2. Exclusion of a magnetic field from the body of a superconductor 

0 t 1 

Fig. 7.3. The penetration depth vs. the reduced temperature 

By London theory 

(7.1 1) 
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(7.12) 

This prediction is in strong qualitative agreement with the observations shown in 

Fig. 7.3. 
Note that the mean-field theory is not a Bose condensation nor does it require 

a gap. A macrotheory cannot predict critical temperatures, coherence lengths and 
other observations. For these predictions a macrotheory is required. We consider 
two microtheories, the BCS and the ISB theories. 

8. THE ISING, SMALL-BIPOLARON THEORY OF 
CUPRATE SUPERCONDUCTIVITY 

8.1. Introduction 

The Bardeen-Cooper-Schrieffer (BCS) theory [ 161 is the microtheory of 

choice for the metallic (low-Tc) superconductors. The BCS theory has proved to 
be less than satisfactory for the cuprate (high-TC) superconductors. Among the 
theories which have been proposed for the cuprates are the following spin 

theories- the spin bag theory [ 171 and the resonating-valence bond-spinon 
theory [18]. I have recently proposed a freeon theory called the Ising, small- 

bipolaron (ISB) theory [19]. Here "Ising" refers to the Ising theory of the second- 

order, phase-transition and ""small bipolaron" refers to the short-coherence-length 

of the electron-pair, supercurrent carriers. 

8.2. The Properties of the Cuprate Superconductors. 

8.2.1. Introduction 

The crystal structures (Section 8.2.2) and the phase-relations (Section 8.2.3) of 
the cuprate superconductors are considerably more complex than for the metallic 

superconductors, It is not surprising that, while there a common macrotheory, 

different microtheories are required. 
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8.2.2. The Crystal Structures 

The high-TC cuprate superconductors are perovskites. See for example Fig. 
8.1. 

n 

“p’ 

0 
6 

I 

m 
B 

I 

0 

p/ 

@ neodymium or lanthanum 

Fig. 8.1. The crystal strucnue of two cuprate superconductors 

The parent (A2BoCu-04) cuprates are antiferromagnetic semiconductors which, 
on doping to A2-xB,Cu-04, become superconductors where x is called the doping 
parameter. The replacement of Nd% by C&+ produces an electron superconductor 
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while the replacement of La3+ by Sr2+ or Ba2+ produces a hole superconductor. It 
is assumed that the supercurrent is transmitted along the Cu-0 planes marked by 
the shaded areas and that the remaining atoms act as sources (electron 
superconductors) or as sinks (hole superconductors) of electrons. 

8.2.3. The Phase Diagram 

Cuprate superconductors exhibit complicated phase diagrams which are 
functions of the doping parameter, x which controls the amount of the electron- 

transfer into or out of the cuprate plane. See for example Fig. 8.2. 

100- 

~ 

0.0 0.1 0.2 0.3 

X 

Fig. 8.2. Phase diagram for La2-SrguO4 

Note that the undoped cuprate is an antiferromagnet and that doping converts it 
into a superconductor. We have shown above that antiferromagnetic behavior 
arises from the z = +1 side of the extended Hiickel-Hubbard spectrum in Fig. 4.1. 

In the ISB theory the superconducting behavior comes from the z = - 1 side of Fig. 
4.1 just as does the freeon theory of ferromagnetism. 
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8.3. The NUHH Hamiltonian and its Spectrum 

The Negative-Hubbard Huckel-Hubbard Hamiltonian (NUHH) at z = - 1 is 

H = - IUld (8.1) 

where IUI is the Hubbard parameter and where d counts the number of doubly 
occupied sites. The site-orbital Gel'fand states, are eigenvectors of this 

Hamiltonian with eigenvalues 

E(d) = - lUld (8.2) 

where d is a quantum number which specifies the number of doubly-occupied 
sites. It will be convenient to define a second quantum number, the valence 
(seniority), by 

v=N/2-d  (8.3) 

The singlet spectrum and the states of the four-site, four-electron system are 

shown in Fig. 8.3 

E d v  

- - + -  - +  
+ -  - +  - - 

- + I  - I  + 

X Y - X X  

-i''1+ - I -  + 

A(0) 

+ +  
- +  + +  - -  

- +  + -  - +  - -  1 + -  
-2u 2 0 - +  + -  + -  

Fig. 8.3. Singlet states of the four-electron, four-site system for the strongly- 
coupled NUHH ( 4 0 )  defines the gap in ISB) 



Freeon Dynamics of Atoms and Molecules 43 

The v = 2 states in Fig. 8.4 are Anderson RVB states which are ignored here 

because they are highly-excited states for the strongly-coupled NUHH. Note that 
the ground state, v = 0, is composed exclusively of small bipolarons, (-) and 
bipolaron holes, (+). Of particular importance is the fact that the v = 0 states are 
king states so that king condensation obtains with 

Tc = 2zJ~H/k (8.4) 

where JBH is the exchange interaction between a neighboring small bipolaron and 

a bipolaron hole. The ISB gap is defined spectroscopically as the energy required 

to break a bipolaron pair and so is temperature-independent. 

8.4. The Ising, Small-Bipolaron Model of Mean-Field Theory 

8.4.1. The Two-Dimensional Representation of Condensation 

The Ising mean-field theory assigns to each site in an N-site, two-dimensional 

solid, two states labeled (+) and (-) .The order parameter is related to the numbers 
of the two types of nearest neighbors (bipolaron and/or hole) for an N-site system 
as follows: 

a) Unlike nearest neighbors 

A = (N/L)(l+ a) (8.5) 

b) Like nearest neighbors 

B = (N/2)(1 - Q) (8.6) 

The conventional choice for the internal energy is 

u = - Z N J B H ~ ~  

Fig. 8.4 gives a pictorial realization of condensation in terms of the Ising unit 

structure , [ ;] . Note that each of these structural units have d-wave character, 

which are phased in the condensed areas but lose their phasing in the uncondensed 
area. 
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Fig. 8.4a 

+ - + -  + -  + -  
- + -  + - + - +  
+ - + - + -  + -  
- + -  + - + - +  
+ - + - + -  + -  
- + -  + -  + -  + 
+ -  + -  + -  + -  
- + -  + - + - +  
[sing condensation L? = 1 ; t = 0,fully condensed 

”~ 

- -  + + - - + +  

Fig. 8.4b. Partial condensation 

o<a<1 ; O < t < l  

Fig. 8 . 4 ~ .  Uncondensed 
L ? = O ; t = l  

8.4.2. The ISB Derivation of the Mean-Field Equation. 

The ISB derivation of the mean-field equation begins with the free-energy 

functional, 

F(Q,T) = U(Q) - TS(Q,T) (8.8) 

Each site is assigned the same energy ( -zlg~Q2) (where z is the number of nearest 
neighbors) so the internal energy functional is 

U = - N d g ~ Q 2  (8.9) 

The entropy functional is 

S(C2.T) = NklnZ(Q) (8.10) 
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where 

Z(Q) = W(i2) 

is the partition function with 

W(i2) = N!/[A!][B!] 

The equilibrium condition on the free-energy functional is 

(aF(T,n>/an)T = 0 

By Stirling's approximation, 

lnz(Q) = lnN! - (AlnA - A+ BlnB - B) 

so 

and 

In consequence 

where 

so 

a(BlnB - B)/ai2 = - (ND)lnB 

alnzlan = - (N/~ ) I~ (A/B)  

= - (N/Z)ln(l + Q)/(l - a) 

= - (Nmw 

W = ln(1 + S2)/(l - a) 

i2 = tanh(W/2) 

The variation principle yields 

2 N d ~ ~ i 2  = 

or 

w = ~ ~ B H R / ~ T  
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(8.1 1) 

(8.12) 

(8.13) 

(8.14) 

(8.15) 

(8.16) 

(8.17) 

(8.18) 

(8.19) 

(8.20) 

(8.21) 
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so 

R = tanh(2d~~ICUkT) (8.22) 

To relate JBH to the critical temperature we expand Eq. 8.22 as follows: 

R = 2 d ~ ~ m T  - (1/3)(2d~@/kT)3 + ... (8.23) 

so 

1 = (2d~H/kT - ( l n ) ( 2 d ~ ~ k T ) ~ R ~  + ... (8.24) 

and so 

a2 = 3(2zJ~HflrT - l ) ( k T / 2 d ~ ~ ) ~  (8.25) 

As T + Tc (from below) !2 -) 0 

JBH = kTc/2z (8.26) 

so 

R = tanh(RTC/r) (8.27) 

(8.28) = tanh(Wt) 

8.5. The Chemical Structure of Bipolarons and Holes 

8.5.1. The Site Orbital Space 

We take for the freeon orbital space, 

Vz: { ICu>, lo>) (8.29) 

where ICu> is the d(x2 - y2) orbital centered on copper and lo> is a normalized, 

linear combination of pa orbitals centered on the four neighboring oxygen atoms. 

See Fig. 8.5 . 
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Fig. 8.5. The copper and oxygen orbitals for the cuprates 

8.5.2. The Two-Electron Spaces 

For two electrons there are two freeon, irreducible representation spaces, each 

labeled by a Young diagram: 

i)  The triplet space, 8 
ii) The singlet space, m 

8.5.3. The Freeon Gel'fand States 

The spin-free Gel'fand states span the several irreducible representation 

spaces. They are uniquely labeled by Gel'fand diagrams constructed by adding 

spin-free orbitals in nondescending order along rows and ascending order down 

columns: 

ii) The singlet space: 

v ( m ) :  ~ ~ , E E l , H E l )  
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Energy 

The two-electron NUHH spectrum is as follows. 

State 

0 = triplet biradical state; = single covalent state 

I (-), bipolaron state; I (+), hole state. - -IUI 

The singlet, covalent Gel'fand state 
higher than the small bipolaron (-) and hole (+) states (See Fig. 8.3) and are 
ignored. 

and the triplet, covalent state El lie 

8.6. Doping and the Lattice Parameter 

8.6.1. Introduction 

La2-xSrxCu04 is a superconductor for 0.09 S x S 0.31. See Fig. 8.2. Over this 
doping range a continuous change of lattice parameters occurs with no change in 
crystal structure. From this it is inferred that a simultaneous continuous change in 

electronic structure occurs on doping. I follow Burdett [20] and employ the 
bipolaron-lattice-parameter model in which the bipolaron and the hole energies 

are assumed to vary linearly with the lattice parameter. From this assumption is 

obtained a microtheory of JBH, a microtheory of the dependence of Tc on doping 

and a microtheory of the vibronic interaction which produces NUHH. 
A two dimensional realization of doping is obtained by taking the parent 

electron-superconductor and hole-superconductor to consist solely of bipolarons 
and holes respectively. See Fig. 8.6. This model is consistent with the observed 
volume-fraction Meissner effect since the Meissner effect can occur only in 

condensed areas. The dependency of the Meissner effect on doping parallels the 
parabolic dependency of Tc. See Section 8.6.3. 
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Electron superconductor 
+ + + + + + + +  
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+ + + + + + + +  
+ + + + + + + +  
+ + + + + + + +  
+ + + + + + + +  
+ + + + + + + +  
+ + + + + + + +  

+ + + + + + +  
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+ + + + + + +  
+ + + + + + +  
+ + + + + + +  
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+ -  + -  + -  

Fig. 8.6. Doping in a 64 site system (The condensed areas are outlined in 

black) 
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8.6.2. The Bipolaron-Lattice-Parameter Model 

The bipolaron-lattice-parameter model is based on the following assumptions: 
i) A reduced lattice parameter, - 1 S p S + 1 which is proportional to x. 

ii) The dependence of the bipolaron and hole energies on p 

&qq =-  = - p 

iii) The bipolaron-hole interaction: 

JBH <wlHlm> 
The energies of the two bipolaron-hole system states are then 

EE =*K 

where K = ( J B H ~  + p2)*n. The eigenvalues are plotted in Fig. 8.7. 

0.4 O e 6 j  \ 

(8.30) 

(8.31) 

(8.32) 

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 

P 

Fig. 8.7. The cuprate spectrum 
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8.63. The Doping-Dependence of JBH and Tc 

The resonance exchange integral, JBH(O) is indicated in Fig. 8.7. For the off- 
resonance exchange integral we take 

J(P) = WP*) - E(p) 

where p* is that value of p for which 

UP*) = P* 

By mean-field theory 

TC(P) = W P ) / k  

and by the assumption of a linear relation between x and p 

J(p)IJ(O) = Tdp)/Tc(O) 

= Tc(x)/Tc(xmax) 

See Fig. 8.8 which reproduces the Tc parabola of Fig. 8.2. 

0.09 0.2 
X 

0 

(8.33) 

(8.34) 

(8.35) 

(8.36) 

(8.37) 

I1 

Fig .  8.8. The dependence of resonance exchange integral on doping 
parameter 
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8.6.4. Vibronic Interaction 

The strength of the vibronic interaction is dependent on the amplitudes of the 
bipolaron and hole wavefunctions in bipolaron-lattice wavefunction The ground- 
state eigenvector is 

Y(x) = (Uim > + V l r n  >) (U2 + v2pn 

(8.38) 

The amplitudes of the bipolaron and hole states are plotted as functions of p in 
Fig. 8.9 

1 .  

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 

P 

Fig. 8.9. The bipolaron and hole amplitudes 

It is now assumed that the distance variable, p is also the variable in a 
harmonic cell potential with states (In>, n = 0, 1, 2, ...I and with energies, En = 

hw(n + In). The zero-order states of the vibronic system are then the product 
states, (Y(x)ln>, n = 0, 1, ...). The electronic ground state eigenvector is 
expanded about p = 0 as follows: 

Y(p) = Y(0) + (dY(p)/dp)o + ... (8.39) 

where the second term is taken as the vibronic perturbation with 
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(8.40) (d'€'(x)/dx)o = d ( A B l m  > +  AH^ >)o/dx 

Then 

(dyY(p)/dp)o(dY(p)/dp)ot = (dAB/dp)02 + (dAH/dp)$ 
E K  

(8.41) 

The second-order energy is then 

E(2) = - K<Olpln><nlpIO>/nho 
= - 2Nho  

= - Svib (8.42) 

where Svib is the vibronic stabilization energy. From an inspection of Fig. 8.9 this 
is a very large number. 

9. CRITIQUE OF THE FREEON THEORY OF 
FERROMAGNETISM 

The freeon theory of ferromagnetism is based on the negative-U, Hiickel- 
Hubbard Hamiltonian (NUHH). However the conventional positive-U, Huckel- 

Hubbard (PUHH) Hamiltonian employs a positive U which is a measure of the 
repulsion of a bare pair of electrons on a single site. From whence comes NUHH? 

There are three positions to take with respect to NUHH: 

1) The Ising, small-bipolaron (ISB) theory of cuprate superconductivity 

(Section 8) employs NUHH where, just as in BCS theory, it is a 

consequence of vibronic interaction which ovemdes the positive U. 
2) Ferromagnetism cannot be explained by a site theory and requires a 

delocalized band theory. Support for this point of view is provided by 

UHF band calculations which produce a surplus of up spins over down 
spins for a number of the ferromagnetic materials. 

3) Adopt the cavalier attitude of Weiss and claim that the use of NUHH in a 
theory of femmagnetism "is supported by a sufficient number of facts that 

one can be certain that it contains an important part of the truth and that 
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the difficulty of interpretation should be considered less an objection than 
a stimulus for research on new hypotheses of atomic structure". 

10. ATOMIC STRUCTURE 

10.1. Introduction 

In this Section we apply freeon theory to atomic structure. In Section 10.2 we 
give the freeon Gel'fand structures of the second row of the periodic table and in 
Section 10.3 Gel'fand diagrams are used to describe the splitting of d-electron 
configurations in an octahedral field. 

The initial incentive for the invention of quantum mechanics was the 
observed, discrete spectra of atoms and molecules which could not be predicted 

by classical mechanics. The Schrtidinger differential equation is constructed from 
the classical energy and its physically-significant solutions were restricted to 
those which satisfied certain physically-significant boundary-conditions. This 
quantized the energy and supplied quantum numbers which identified the 
quantized states. In the Section 10.4 we take a different view of quantization. It 

is used, in the following Sections, to analyze atomic spectra. 

10.2. The Periodic Table 

One of the early great triumphs of atomic theory was the aufbau principle 
which explained the periodic table. In it the atomic orbital energies were assigned 
the following order: 1s c 2s c 2p c 3s < ... The occupation number of freeon 
orbitals was limited to no more than two as was discussed in Section 1. Further 
Hunds rule was imposed; i. e. states of highest spin lie the lowest. The Gel'fand 
state reconstruction of the aufbau for the second row of the periodic table (with ml 
= +1 or zero) is shown in Fig. 10.1 where 2p+ = + 1,2p0 = 0 and 2p-1 = - 1: 
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S=(L1-L2)/2= 1/2 0 1/2 1 312 1 
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B I  
1/2 0 

Fig. 10.1. Gellfand structures for the second row of the periodic table. 

10.3. Crystal Field States 

A transition metal ion confined to a weak crystal field exhibits the high spin 

spectrum while in a strong field exhibits the low spin spectrum. The d orbitals of 

the ion have a five-fold degeneracy which is split by an octahedral field into an 
excited, doubly-degenerate (denoted el and e2) orbital and a ground, triply- 

degenerate (denoted t l ,  t2 and t3) orbital. The Gel'fand state correlation among 

the relevant free ion configurations -> high-spin states -> low-spin states is shown 

below for the d4, d5 and d6 ions 

The weak-field case like the free ion obeys Hunds rule while in the strong- 

field case Hunds rule is overcome by the increased relative stability of the t-type 

relative to the e-type orbitals 
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Electron Free Weak Strong 
Configuration ion Crystal Crystal 

field Field 

Ground State S=( 4-0)/2=2 S=( 3- 1 )/2=1 
Spin 

Fig. 10.2. The Gelyand state correlation diagram for d4 

Electron Free Weak 
Configuration ion Crystal 

field 

Strong 
Crystal 
Field 

d5 

Ground State S=( 5-0)/2=5/2 S=(3-2)/2=1/2 
Spin 

Fig. 10.3. The Gelyand state correlation diagram for 8 
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Electron Free Weak 
Configuration ion Crystal 

field 

Strong 
Crystal 
Field 

Ground State S=( 5-1 )/2=2 S=( 3-3)/2=0 
Spin 

Fig. 10.4. The Gelyand state correlation diagram for & 

10.4. Symmetry-Quantization 

It has been shown that quantization is a consequence of symmetry. This 
permits an alternate, and perhaps more fundamental, view of quantization called 

symmetry quantization because it is based the symmetries of atoms expressed 

through chains of compact groups for which U(M) is the head group. With this 

concept there can be constructed a group-theoretical Hamiltonian which can be 

used to analyze atomic spectra. The Hamiltonian consists of a linear combination 
of the invariants of a group chain which is diagonal in a space symmetry-adapted 

to that chain. The several groups each supply a quantum number. The general, 

group-theoretical Hamiltonian has the following form: 

(10.1) 

where k identifies the groups in the chain. where a k  is an empirical parameter 
evaluated from the spectra and where Ck is a Casimir operator for the k* group 

and where Ck is a Casimir operator which commutes with every element of Gk 

and so is diagonal in the several IRS (i) of Gk with an eigenvalue denoted Ed. 
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[22,1] 

[231 

This model Hamiltonian is diagonal in an IRS of U(M) which has been symmetry 

adapted to the above chain with eigenvalues denoted 

S L  

0 s  

112 P 

0 S,D 
1 P  

1/2 P P  
3/2 s 
0 S P  
1 P 

1/2 P 

0 s  

(10.2) 

Since for light atoms only freeon dynamics is relevant we consider only freeon 
chains,. 

U(M) 3.. .I c;l, 2 . . .I R(3) (10.3) 

In Section 10.5 the above model Hamiltonian is applied to the analysis of the 

spectra of the pN configuration. In Section 4 the model Hamiltonian is used to 

analyze the spectra of the dN configuration. 

10.5. The Group-Theoretical Analysis of pN Spectra 

For the group chain and quantum numbers are 

quantum numbers: 

The group-theoretical analy 

below: 
N 

0 

1 

2 

- 
- 
- 
- 

3 

- 
4 

5 

6 
- 

The spectrum of the model Hamiltonian is for each value of N 

E(S,L) = - a S ( S + l )  - PL(L+l) 

is given 

(10.5) 
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so that 

Obs Freeon Spectrum 

1s 21.6 EO 
1D 10.2 EO - 6P 
3P 0.0 Eo - 2a -2p 

2P 28.8 EO - 3af4 -2P 
2D 19.2 Eo - 3a14 - 6P 
4s  0.0 EO - 15d4 

1s 33.8 EO 
1D 15.9 EO - 6P 
3P 0.0 Eo - 2a -2p 

E(~P) - E(~D) 4P 
r(3) = = - = 0.500 (exp) 

E(2D) - E(4S) 3a - 6P 

6P r(2) = r(4) = E('S) - E(lD) = - = 1.13, 1.14 (exp) 
E(lD) - E(3P) 2 a  - 4P 
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(10.6) 

(10.7) 

(10.8) 

The last ratio is independent of the parameters, a and P and may regarded as a 

purely group theoretical (kinematic) result. The same result is obtained 

dynamically without group theory through the Slater-Condon parameters which 
are integrals of e2/rij over analytic hydrogenic orbitals. The chain has been 

interpreted as the sum of a p orbital-p orbital and a spin orbital-spin orbital 

magnetic dipole interaction. This interpretation is clearly nonphysical. 
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10.6. The Group Theoretical Analysis of dN Spectra 

The dN group chain and quantum number are 

U(5) =I R(5) =I R(3) 

quantum numbers: [Vl,S v L 
where v is the seniority quantum number 

(10.9) 

N r u  vhenioritv) S L 
1 111 1 It2 D 

0 
2 
2 
1 
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2 
0 
2 
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2 
3 

3t2 P,F 
0 S 
0 D,G 
0 

1 P,F 
1 

P,DP,G,H 
t 141 1 2 D 

The analysis of the dN spectra is more complicated than for $ due to intershell 
interactions and will not be discussed further here. 

11. NUCLEAR STRUCTURE 

11.1. Introduction 

There exists a pleasing isomorphism between atomic and nuclear 

structure 1211. In 1937 Wigner pointed out that isospin is the nuclear analogue of 
ordinary spin. In this view there are two isospin states: 

V2: ( Ip> (proton), In> (neutron)> 
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The number of nucleons is denoted by the mass number, A. By analogy to freeon 

dynamics, the isofreeon states are labeled by Young diagrams with no more than 
two columns, L1 2 L2 2 0 The mass number and the isospin quantum number 

are then 

A=L1 +L2 (11.1) 

(11.2) 

The nuclear fermion orbital is product of a spatial (superfreeon) orbital, an 
ordinary spin (ordspin) orbital and an isospin orbital (which determine the atomic 
number). In isofreeon dynamics the quantum number, J replaces the ordinary 

freeon quantum number, L. 
The superfreeon orbitals are taken to be the three-dimensional harmonic 

oscillator orbitals which lie the following energy sequence 

&Is.< Elp < &2s = &Id < . . . (11.3) 

This energy sequence together with the Gel'fand construction leads to the nuclear 
periodic table 

11.2. The (Is)* Gel'fand Diagrams 

The superfreeon 1s orbital can carry up to 4 nucleons. The Is* isofreeon 

Gel'fand state are listed Fig. 11.1 together with the isospin, the ordspin and the 
nuclear species which are associated with each Gel'fand state. 
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Fig. I I . I .  The isofreeon ground Gelyand states to A = 4 

11.3. The Isospin Paradigm 

The isospin Young diagrams are conjugate to the isofreeon Young diagrams. 

By analogy to the z components, MS of electron spin, the "z" components of 

isospin are 

MT = -T, -T +1,..., T-1,T (11.4) 

They determine the nuclear charge and the nuclear species by the formula 

Z =  (MT+A)D (11.5) 

By analogy to the ordinary-spin Heisenberg exchange Hamiltonian the isospin 

exchange Hamiltonian is 

H = JTi*Tj (11.6) 

where J > 0 is the analogue of a ferromagnetic analogue of a ferromagnetic 

interaction. By this Hamiltonian, which neglects the coulomb interaction, the low 
isospin states lie the lowest in energy, and the number of protons will be roughly 

equal to the number of neutrons for such states. The isospin Gel'fand states to A = 

4 are listed in Fig. 11.2. 
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A=l Isobars A=2 Isobars 

A=3 Isobars 

A = 4 Isobar 

Fig. 11.2. Isospin Gelyand states to A=4.  !?(is the number of neutrons 

11.4. The u)A Configurations 

11.4.1. Introduction 

A useful chain for the (i)* configurations of light nuclei is 
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U(2j + 1) 2 Sp(2j + 1) 3 SU(2) (11.7) 

where Sp(2j + 1) is a symplectic group for which the quantum numbers are v 
(seniority) and t (reduced isospin). The spectrum for this U-chain is 

E(T,v,t,J) = aT(T+l) + p(v(4j + 8 - v) - t(t(+l)) + yJ(J+l) (11.8) 

Note that the signs are the opposite of the atomic U chain. 

11.4.2. The j = 3/2 Configurations 

The l p 3 ~  is the lowest energy orbital outside the 1s core. So M = 2j + 1 = 4. 
We take for the U chain 

U(4) 3 Sp(4) 3 SU(2) (11.9) 

The decomposition of the irreducible representations are listed in Fig. 11.3 
together with the labels of the ground states. 

A 

1 

2 

T 

1/2 
0 
1 
1 

1/2 

1/2 
3/2 
0 
0 
0 
1 
1 
2 

- 

J 

312 

1,3 
0 
2 

3/2 

1/2,5/2,7/2 
3/2 
0 
2 

173 
2 
0 

2,4 

Ground StateITJ) 
-- 

Li7, B7{ 1/2,3/2} 

Beg( O.O} 

~ i 8 (  1,2) 

Fig. I I .3. The decomposition of the irreducible spaces and the ground states 
for (3/2p 
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11.5. The Quark Structure of Baryons 

11.5.1. Introduction 

Nuclei are constructed from protons and neutrons. The proton and the neutron 
are members of a class of elementary particles called baryons (the heavy ones) 
which are constructed from quarks. The quark orbital is the product 

Iq> = I@>la>lx> ( 1 1.10) 

where I$> is a flavor orbital whose space is 

@: ( I D  (up). Id> (down), Is> (strange)) (1 1.1 1) 

where ICD is an ordinary spin orbital whose space is 

(3: ( Ice, Ip> ) (1 1.12) 

and where Ix> is a color orbital whose space is 

x :  (IR> (red). IG> (green), IB> (blue) ) (11.13) 

In Section 11.5.2 we give the Gel'fand structures of the flavor states which 
serve to identify the several baryons and in Section 11.5.3 we treat the freeon 

dynamics of nuclei. 

11.5.2. The Flavor Gel'fand Structures. 

We use three-particle Young diagrams for the construction of flavor Gel'fand 
states: 

Dl I y " 1  I Spin 

excluded 
(See Section 11 5 3 )  

decuplet 

The flavor Gel'fand states for the Octet and the decuplet spaces are shown as 
follows. 
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Fig. 11.4. The octet flavor Gelyand states (J=1/2) 

T =  I f 2  

T = O  

Fig. I1 3. The decupletflavor Gerfand states (J=3/2) 
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11.6. Nuclear Freeon Dynamics 

The flavor and the ordinary orbitals are inert and it is the color orbital which 
carries the freeon dynamics in the same ways as the freeon (spatial) orbitals carry 

the dynamics for electronic systems. It should be noted that the two basic field 
theories are quantum electrodynamics (QED) and quantum chromodynamics 

(QCD).The color force is also an exchange force in which the several colors are 
exchanged. 

The three quark color states are restricted to the color singlet , 1 , which 

together with the fennion antisymmetry principle leads to requirement that the 

flavor-ordinary spin space must be totally symmetric; i. e., -1 This, in turn, 

leads to the following relationships between the flavor space and the ordinary spin 
space: 

i) The Decuplet Space. The flavor space => t h e m ]  ordinary 

ii) The Octet Space. The IF flavor space => the EP ordinary spin 

iii) The Singlet Space. The El flavor space => no ordinary spin space and is 

spin space => S = J = 3/2 

space => S = J = 1/2 

therefor excluded. 
This unitary-group calculus accounts for all the observed baryons. 

12. SUMMARY AND CONCLUSIONS 

We have shown that the unitary group provides an organizing principle for 
much of matter - atoms, molecules, solids, nuclei and baryons. Note the particle 

number, N, is a unitary group-quantum number. Thus, the Greek concept of pure 

form, i.e. the group, is extended to include substance. The N = 0 space is a space 
without particle-number and hence without substance. The group theoretical 
history of our universe is shown in Fig. 12.1. 
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Fig. 12.1. Group theoretical history of the universe 

Super- ii Conductor 

The modem theory of creation begins at Planck time (10-4 seconds) when the 
universe was very hot and supersymmetric. As the universe cooled 
supersymmetry was spontaneously-broken into the Poincar5 symmetry (gravity) 

and the grand symmetry, SU(5) (the grand force). On further cooling SU(5) was 
spontaneously broken into the electroweak force SU(2)@U( 1) and the strong force 
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SU(3) which holds quarks and nucleons togetha. On further cooling SU(2)@U( 1) 
is spontaneously-broken into SU(2) (the weak force which causes beta decay) and 

U(1) the electromagnetic force. On the cooling of certain solids the local U(1) 
symmetry of Maxwell's equations is spontaneously broken and superconductivity 
occurs. Clearly God is a skilled group-theorist! 

Finally we should ask the question: Why is our universe so well-described by 

group theory? My best guess is that it is an important aspect of some general 
principle of least action. 

Electron freeon dynamics, which is also based on group theory, claims the 

1) The unitary group is sufficient for light-atom, many-electron systems 

2) Slater determinants and second-quantization constitute a poor-man's group 
theory which is "ungodly" and leads to the nefarious spin paradigm. 

3) Freeon Gel'fand diagrams provide primitive patterns of understanding 
which are superior to and which should replace spin arrows as the 

primitive patterns of understanding of N particle systems. 
4) The freeon unitary group formulation provides fast methods of 

computation in configuration interaction (CI) calculations for freeon states 
(pure eigenstates of the spin) [22.23]. 

following 
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RESPONSE THEORY AND CALCULATIONS OF SPIN-ORBIT COUPLING 
PHENOMENA IN MOLECULES 
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S-58183, Linkoping, Sweden 

1 Abstract 

We review response theory and calculations of molecular properties involving spin- 
orbit interactions. The spin-orbit coupling is evaluated for reference states described 
by single- or multi-configuration self-consistent field wave functions. The calculations 
of spin-orbit related properties rest on the formalism of linear and quadratic response 
functions for singlet and triplet perturbations when no permutational symmetry in 
the two-electron operators is assumed and from which various triplet as well as sin- 
glet response properties are derived. The spin-orbit coupling matrix elements between 
singlet and triplet states are evaluated as residues of (multi-configuration) linear re- 
sponse functions, and are therefore automatically determined between orthogonal and 
non-interacting states. Spin-forbidden radiative transition intensities and lifetimes are 
determined from the spin-orbit coupling induced dipole transitions between two elec- 
tronic states of different multiplicity and are obtained as residues of quadratic response 
functions. The potential of the theory and its range of applications is illustrated by a 
selection of recent investigations covering different molecular phenomena. The appli- 
cations include second-order energy contributions, intensity rearrangement in electron 
spectra, calculation of predissociative lifetimes of dicationic states, assignment of triplet 
bands in absorption spectra, intersystem crossings and reactivity, external heavy atom 
effects on S-T transitions, phosphorescence spectra and radiative lifetimes of triplet 
states. We give an outlook on spin-orbit interaction induced phenomena in extended 
systems and on applications to general spin catalysis phenomena. 
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2 Introduction 

Although the overwhelming part of applications of quantum methods on molecules still 
are based on the Born-Oppenheimer, non-relativistic, Hamiltonian picture, one has 
increasingly realized the important role of spin-orbit coupling for the interpretation 
of a number of experiments referring to  spectroscopy, reactivity and to catalysis in 
general. Spectroscopic assignments have traditionally been carried out in terms of 
spatial- and spin-symmetry of states, intensity distributions and fine structures. These 
applications have referred to  a number of spectroscopies using photons, electrons or 
charged ions as exciting agents, in more recent times also high-resolution coincidence 
techniques involving photons, photoions and electrons in various combinations. With 
these techniques detailed information is gained on fine structures, potential energy 
surfaces, finite lifetimes. Much of this information, e.g. finiteness of the lifetimes, 
result from intersystem and non-adiabatic crossings that are abundant in molecules and 
molecular ions. This abundance of state crossings can be derived from the compact 
nature of the potentials and a high density of states with different multiplicity. For 
ionic systems, for example, a bond breaking Coulomb repulsion gives sharp variations 
of the potentials with respect to intermolecular distance. The manifold of states of 
different multiplicities may thus be grossly intermixed already for low-lying optical 
excitations, and even more so for charged molecular species. In the absence of strict 
selection rules or even propensity rules this leads to complex spectra rich of structure. 
Due to these features one can anticipate intensity borrowing to occur as an effect of 
spin-orbit coupling (SOC), non-adiabatic coupling or of other smaller coupling terms in 
the Hamiltonian not included in the conventional non-relativistic Born-Oppenheimer 
(BO) treatment. Such couplings may lead to intensity rearrangement, and in particular, 
they may serve as sources of intensity for states that are forbidden by normal selection 
rules. 

It is clear that with a high density of states the theoretical investigations ofdectronic 
spectra must sometimes go beyond a traditional BO and non-relativistic analysis that 
only refers to energy criteria, and that in the description of spectroscopic properties 
smaller terms of the Hamiltonian must be accounted for. The major corrections to  
the BO electrostatic Hamiltonian is the non-adiabatic coupling induced by the nuclear 
kinetic energy operator, and the electronic SOC treated in the present review. 

For many types of electron spectroscopies there are still comparatively few studies of 
SOC effects in molecules in contrast to atoms, see, e.g., [l, 2 , 3 , 4 , 5 ,  6,7] and references 
therein. This can probably be referred to complexities in the molecular analysis due to  
the extra vibrational and rotational degrees of freedom, increased role of many-body 
interaction, interference and break-down effects in the spectra, but can also be referred 
to the more difficult nature of the spin-orbit coupling itself in polyatomic species. 
Modern ab initio formulations, as, e.g., spin-orbit response theory [8] reviewed here, 
have made such investigations possible using the full Breit-Pauli spin-orbit operator. 

In the present work we review a recent development sorting under the broad con- 
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text of response theory methods, namely response functions for properties that involve 
spin-orbit interaction in molecules, and illustrate the potential of this development with 
applications within the field of molecular spectroscopy and reactivity. This development 
fall under the general branch of quantum methods that obtain linear and non-linear 
properties using variational type wave functions, that is the random phase approxi- 
mation (RPA, time-dependent Hartree-Fock (TDHF)) and the multi-configuration re- 
sponse methods [9, 10, 111. These methods are based on non-correlated, self-consistent 
field (SCF), and correlated, multi-configuration self-consistent field (MCSCF) reference 
wave functions, respectively. One has recently witnessed a rather drastic development 
of the response theory methods for calculations of different molecular properties, be 
it electric or magnetic, time-independent or time-dependent, linear or non-linear prop- 
erties [12, 13, 14, 15, 16, 17, 18, 19, 10, 111. This development has been documented 
in a number of original and review-type articles, see, for example, works of Olsen and 
Jergensen (151, Pickup [20], Fowler [21], Oddershede [22] and Luo et al. [23]. Although 
spin-orbit coupling phenomena is just one out of several categories of properties towards 
which response theory has been diversified lately, it has proven particularly fruitful for 
molecular applications as we intend t o  demonstrate with the present review. 

Also outside the field of spectroscopy there is a great potential for applications of 
SOC response theory. One can here refer to  reactivity of radicals, biradicals and to  
spin catalysis phenomena in general. The term spin catalysis denotes a large range of 
phenomena for which the overcoming of spin-forbidness in a chemical reaction and an 
increase of rate constants can be introduced by interaction with additional substances. 
The majority of stable chemical products are diamagnetic; they have a singlet ground 
state with the excited triplet state well separated in energy. However, in many situa- 
tions, for example in predissociation of diatomic species or in the vicinity of activated 
transition states in metal catalytic complexes where chemical bonds grow weak, the S-T 
crossing occurs and intersystem crossings can compete with other chemical processes. 
The state of higher multiplicity has often an additional stabilization by exchange in- 
teraction in the transition region and lower the activation barrier. The possibility of 
intersystem crossings (ISC) must be taken into account for a large number of chemical 
reactions because the ISC can be crucial for the determination of the reaction rates and 
paths. A lot of reactions can thus be explained by the account of S-T transitions in 
intermediate diradicals, induced by SOC [24,25,26]. The S-T transitions can be caused 
by perturbations of a catalytic nature (SOC, paramagnetic exchange) and contribute 
to  the lowering of activation energy and the increase in the reaction rate constant. It 
is obvious that the role of an ISC as an intermediate step of chemical rearrangement is 
underestimated in contemporary chemistry and catalysis. 

In the present work we illustrate the potential of response theory for SOC in the 
areas briefly referred to above and review a set of recent applications that represent 
different physical aspects. We first give, in the next section, those aspects of linear and 
quadratic response theory that directly relate to spin-orbit coupling phenomena. We 
refer to the original work of Olsen and Jergensen [15] and to the recent review by Luo et 
al. [23] for a general account of basic aspects of the response theory employed, but not 
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described, here. The following section, section 4, reviews some of the computational 
performances and the requirements, like basis sets and active space expansions. Section 
5 reviews the selection of different applications: Section 5.1 describes the second order 
energy contribution of the spin-orbit interaction illustrated by an application on the 
potential energy curve of Crz; section 5.11 describes first- and second-order approaches 
for calculating the SOC between a full manifold of states, and illustrates the use of this 
for predicting intensity rearrangement in electronic spectra. In section 5.111 the calcu- 
lated SOC are further used to  solve the dynamical equations (multi-channel Schrodinger 
equation) in order to determine the predissociative lifetimes of such states. In section 
5.IV it is shown how spin-orbit respons calculations can be used to estimate intersys- 
tem crossings in chemical reactions. Section 5.V illustrates the potential of spin-orbit 
response theory for assignment problems in optical absorption spectra, and show how 
such calculations have made it possible to make a completely new assignment of the 
origin of the lowest lying absorption band in ozone. The use of quadratic response 
theory involving simultaneous dipole and SOC to determine singlet-triplet absorption 
and phosphorescence moments and triplet state radiative lifetimes is illustrated in sec- 
tion 6 with calculations on a large variety of small and big molecules. Section 7 is 
devoted to phosphorescence of aromatic compounds, such as benzene, naphthalene and 
the nitrogen substituted heterocycles; azabenzenes and azanaphthalenes. With the last 
application, given in section 8, we discuss a related problem, namely the role and the 
interpretation of the internal and, in particular, the external heavy atom effect on S-T 
transitions. Finally, in section 9 we give an outlook for possible future developments 
emphasizing spin catalysis and applications on extended systems. 

3 Theory 

I General 

There are different approaches to calculating physical and chemical properties from 
Rayleigh-Schrodinger perturbation theory. A straightforward formulation, one that 
is usually presented in textbooks, is to  express the results of perturbation theory in 
terms of summations over excited states. Consider e.g. a system described by the 
Hamiltonian Ho, with the energy eigenvalue EO corresponding the ground state 10). 
The second-order energy correction due to a perturbation V is 

The main difficulty with this formulation is that it requires complete knowledge of the 
excited states, so one is forced to pray for rapid convergence and truncate the series 
after the first few excited states. A more general form of Eq. (1) is [27] 

E(2)  = (OIVR(E0)VIO) (2) 
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where R is a resolvent operator involving the inverse of the Hamiltonian, 

R ( E )  = ( E  - Ho)-’ . (3) 

The resolvent operator as a function of E has poles a t  the eigenvalues of Ho. Strictly 
speaking, for the expression in Eq. (2) to  be meaningful, the singular component of the 
resolvent must be removed, but we choose not to clutter the notation with formalism 
that is unnecessary for our purposes. We note that Eq. (1) can be derived from Eq. (2) 
if we insert a resolution of the identity (and removing the ground state) on each side 
of the resolvent, 

If the sum over states is incomplete Eq. (4) is an outer projection of the resolvent R 
onto the subspace spanned by the states Ik). 

Another approach to perturbation theory is response functions, which is the subject 
of this paper. The basis for all response function methods is an inner projection [28] of 
the resolvent, 

R ( E )  = Ik)(klE - Holk)-l(kl (5) 

where Ik) are the states lk) collected in a row matrix and (kl the corresponding column 
matrix. If the functions k indeed are the eigenstates of Ho,  then Eqs. (4) and (5) are 
identical. There is a clear advantage with the inner projection scheme. We can let Ik) 
be some other basis than the one formed by the energy eigenfunctions. In that case the 
evaluation of the second order energy in (one) is a two-step procedure; solve the linear 
system of equation 

(klEo - Holk)N = (klvlo) (6) 

and form 
= (OIV(k)N . (7) 

The summation over excited states is effectively replaced by solving a linear system of 
equations, and this is done without prior knowledge of the excited states. 

Taking these introductory comments as a motivation, we shall turn to  the formalism 
of response theory. Response theory is first of all a way of formulating time-dependent 
perturbation theory. In fact, time-dependent and time-independent perturbation the- 
ory are treated on equal footing, the latter being a special case of the former. As 
the name implies, response functions describe how a property of a system responds to 
an external perturbation. If initially, we have a system in the state 10) (the reference 
state), as a weak perturbation V ( t )  is turned on, the average value of an operator A 
will develop in time according to 

where (A)o is the average value with respect to  the reference state, and (A)1 and (A)z  
the first and second-order responses respectively. These may be written in their Fourier 
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representations, 

H. Agren ,  0. Vahtras,  a n d  6. Minaev 

( A ) ~  = J d w l ( ( ~ ; ~ ) ) , , e - i ~ ' ' t € *  , 

and 

Eq. (9) defines the linear response function 

where 3 = If0 - Eo and we use the notation 

AV - = A(w - 3 ) - l V  
w--w 

The linear response function in Eq. (11) has the same structure as the second-order 
energy expression in Eq. (2) and we note that for A = V and w1 = 0 they are identical, 
except for a factor of two. Similarly, Eq. (10) defines the quadratic response function 

) t P12 
v,, AV, 

((w1 + LJ -t i€)(WZ - D + ic) 
where Plz is a permutation that denotes symmetrization with respect to frequencies ~1 

and w2. We note that by taking the residue of the quadratic response function at  an 
excitation energy wk, one obtains a second-order transition moment, i.e. a transition 
matrix element of an operator A between the ground state and the excited state Ik) 
that is induced by the perturbation V .  The double residue of the quadratic response 
function at two excitation energies, wf and -us gives a matrix element between the 
corresponding excited states, (glAlk). 

I1 Multiconfiguration response functions 

In multiconfiguration response theory, the space of excited states, the orthogonal com- 
plement of the reference state, is described in terms of operators acting on the reference 
state; orbital excitation operators 

q; = E; = atorasn f afiga,p, T > s (14) 

and state transfer operators 

R3f = IWJl (15) 

We consider either singlet perturbations or triplet perturbations, which in Eq. (14) cor- 
respond to the + and - signs, respectively. In Eq. (15) the same distinction corresponds 
to interpreting Ik) as a singlet or a triplet configuration state function (CSF). 
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The matrices and vectors of this formalism refer to the basis which is formed by the 
operators Eqs. (14) and (15) together with their deexcitation (hermitean conjugate) 
counterparts, 

T = ( q t  Rt q R )  (16) 

and a general vector is written 

N=(;) 

where 6 refers to orbital excitation amplitudes and the S to configuration amplitudes. 

The response functions in the multiconfiguration formalism are indeed complicated 
but their derivation is straightforward, only tedious. For detailed derivations we refer 
to  Ref. [15]. A recent review on the calculation of hyperpolarizabilities [23] may also 
serve as a reference for the response formalism and its computer implementations. The 
present review must however address the particular complications pertaining to  spin- 
dependent perturbations. 

and 

respectively, where we have decomposed the operator basis T into orbital and configu- 
ration parts, To and Tc (the coupling between the two sets becomes more intricate for 
higher orders matrices). 

We would like to stress the similarity between Eqs. (5) and (18). The main differ- 
ence is that the poles of the linear response function are excitation energies rather than 
energy eigenvalues (c.J Eq. (11)) but in both cases, the residues correspond to  tran- 
sition moments between the ground state and excited states. The two-step procedure 
for evaluating the linear response function is now (c.f. Eqs. (6) and (7) ); solve 
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The quadratic response function is given by 

where 

and where 
tively, with VL2] defined identically as in Eq. (21) and 

and A[2] are Hessian type matrices for the operators V and A respec- 

A? = ( 3(01[~oj, P ~ ~ , A I I I O )  (oI[Tcj, [ T ~ ~ , A I I P )  3(01[~cj, [ T ~ ~ , A I I I O ) )  (30) 

P12 denotes as before the symmetrization in frequencies w1 and w2. 

I11 Implementation 

The calculation of molecular properties using response function theory incorporates the 
solution of two types of linear equations, the linear response (LR) eigenvalue equation 
for excitation energies and transition properties, and the solution of a linear system of 
equations, for second and higher order response properties. The eigenvalue equation, if 
solved completely, gives n excitation energies, n being the dimensionality of the matri- 
ces. This would be a very impractical (if not impossible) approach for large dimensions 
and furthermore, only the few lowest eigenvalues are of physical interest. Analogous 
problems for large-scale CI- and MCSCF-calculations has spurred the development of 
iterative algorithms, where the equation is projected on a reduced space of trial vectors 
(Davidson [29]) and direct integral-driven methods (Roos [30] and Jensen and Agren 
[31]) where the full matrices are never needed explicitly. 
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The solution of Eq. (23) is thus carried out by forming the linear transformations 
of trial vectors directly without constructing EL2] or SL21 explicitly, 

where the so-called one-index transformed Hamiltonian is defined by 

Ho(.) = [.,Hal 
= 

rs 

and the modified states by 

(32) 

(33) 

The advantage now is that Eq. (31) has the same structure as Eq. (20), namely that of 
a gradient, the difference being that we have modified operators and modified states. 
The same features can be attributed the linear transformation of a trial vector with 
the metric, 

All formulae until now are independent of the spin character of the perturbation. 
The spin complications enter a t  the level of one-index transformations. If K has been 
derived from an operator with spin, i .e. if it is given by Eq. (33) with the minus sign, 
the one-index transformation will change the spin properties of the Hamiltonian. In 
this case the transformed Hamiltonian is 

and the one-index transformed integrals are 
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For singlet perturbations we need not consider the left (39) and right (40) transforma- 
tions separately, we may add these to  define an integral where all indices are transformed 
once, since the corresponding operators (37) are the same. 

From the discussion above it is clear that for the evaluation of quadratic response 
functions it is desirable to contract two indices of E[3] with two vectors simultaneously, 
giving 

t 
0 
t 
0 

t )(42) 

and finally for A['] we have 

It is to be noticed the all linear transformations which are obtained by contracting all 
but one index of a given tensor, yield vectors which all have the structure of a gradient. 
All that is needed is therefore a general gradient formulation which allows for all kinds 
of spin combinations and which does not assume hermitean symmetry or permutation 
symmetry in the two-electron integrals. 
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The key operations will be the evaluation of two types of gradients, an orbital 
gradient 

and a CI gradient 

where the spin indices refer to + for singlet and - for triplet, and where H(S1,Sz)  is 
a general tweelectron operator, 

or in special cases a one-electron operator. f can be any one-electron type of integrals 
and g any two-electron type of integrals over the Hamiltonian or any observables A, B 
or C. They may also refer to one-index transformed integrals. In what follows we 
denote inactive orbitals by i , j , k  ..., active orbitals by z,y,z ..., secondary orbitals by 
a, b, c... and general orbitals by p, q, T... . 

The density matrices 

are simplified for inactive or secondary orbital indices: 

D;i = Di”, = ( 1  + S)6iP (49)  

D& = D,S,=O (50) 

ds”’ vv = dS2S1 VtP = (1 + S1)Df:6ip - 6irDfp 

ds’s2 p v *  = d z z  = (1 + S2)D;;6ir - 6,,DSp 

(51 )  

(52)  

(53) dSlS2 = = 0 
w r  p v a  

This implies that for each special case of orbital index combinations, an orbital gradient 
defined by Eq. (44) can be written as 

Fa; = (1 + S,S)F,’;(L I R )  + 2Fd (54) 

Fia = -2Fj{(L I R )  - 2 F 2  (55 )  

F,i = 2FLi(L I R )  - F,’iD:&’+ 2Fdj - Q,”, (56) 
F;, = -2Fi‘,(L I R )  +FAD&‘ - 2 F k  + Q k  (57) 

Fa, = &D&’+QfW (58)  

F,, = -F,’,D:$ - &fW (59) 
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where the generalized Fock- and Q-matrices are defined by 
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An expectation or transition value of the Hamiltonian in Eq. (46) is given by 

The CI-gradient ( j lHl0 )  is constructed using the determinant based direct technique 
of Olsen el al. [32] The advantage of using a determinant based formalism is that 
alpha and beta spins can be treated separately which reduces the dimensionality of the 
problem considerably. 

IV Spin-orbit response properties 

The electronic spin-orbit interaction operator, referred to  as the Breit-Pauli spin-orbit 
Hamiltonian, is given by 

where i , j  refer to electrons and A to nuclei. Note that the relative orbital angular 
momentum between two particles, e.g. l;j = (r;-rj)xpi is asymmetric, i.e. lij # lj; This 
means that the two-electron integrals over this operator do not have the permutation 
symmetry as do the electron repulsion integrals. They could have been symmetrized, 
had it not been for the for the asymmetry in the spin part, which has its origin in the 
Thomas precession [33]. 

The results of response theory are most conveniently cast into a formalism based on 
second quantization. In a second quantized representation of (66), the spin-operators 
will transfer to  triplet excitation operators which are weighted by the integrals over the 
orbital parts. The z-component will have the form 

where the one-particle excitations are given in Eq. (14), the two-particle excitations are 
given by 

e;tjil = E Z E i  - E,76kj (68) 
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and the integrals, written in a Mulliken-like notation, by 

The Mulliken notation is being used because Eq. (70) can be seen as the electron 
repulsion integrals between a charge distribution kI and a differentiated charge distri- 
bution 3. Due to the nature of the orbital angular momentum, these integrals are 
symmetric in kl and real antisymmetric in i j .  The other components of the spin- 
orbit operator are obtained by assigning the proper integrals and tensor components 
to Eq. (67). In practice, only the operators of Eqs. (14) and (68) are needed, since 
matrix elements involving other components can easily be written in this form using 
the Wigner-Eckart theorem [8]. 

A large number of spin-orbit properties can now be derived from the response 
functions. From the linear response function we can deduce the second-order energy 
correction due to SOC (see section 4.1), 

where HFA is the spin-orbit gradient define by Eq. (20), and the SOC constants (see 
section 4.11), are derived from the residue 

W-WJ lim (W - ~f)((Hso;Hso))w + (Ol~so l f )  (72) 

and which is formed by solving the eigenvalue equation 

- Wf S[21)X, = 0 (73) 

One of the most of important applications of quadratic response theory, pertaining 
to spin-orbit properties, is the calculation of the spin-orbit induced dipole moment 
(phosphorescence, see section 7), which can be derived from the residue 

where C is an arbitrary triplet operator, and I 3 f )  is a triplet state. The matrix element 
to the right is zero in the absence of perturbations. The residue to  the left corresponds 
to inserting the first-order corrections to the singlet state 1'0) and the triplet state I 3 f ) ,  
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due to SOC. In this case we solve the eigenvalue equation (73) for Xf and the excitation 
frequency uf and the linear response equations 

to form 

(101r13f) = 
-N:HtA,lXfj - Nj"O(r$] + r/il)X,f t N J ( E c f  + E $ i  - u f S $ i ) N g X , f  (78) 

Here HFA is defined according to Eq. (21) whereas r12] is defined according to  Eq. (30). 

The matrix element (IIHsoIk), where I l )  and Ik) are two arbitrary excited states, 
can be derived from the double residue 

where are B and C are two arbitrary operators, one singlet and one triplet. In this case 
we solve two eigenvalue equations of the form (73) one for X p j  and one for X - g ,  -us 
and the linear response equation 

NS0(,5!"4 - (uf - ug)S[21) = H[']t so (80) 

The matrix element is in this case 

(slHsolf) = N;o(E$~(xk-gxf f  t XkfXI-g) t ugSjk,Xk-,Xlf [31 - WfS$lfXkfX,-,) 

- A$(Xj-gXkf X j f X k - g )  (81) 

Thus, from a single calculation we may calculate a complete spin-orbit matrix over a 
manifold of eigenstates of Ho (see section 4.11). 

4 Computation of Spin-orbit Response Functions 

I Background 

As for other types of response calculations the spin-orbit response calculations have 
greatly benefited from the progress in identifying and removing the inherent bottle- 
necks in the computer implementations, and of the introduction of new efficient algo- 
rithms for solution of the response equations. Initially, MCLR calculations explicitly 
constructed MCLR matrices and solved the equations by standard techniques. The ap- 
plications were therefore limited to small configuration spaces describing non-dynamical 
correlation only. The range of applications widened considerably by the introduction 
of various "direct" methods. The basic direct technique involves solution of response 
equations by direct linear transformations of Hessian-like matrices on vectors (as in 
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direct CI) without explicit construction of the matrices [9, 15, 321. These linear trans- 
formations are formulated in terms of gradient vectors of an operator with one-index 
transformed integrals, i .e. the commutator of the operator with generators of orbital 
rotations. The one-index transformation has thus made it possible to transcend direct 
CI [30] to direct MCSCF [31] and to direct multiconfiguration response theory methods 
19, 15, 341, and is thus also a key operation in multiconfiguration response theory cal- 
culations. This operation, i.e. the evaluation of gradient vectors of a general operator 
with one-index, double one-index, or higher order one-index transformed integrals can 
now also be carried out in a direct fashion without pre-transforming or storing the inte- 
grals [35], which is particularly beneficial for spin-orbit response calculations since the 
particle permutation symmetry of the integrals is lost anyway. These integral-driven 
"direct" algorithms lead to a considerable reduction in disk space and timing, and are 
thus prerequisites for making large-scale calculations at all possible. Thirdly, direct 
atomic orbital (AO) techniques have been introduced at  the level of the random phase 
approximation [36, 371 (DRPA and DQRPA) making direct Fock matrix calculations 
possible for very large systems and basis sets. This will be a desirable future option 
also for spin-orbit related properties. 

The prospect for spin-orbit response and, in general, for excitations involving change 
of spin greatly promoted by the formulation of determinant based CI techniques [32,38]. 
This was simplified enormously the construction of two-electron density matrices that 
contain triplet orbital excitation operators and two-electron density matrices which 
connect singlet and triplet states. Furthermore, the direct CI method was developed for 
two-electron operators with spin rank one. The determinant based direct CI technology 
of Olsen et a!. [32] was generalized to include these cases, which would have been 
exceedingly difficult within the context of the conventional GUGA approach to  the GI 
problem. 

I1 Computational features 

The method requires that the singlet reference state is optimized. Spin-orbit coupling 
constants are then simply determined from a contraction of a gradient type vector with 
the spin-orbit operator and an eigenvector of the multi-configuration linear response 
eigenvalue problem. Orbital relaxation is included through the orbital operators in the 
MCLR eigenvalue equation. 

For a system with a singlet ground state SO and a first excited triplet state T I ,  
the unpolarized (average) transition rate is obtained by averaging initial states (triplet 
components) and summing over final states (photon polarizations and directions). Di- 
rect computations of spin-sublevel rates and therefore polarization directions of triplet 
state emission or absorption is possible. The computational steps include; optimize the 
singlet wave-function SO; the solution of the triplet linear response eigenvalue equation 
for a particular excitation energy; the solution of two sets of linear response equations, 
e.g. one for the dipole operator, and one for the spin-orbit operator; the solution vec- 
tors from the eigenvalue equation and the linear response equations are then used t o  
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obtain the residue of the quadratic response function. The full Breit-Pauli form of the 
spin-orbit operator is accounted for, thus including two-electron as well as many-center 
contributions. The one- and two-electron electrostatic and spin-orbit integrals are ob- 
tained over generally contracted gaussian type orbitals. The reduced permutational 
symmetry of the spin-orbit operator with respect to the ordinary electrostatic Hamil- 
tonian, leads to twice as many spin-orbit integrals (for each component) as electron 
repulsion integrals to  store on disk, which effectively sets the limit for the size of the 
this type of calculations. If only the one-electron part of the spin-orbit operator is 
accounted for very large basis sets can be employed. 

The advantages with calculations described in this and coming sections can be 
summarized as: 1) The representation of the full Breit-Pauli spin-orbit operator; most 
previous work only include the one-electron spin-orbit operator and simulate the two- 
electron effects with shielded nuclear charges. 2) The sum-over-state expressions for 
the transition moments have been replaced by solutions of sets of linear equations. 
Since these solutions can be determined using direct iterative techniques of the response 
equations, large dimensions and therefore large orbital and configuration space MCSCF 
wave functions can be considered. In conventional calculations large dimensions would 
inevitably lead to the need to  truncate the sum-over-state expressions. 

The summation converges very slowly and a truncation might lead to considerable 
errors as shown e.g. in the work on HzCO by Langhoff and Davidson [39]. Their 
configuration-interaction approach included 100 terms in both singlet and triplet sums, 
and it was concluded anyway that high-energy intermediate states cannot be neglected 
and that the sums converge slowly when the states are ordered according to  energy 
(many terms are of similar magnitude but of different signs). This also leads to  size- 
consistency errors when comparing similar calculations (e.g. a t  slightly differing ge- 
ometries); 3) The method is fully analytic, i.e. an analytic analogue of a finite field 
calculation of the dipole transition moment from an MCSCF linear response calcu- 
lation where the spin-orbit operator is the applied field; 4) Both orbital excitation 
operators and configuration excitation operators are used to describe correlation. Con- 
ventional configuration (CI) approaches use only configuration excitation operators. 
More elaborate calculations are therefore required in such approaches for obtaining an 
equal correlation level. Of these 4 items one should stress item 2 most, that the full 
sum-over-state result is obtained independent of the dimension of the problem. This 
is illustrated by the explicit summations of terms in the sum-over-state expression in 
Table 22. The states 'k and 3k in this Table refer to  intermediate singlet and triplet 
states; 

and for a transition from the singlet ground state, '0, to  the triplet final state, 3 f .  This 
formula displays more explicitly that the source of intensity for triplet state absorp- 
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tion arrives from two routes, with dipole coupling in the singlet, respectively, triplet 
manifolds of states. 

I11 Test of response theory SOC calculation 

In order to  illustrate some computational features of the response methods we show 
in this section convergence behavior of results for SOC with respect to  correlating 
orbital spaces and basis sets. For this purpose we choose the particular case of the 
X3C;  - b'C; magnetic dipole transition in 0 2 ,  partially presented in ref. [8]. 

For comparison with response theory results for SOC, Table 1 lists data obtained 
with a small basis set (6-31G) but large correlation spaces in separate state CI calcu- 
lations for the X3C;  - b'C; matrix element of the SOC operator in 02. The size of 
the couplings shows clear trends with respect to  the size of the wave function. The 
values are evidently somewhat dependent on geometry, e.g. on singlet versus triplet 
state optimized geometry, and also, on the choice of optimized orbitals when using CI 
wave functions. The full configuration interaction (FCI) limit for the spin-orbit cou- 
pling matrix element was estimated by a series of CI calculations with different levels 
of electron excitations from the single-configuration b'C,+. The excitation levels refer 
to single-double-triple (SDT) and single-double-triple-quadruple (SDTQ) excitations. 

Results from response calculations are shown in Table 2 in which a single configura- 
tion SCF is used as reference state and with two CAS representations of the b'C; state 
[8]. Both CAS calculations contain 10 active electrons, CAS I a 5 active orbital space 
(2~7,,,0~,71,,7r~) and CAS I1 an 8 active orbital space, thus s m d  conventional active 
orbital spaces. Significant changes are observed in the SOC matrix elements from the 
CAS I to the CAS I1 calculations, however, the results in Table 1 shows that already 
with the CAS I1 calculation a correlation level is reached which give results quite close 
to SDTQ. Since this in turn is expected to be close t o  the FCI limit, a satisfactory 
level of correlation is reached already by a moderate active space used in the response 
calculation. The last value in Table 2 is in a very good agreement with the results of 
high quality MRCI calculations of Klotz et al. [5, 401 (176.6 cm-' a t  r = 2.3 a.u.). 
Table 2 also provides a basis set test. The results show the importance of polarization 
functions. The 4s3p2dlf level gives values close to saturation with respect to the basis 
functions in the correlated calculation. The SCF results are accurate to  within ten 
percent and have reached basis set saturation already at the 3s2pld level (186.3 cm-l). 

The quality of the SOC calculation in 0 2  can be checked by estimation of the 
b'C; - X3C; transition probability. The transition is forbidden by selection rules 
for electric dipole radiation with account of SOC, and occurs as magnetic dipole spin- 
current borrowing intensity from microwave transitions between spin-sublevels of the 
ground state [41]. 
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Table 1: Spin-orbit coupling matrix element (cm-') b'C$ - X3CC,(Ms = 0) in 02 at 
the equilibrium internuclear distance (2.281 a.u.), obtained in the same small 6-31G basise. 
From Ref. [8]. 

One - Electron Two - Electron Total 
Breuletavb 261.53 -99.73 161.80 
Furlanic,d 242.19 -88.96 153.23 
SCF-CI" 261.69 -96.09 165.59 
SCF-CI 253.07 -93.31 159.76 
SDCI 256.40 -94.32 162.08 

SDCI-lsf 256.35 -94.19 162.15 
SDTCI-lsf 260.17 -95.44 164.73 

SDTQCI-lsf 257.16 -94.40 162.76 
RPA 274.38 -99.62 174.75 

MCLR-CAS I 251.25 -92.10 159.07 
MCLR-CAS I1 256.96 -94.43 162.52 

') Triplet SCF orbitals, all other CI results from singlet SCF orbitals. 
*) Ref. [43]. 
') Triplet SCF orbitals, s-orbitals. 
reoptimised for the singlet state. 
d, Ref. [44]. 
e, Ref. [45]. 

where the coefficient cblX is equal t o  

Here Ib) and IX, 0) designate the zero order wave function of the states b'C$ and X3C; 
respectively with MS = 0 for the triplet ground state. The b'C$ - X3C;(Ms  = f l )  
transition moment in 0 2  is now magnetic dipole allowed and equal t o  

(@bl2PNSfIX,k1) = 2PNcbSX7 (85) 

where only the spin part of magnetic dipole operator gives nonzero contributions, PN is 
Bohr magneton and IX,  f l )  denotes spin sublevels of the ground state with M s  = fl.  
Theorbital angular momentum contribution to  the b'C$-X3C;, f l  transitionmoment 
is negligible [41], so Eq. (85) and hence the integral from Eq. (84) determines the 
intensity of the b --+ X red emission band of oxygen from the upper atmosphere [41]. 
The experimental value for the transition probability is equal t o  0.089 8-l [42]. With 
the largest CAS (CAS I1 B) and the most flexible basis set (6s5p3d2f) we get, taking into 
account the experimental energy difference (1.63 eV), the b -+ X transition probability 
equal t o  0.08874 8-l in an excellent agreement with the recent experiment [42]. 

So we claim that the last value in Table 2 (176.59 cm-') is close t o  the exact 
estimation of the SOC matrix element at the equilibrium distance in the ground state 
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Table 2: Spin-orbit coupling matrix element (cm-') b'C$ -X3C;  in 02 at  the equilibrium 
internuclear distance (2.281 a.u.) using various basis setsa and configuration spaces. From 
Ref. [8]. 

One - Electron Two - Electron Total 
3s2pld SCF 286.23 -99.96 186.28 

CAS I 261.12 -92.01 169.11 
CAS I1 A 267.47 -94.47 173.00 

4s3p2dlf SCF 286.10 -99.79 186.31 
CAS I 262.07 -92.28 169.79 

CAS I1 B 273.29 -96.26 177.04 
6s5p3d2f SCF 286.09 -99.78 186.31 

CAS I 261.59 -92.15 169.44 
CAS I1 B 272.68 -96.08 176.59 

a) Ref. [46]. 

oxygen molecule. We can compare this value with result of Klotz et al. [5] at  the similar 
distance (2.28 a.u.), which is 175.6 cm-1. The value of this matrix element is crucial 
for intensity calculation of the 0,O transition of the red atmospheric band X3C; - b'C; 
[47, 41, 51. 

5 Miscellaneous Applications 

I Second order spin-orbit coupling contribution to the total energy 

Calculations of spin-orbit coupling constants in diatomic and three-atomic linear molecules, 
which determine the SOC splittings of II and A multiplets, constitute a traditional field 
of applications for SOC theory [l, 481. The expectation value of the SOC operator could 
be non-zero (SOC constant) for orbitally degenerate states with non-zero spin. For or- 
bitally nondegenerate states a SOC contribution to the energy can occur only in second 
order of perturbation theory. Zero-field splittings (ZFS) of triplet excited states of aro- 
matic molecules [49] are therefore exclusively determined by spin-spin coupling because 
the SOC contribution is negligible [50, 481. This is, however, not the general rule. For 
carbonyl molecules with small energy gaps between 3s'(n7r*) and ' q 3 ( m * )  states the 
SOC contributions to the ZFS parameters are comparable with spin-spin coupling and 
could even be larger [49, 48, 21. The same type of energy correction (not the splitting) 
could be possible for the ground singlet state of a molecule, thus providing the most im- 
portant relativistic correction to heat of formation. One of the possible applications of 
spin-orbit response theory is therefore to predict this second-order Rayleigh-Schrodinger 
energy correction to  the BO potential energy 
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where < 0 I is the reference state with total energy EO and 1 n > is an excited state with 
total energy En. This second-order energy contribution from the spin-orbit operator 
can alternatively be expressed as a linear response function evaluated at zero frequency; 

<< Ifso; H,, >>w=o = V(1)(E(2))-1V(1) (87) 

where 

and the matrices A and B given in eqs. 5 and 6 of Ref. [51]. To determine Eq. 87 we 
need to solve the linear set of equations 

with many close-lying excited states present. In such cases it is plausible that finer 
effects such as second-order relativistic and non-adiabatic energy contributions may 
perturb the binding energy and bond length. Even small energy contributions may 
thus be important if they show large variations with geometry. So have relativistic 
effects in general been claimed to be of importance for the binding of transition metal 
dimers [52]. A test of the conjecture that the (relativistic) second-order contribution 
due to spin-orbit coupling is of importance for the binding energy and bond length was 
presented for Crz in ref. [51] using the multi-configuration spin-orbit response method. 
The Crz molecule, with its hextuple bond and unusual electron correlation, has been a 
crucial test case for quantum chemical calculations with a wide spread of results for its 
bond length [53, 54, 521. The MCSCF/MCLR calculations of the second-order energy 
contribution to the Crz singlet ground state X'C: potential energy showed nevertheless 
the effect of spin-orbit coupling on the potential energy curve is quite small. Moreover, 
the geometry dependence of the second order energy contribution was also found small. 
Thus yet another suggested cause for the problems in calculations of the binding of Crz 
was eliminated. 

I1 Intensity modulation of electronic spectra due to spin-orbit cou- 
pling 

In many spectroscopic problems spin-orbit and non-adiabatic interactions are responsi- 
ble for intersystem crossings, charge transfer and predissociation. This goes for systems 
with a high density of states and with rapidly changing potential functions. In the fol- 
lowing two subsections we illustrate calculations using response theory that go beyond 
the usual BO non-relativistic theoretical treatment of electronic spectra and properties, 
namely the calculation of SOC effects in dicationic states. In the first example such 
couplings are used in a perturbative way to derive intensity rearrangement in Auger 
spectra, in the second example they are used to obtain the solutions of the multi-channel 
Schrodinger equation to  derive dynamic properties, vis. stability and lifetime towards 
predissociation of low-lying dicationic states. 
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In Ref. [55] first- and second-order response theory was used to  explore the role 
of spin-orbit coupling in the manifold of low-lying dicationic states of water and its 
implications on the intensity analysis of the Auger spectrum of that molecule. The 
choice of this model system was based on the fact it has served as a prime test case for 
computational methods for Auger energies and intensities, ranging from simple semi- 
empirical schemes to more advanced ab initio calculations. Of particular importance is 
that accurate polycenter Auger transition moments, including their phases, have been 
given for HzO++, which is a prerequisite for obtaining information on the role of SOC. 

Auger rates were obtained assuming the electrostatic limit (”LS coupling”) and 
given by first order perturbation theory. The spin-orbit linear response functions were 
computed for excitations between the ground dicationic state and all double hole va- 
lences states. Specific for dicationic problems, as for many other types of spectroscopies, 
is the occurrence of a large number of avoided crossings and intersystem (curve-) cross- 
ings. It can therefore be more efficient to use second order response theory in which 
couplings, here SOC:s, between different excited states can be obtained directly from 
one sole ground state calculation. This is accomplished by evaluating the S0C:s be- 
tween orthogonal and non-interacting excited states as residues of (multi-configuration) 
quadratic response functions [ll, 551. These residues are identified as matrix elements 
of operators between the unperturbed states, see section 3. 

The results for the second order response theory calculations are collected in Table 
3 in the form of a chart of SOC matrix elements connecting singlet and triplet states 
defining rows and columns, respectively. Some of the SOC matrix elements are quite 
large (674 a.u. = 141 cm-’ should be compared with the largest SOC S-T matrix 
element in the water molecule; 43 cm-’ [50]), which exhibit a substantial increase of 
electronic velocity upon ionization. Tables 3 and 4 collect the results for spin-orbit 
coupling in H20++ and Auger intensities in water using perturbation theory. The 
manifold of states generated by two-hole ionization among the outer 2p-carrying valence 
orbitals 3a1, 162, l b l ,  are considered, generating 3 A*,  1 B1, 1 Bz, 1 A2 singlets and 1 
B2, 1 B1, 1 A2 triplets. These states are the main carriers of Auger intensity and are all 
well described in the one-particle picture (with a one-to-one correspondence between 
Auger bands and spin-coupled two-orbital vacancies). This restriction follows from 
that Auger moments have only been obtained in the one-particle approximation; the 
multi-configuration spin-orbit response method, however, makes no distinction between 
one-particle and correlation states. 

The results infer that the spin-orbit coupling is selective in terms of states, but 
that overall this effect is not larger than a few percent [55]. The effect is definitely 
smaller than the inherent accuracy of the approximations used in the calculations of 
the Auger moments. Results suggested that the spin-orbit effect rather redistributes 
intensities between channels than changing the total rate. This parallels the effect of 
(electrostatic) channel interaction, which perturbs the individual rates much more than 
the total rate [56,57]. The results thus also indicated that spin-orbit interaction has no 
net effect on the lifetime of the core hole state of water. The propensity rules used in 
the large bulk of analyses of molecular Auger were thus supported by the investigation 
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Table 3: Spin-orbit coupling matrix elements between singlet and triplet states form second 
order response theory calculations on HzO++ au). A: 6a1, 3b2, 3b1, l a 2  active space; 
B: 4a1, 2bz, 2b l  active space. From Ref. [55]. 

Singl/Tripl 3allbz "Bz 3Qllbl 381 3alla2 "A2 
A 

lb;' 'A1 -89.1 -398 -439 
3aLZ1A1 -400 620 648 

3allbz 'Bz 0 244 360 
3Qllbl 'B1 -205 0 296 

lb;' 'A1 439 -91.2 -508 

l b l l b z  'A2 259 -297 0 
B 

lb;' 'A1 -71.2 -427 -438 
3a;' 'A1 427 57 1 19.7 

3Qllbz '& 0 -204 136 
lbi"A1 -305 -63.6 347 

l b l l b z  'A2 2085 -674 0 
3allbl 'B1 25.4 0 -306 

in ref. [55]. Water was used as model system since very accurate Auger transition 
moments in the electrostatic limit were available for this species, but is of course still 
not ideal for investigating a strong SOC effect since, being a low-Z molecule, it lacks an 
internal "heavy-atom" effect for the SOC. Since SOC relates to  the fourth power of the 
(screened) nuclear charge the effect would be much larger for e.g. H2S. A second reason 
is that water is a relatively low-dense electronic "atomic-like" species, and already the 
first row diatomics deviate rather drastically with respect to properties of the dications, 
so also with respect to SOC. 

I11 Spin-orbit induced dynamic properties 

Many molecular excited states are unstable towards predissociation or dissociation. For 
example, dicationic states all contain vibrational levels that are embedded in a contin- 
uum and are therefore forced to decay through spontaneous decomposition. With new 
types of coincidence techniques [59], and in particular, experiments with storage rings 
[SO], dissociation of ionic states can be observed over a large time scale, up to  several 
seconds. Spin-orbit coupling, operating simultaneously within a manifold of states, is 
a main driving force behind such (pre)dissociative features. In order to  understand 
how dynamic effects are introduced in the formation and dissociation, in particular for 
strong predissociation, the solution of coupled Schrodinger equations involving SOC 
constants is required. One can consider this on the same footing as non-adiabatic cou- 
pling constants. In the BO and non-relativistic approximation the Hamiltonian can be 
expressed as 

H = TQ t Tq t VQQ t V,Q t Vqq = Hei t TQ. (90) 
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Table 4: Auger rates for HzO including SOC [55] au.)* 

State  Phases" PWb PW + 3.0.' MWd MW + 8 . 0 . ~  

3allb2 3B2 - 9 11 (16) 9 11 (16) 
12 

+ 0 
+ 609 
+ 446 

358 
+ 580 
+ 643 
+ 583 

11 (9) 
0 (0) 

449 (439) 
357 (359) 

610 (610) 

579 (580) 
644 (642) 
570 (481) 

12 
0 

618 
440 
358 
569 
624 
583 

11 (9) 
0 (0) 

443 (433) 
357 (359) 

619 (619) 

568 (569) 
625 (623) 
570 (481) 

a) Phases of Auger transition moments[58]. 
b, Partial Wave Auger rates[58]. 
'1 Partial Wave Auger rates including SOC. 
d ,  Mixed Wave Auger rates[58]. 
e, Mixed Wave Auger rates including SOC. 
*) Numbers without parentheses from 6al, 3b2, 3b1, la2 active space calculation; Num- 
bers inside parentheses from B: 4a1, 2b2, 2bl active space. 

where T and V represent kinetic and potential operators, and ( q )  and ( Q )  are the 
electronic and nuclear variables. The wave function is expandable as 

@ ( Q , n )  = Cxi(Q)+i(Q; q )  (91) 
i 

where the sum in principle is evaluated over all solutions 4; of the electronic equation 
for fixed values of the nuclear coordinates: 

f f e / ( Q ; q ) d i ( Q ;  4 )  = Ei (Q)k (Q;  a)  (92) 

The simplest approximation that this scheme admits is t o  neglect TQ completely. The 
Q's are thus no longer dynamical variables and eq. 92 hence totally describes the sys- 
tem. The represent, then, the different molecular states. The coordinates Q in the 
electronic wave function enter as parameters. 

The natural way to take account of dynamic effects beyond this approximation is to 
solve the resulting equations for xi, obtained when the wave function proposed in eq. 91 
is inserted in the Schrodinger equation for the Hamiltonian of eq. 90. This procedure 
assumes differentiability in Q space. The xi thus obtained will describe the different 
vibrational levels. 

In the case of only one nuclear degree of freedom, and zero nuclear angular momen- 
tum, the resulting equations become: 



96 H. Agren, 0. Vahtras, and B. Minaev 

where the brackets indicate integration over the q coordinates only. i and j run over all 
terms in eq. 91. This number is for practical reasons finite in numerical calculations. 
In this set of coupled differential equations (the Multichannel Schrodinger Equation 
(MCS)) all xi's and q$'s are separately normalized to  unity, a weight factor ci appears 
in eq. 91 describing the relative mixing of the different channels. The couplings between 
different electronic states can either be determined by non-adiabatic interactions (see 
ref. [Sl]) i.e. R and P given by the first and second non-adiabatic coupling constants 
given above which are the derivatives of the electronic wave function with respect to 
Q arising in eq.93, or by relativistic corrections to the BO hamiltonian, here given by 
spin-orbit interaction, which couple different electronic states. The SOC can thus be 
regarded, from the computational point of view, as one possible contribution to the 
general matrices P and/or R .  

The finiteness of the low-lying dicationic lifetimes is obtained by combining accurate 
electronic structure calculations with molecular calculations beyond the BO approxima- 
tion, where electronic state-to-state coupling due to  non-relativistic effects (SOC) are 
taken into account [62, 601. With such calculations the resolved vibrational structure 
is accounted for as well as estimates of the lifetime of different of double-hole states. 
The degree of mixing of electronic states due to  spin-orbit or other couplings can thus 
be obtained, by including precisely those couplings which are neglected in standard 
quantum chemical calculations. 

Below we briefly recapitulate some applications of the dynamic MCS technique to  
CO++.  As inferred from old [63] and recent [64, 651 reviews, applications on CO++ 
has been a popular test case for experimental dicationic studies. This goes for tradi- 
tional spectroscopies for which the lowest dicationic states of CO have been used to 
illustrate the effect of electronic interference for intensity redistribution, as well as for 
coincidence spectroscopies like photoion-photon-of-fluorescence (PIFCO) and kinetic 
energy release spectroscopy (KERS) [59], and by ion-beam time-of-fight experiments. 
In the recent work of Andersen et al. [60] the energies of the four lowest electronic 
states of CO++ were determined with very high accuracy, and it was observed that 
the lowest state was stable on time scale of seconds whereas some higher states were 
spontaneously dissociating on a scale of ms. This is probably not unusual for general 
dicationic species. Andersen et al. [60] used spin-orbit response theory [8] in the solu- 
tions of the MCS equations for CO++. Thus rather than using the couplings in first 
order perturbation theory to rearrange spectroscopic intensities (e.g. Auger electron 
intensities as described in the previous section), a full dynamic, vibronic picture of 
the interaction of the low-lying dicationic states was obtained which also is necessary 
in order to explore their stability and possible finite lifetimes. Any description of the 
different vibrational quasi-bound levels thus has to take into account the couplings be- 
tween different electronic states. Higher vibrational levels of the electronic curves may 
lie "close enough" in energy when compared with the typical size of the couplings, thus 
requiring a coupled description. Andersen et al. [62] used a numerical finite-element 
method to solve the MCS equations, and focused on the the lowest states, 'C+, 'lI, 



5 Y 

n 

' a  80-  

60 - 

"& 40- 
9 

20- 

4 

0 
W 

. r 4  : 
0 

x 
i? 
8 

Fig. 1 
a) Potential energy curves for the lowest electronic states of C02+. 
couplings between 1C+-311, 1C+-3C-, and 3n-3C- states. From ref. [60].  
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and 3Z-, as responsible for the dynamics of C o t + .  These curves and there mutual 
spin-orbit couplings are recapitulated in Fig. 1. 

There is a delicate dependence of the MCS technique on the underlying PES:s. For 
CO++ accurate such PES:s are obtained in e.g. refs. [66, 64, SO]. The dependence of 
the MCS calculations on the couplings is somewhat less crucial, and sufficient conver- 
gence in the couplings by means of the response theory calculations could be obtained. 
Because of the Coulomb repulsion, the potential curves are in fact dissociative, i.e. the 
local minima at  equilibrium geometry lie often above the large-r limit. The typical size 
of the couplings range between 10 and 60 cm-', and are rather smoothly varying over 
a large region of the internuclear distances. The coupling strength is below one tenth of 
the typical energy difference between vibrational levels of the isolated state potentials, 
so the degree of mixing of the different electronic states is in general low. Some notable 
exceptions among the excited mixtures ('C+ - 311 for Cot+)  of up to many percent 
can be observed. On account of the potential curves and of the fact that the SOC 
is comparatively small it is to  be expected that the lowest quasi-bound states are of 
a particular symmetry set by the BO calculation (for C o t +  of 311 type). As energy 
increases they will alternate with states of other symmetries (for CO++ mostly 'C+ 
states) and possibly some mixed states will appear. Lifetimes are expected roughly 
to decrease with increasing energy, considering the extension in T of the vibrational 
wave functions. When energy increases, the wave functions extend further and further 
into the region of the rapidly dissociating potentials (for CO++ the 311 and lEt wave 
functions extend into the 3C- potentials). The experimental observation of many di- 
cationic low-lying levels that are quasi-stable on ms-ps time scales [60] can thus be 
verified by taking account of SOC in a quantitatively accurate scheme beyond the BO 
approximation [60, 621, in ref. [60] this was thus well accomplished by response theory. 

IV Intersystem crossings and reactivity 

Potentially rewarding applications of the spin-orbit response method are given by cal- 
culations of spin-orbit coupling in the intersystem crossings of radical reactions. This 
is part of the more general field of spin catalysis phenomena involving many types of 
chemical reactions driven by SOC or by the overcoming of spin-forbidness by other 
interactions. For example, at transition states with small or even negative S-T gaps, 
S-T transitions can be crucial for the determination of the reaction rates. Many reac- 
tions can thus be explained by the account of S-T transitions in intermediate &radicals 
induced by SOC. Of particular interest are the intersystem crossings (ISCs) between 
lowest triplet to  singlet states occurring in the reaction of atomic oxygen with sim- 
ple hydrocarbons. For example, reactions of triplet oxygen atoms with unsaturated 
hydrocarbons and olefins involving electrophilic addition are of great importance in 
combustion chemistry [67]. Some of these reactions are also thought to play impor- 
tant roles in photochemical processes, e.g. the carbolysis in the photosynthesis, and in 
the synthesis of organic compounds. The importance of SOC for the cross sections is 
widely recognized, and these reactions have also been useful in the classification of a 
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large number of SOC effects. With use of high level correlated methods, such as MCLR, 
one can now study such effects on a more quantitative level than given by molecular 
orbital theory or by semiempirical computations with simplified forms for the SOC. 

Below we illustrate possible applications of response theory in this context by com- 
menting a recent study on the formation and the ring opening of the oxirane molecule, 
which we consider to represent some of the main features in these reactions. It is the 
simplest reaction involving O(3P) among the group of possible compounds given by 
O(3P) + CzH4 leading to oxirane. Oxiranes can undergo monomolecular (thermal or 
photochemical) ring openings and fragmentations. A main feature of the ring opening 
is that it results in a system with a triplet spin function. Since the stable closed ring 
conformation, epoxide, has singlet spin symmetry this reaction involves necessarily a 
triplet-singlet crossing. The oxirane molecule is a small member of the three centre 
ring series and therefore reachable by ab initio response theory calculations, which can 
systemize the role of electron correlation and take full account of the Breit-Pauli form 
of the spin-orbit operator. A qualitatively correct description of the large electronic 
relocalization upon the ring opening and of the biradical nature of the oxirane reactants 
indeed favor a multi-configuration treatment, as in the response theory study given in 
ref. [68]. 

The efficiency of SOC in the O(3P) + CzH4 reaction forming epoxide can be de- 
rived from the biradical structure of the reactants. The CH2CHzO molecule forms 
four relevant biradical states which are nearly degenerate: ‘s3A’(a,a) and 193A”(~, n)  
states, and, at slightly higher energies, the 1,3A”(n, a) and ‘t3A‘(n, n)  states. The first 
character (a or n )  refers to the unpaired carbon electron, the second character (a or n) 
to  the oxygen unpaired electron. The biradical nature follows from the orbital diagram 
given Fig. 2 [68] from which also the character of the SOC can be derived qualitatively. 
The 113A‘(a,a) states thus contain an unpaired carbon 2p-A0 in the xy-plane, while 
the oxygen atom has a filled lone-pair 2p-orbital in the out-of-plane z-direction but an 
unpaired in-plane (xy) 2p orbital. The other relevant biradical states ‘33A”(a,n) have 
flipped the unpaired electron to the oxygen in-plane 2p orbital leaving the out-of-plane 
2p orbital unpaired. The transition between the two types of states will thus involve a 
rotation of the 2p A 0  on the oxygen atom around the C - 0  bond which creates a torque 
to  flip the electronic spin. The triplet biradical initially formed will thus undergo an 
ISC due to  the large SOC on the oxygen atom. The singlet biradical ‘A‘(o, n) produces 
the cyclization product, epoxide. The thermal ring opening necessitates an activation 
energy E, N 45 kcal/mole [68] and since no extremum appears along the CO reac- 
tion coordinate, the open form must reclose spontaneously back to  the initial oxirane 
molecule. But because of the S-T ‘A‘(u,u) - 3A”(a,n) crossing there is a probability 
to  get the metastable triplet biradical form, which ought to have a non-zero lifetime. 

The study of the features briefly given above involves the identification of the cou- 
pling area through geometry optimization and, possibly, transition state searches. Since 
the electron correlation is expected to  be larger at the compound geometry than for 
the reactants, a careful choice of the correlating space is required. Furthermore, the 
correct ordering of near-lying singlet and triplet states, here the 3An and ‘A’ states, 



Fig. 2 
a) A correlation diagram between reactant states and biradical states of 0(3P)+CzH4, 
and the first few states of the ring-closed oxirane molecule. The ISC near the biradical 
stage is pointed out with a dot. b) The different conformations of 0(3P)+CzH4 and a 
definition of the reaction coordinates 0 and r. From ref. [68). 
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requires good quality wave functions. Ref. [68] focussed on a particular ring-opening 
reaction mechanism between the lowest singlet and triplet states and used a standard 
Landau-Zener theory for obtaining the the ISC probability from the coupling of the 
lowest singlet and triplet states. With small active space wave functions and small 
singlet triplet separations MCLR transition energies may differ significantly with state 
optimized excitation energies, while the restricted active space (RAS) alleviates this 
problem. 

The S-T excitation energies and coupling elements are given in Tables 5 and 6 
with respect to  reaction coordinates close to  the crossing point. The spin-orbit matrix 
elements (Ms=-l,O,+l) between the triplet and singlet states are computed along the 
reaction coordinate defined by a constant C-C-0 angle at the S-T crossing point. As 
in the olefin reaction different components of the spin-orbit reaction contributes rather 
differently, in the particular case of oxirane the o component dominates the coupling, 
being four times as large as the A component, the two components covary with the 
distance. It is thus found that SOC is large over a wide region of biradical geometries. 
The large size of the spin-orbit coupling is not surprising considering the fact that 
it is largely localized to the oxygen atom. The S-T transition rates can be further 
enhanced by vibronic effects, i.e. vibrational motion in the direction perpendicular to  
the reaction coordinate may induce multiple passages through the active transfer region 
thereby increasing the rate. 

Specific for ISC and other predissociative curve-crossings is that the response func- 
tion approach can be affiicted by instabilities which has to be treated with some care. 
The instabilities encountered for the MCLR eigenvalue equation near curve crossings is 
a structural problem of the method itself. Partitioning the MCSCF Hessian to orbital 
and configuration parts on one hand, and excitation and deexcitations on the other, 
gives the structure 

A B  
B' A* 

It was demonstrated by Golab et al. [69] that to  obtain a positive excitation energy it is 
necessary that both the matrices A + B  and A - B are positive definite. Also, to obtain 
a negative excitation energy it is necessary that both matrices A f B have one negative 
eigenvalue. Hence, there will always be a region near a curve crossing where one of the 
matrices is positive definite and the other is not, which leads to instabilities in terms of 
complex eigenvalues. Rom calculations we find that the range of the instability region 
depends much on the nature of the crossing and on the orbital space employed. Thus 
with the smallest active space of orbitals described below this region can extend quite 
much, while it diminishes significantly for the larger active spaces. In the full CI (FCI) 
limit the B matrix is zero and the instability region reduces to a point. 

V Assignements of optical and ultraviolet spectra 

Response theory calculations including the manifold of triplet states make it possible 
to obtain a more complete picture of optical and ultraviolaet (UV) spectra of free 
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molecules. The number of low-lying triplet states is often quitelarge, and as it turns out, 
the dipole forbidden radiative intensities are often far from negligible, and should hence 
be taken into account. Apart from ground to  singlet dipole transitions the radiative 
spectrum contains transitions between ground state to  the full triplet manifold of states. 
These transitions can be obtained from a one-step linear response calculation, moreover, 
the dipole and spin-orbit interactions and ISCs between excited singlet and triplet 
states can be obtained from one quadratic response calculation based on optimization 
of the ground state wave function only. This feature was also illustrated in section 11. 
A particularly rewarding field of applications for the spin-orbit response method is 
therefore given by calculations of dipole forbidden molecular absorption bands, for 
instance in spectra of molecules of stratospheric interest. In order to  illustrate the 
potential of spin-orbit response theory calculations in this respect, we briefly review 
results of a recent investigation in this area, namely a study on the role of triplet states 
for the interpretation of low-lying absorption bands of ozone [70]. 

In ozone as in many other molecules of atmospheric interest there is a comparatively 
large number of low-lying singlet and triplet states. The triplet states have largely been 
overlooked concerning their role in low-energy absorption and dissociation of ozone, 
in particular for the formation of the lowest, Wulf and Chappuis, bands [71]. Most 
theoretical attention has been paid to the electronic spectrum, photodissociation and 
dynamic behavior and photochemistry of O3 in the ultraviolet region [72]. Important for 
the stratospheric UV shielding is the understanding of the Hartley strong absorption 
1'B2(B1A') + X'A1 and the Huggins 21A1(A1A') t X'A1 bands, including the 
subsequent photofragment spectra [72, 73, 741. More difficult are the interpretations 
of the very weak absorption in the near infrared, observed as the Wulf band [75], and 
the more intense prolongation in the visible region, known as the Chappuis band [76]. 
The difficulties of the interpretations of the Wulf and Chappuis bands are connected 
with the predissociation features and the diffuse character of this absorption and also 
with the fact that a large manifold of ozone excited states (namely &he 3B2,113A2 and 
173B1) are predicted by ab initio methods in the low energy region (1-2 eV). All these 
states must be involved in detailed kinetics of 0 2  + 0 recombination and may influence 
the ozone population in the atmosphere. With the accepted interpretation the weak 
Wulf band has been assigned as a dipole forbidden singlet-singlet transition between 
the ground X l A l  and the 'A2 states [77, 721. 

The Ta +- So transition moments to particular spin sublevels for the three lowest 
triplet states of the ozone molecule, 3B2,3 A2 and 3B1, were calculated by the MCQR 
method in ref. [70] using CASSCF wave functions. Table 7 recapitulates results for 
electric dipole radiative activity of different S-T transitions in ozone [70]. The type of 
information gained form this kind of spin-orbit response calculations are; uiz. transition 
electric dipole moments and oscillator strengths for each spin sublevel Ta, their polar- 
ization directions (r), radiative lifetimes (m) and excitation energies (&). The most 
prominent features of the Chappuis band are reproduced in calculations, which simu- 
late the photodynamics of ozone visible absorption [78, 791. Because the C'A"('A2) 
state cannot be responsible for the Wulf bands, the only other candidates ought to 
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be the spin-forbidden 3B2p A2 and 3B1 states from energy considerations. Transition 
energies, geometries, and vibrational frequencies can be used to  accept or reject these 
candidates, however, only a direct oscillator strength calculation can firmly determine 
the true nature of the band. As seen in Table 7 the transitions to the 3Az state are 
more intensive than the transitions to  other triplet states and they fit very well to  the 
intensity of the Wulf band. The intensity ratio to  the dipole allowed Chappuis band 
also corresponds well to  the qualitative relative experimental intensity of these two 
bands [79]. 

The response calculations referred to  above provide an interpretation for the large S- 
T intensity of the 3Az c X'AI transition and for the assignment of the Wulf band and 
do also explain that the very first triplet state of ozone, the a3Bz state which has some 
remarkable properties [80], is unobservable by absorption. Thise state has a very low 
excitation energy (about 1 eV [77, 81,801) and is believed to have a significant impact 
on the analysis of the ozone kinetics and perhaps on ozone densities at high altitudes 
[82]. The a3Bz state is also associated with a very low infrared intensity for triplet 
ozone [80]. These findings are remarkable because of the importance of stratospheric 
ozone for the absorption of solar radiation, and because the visible spectrum is useful 
for atmospheric ozone monitoring. Other features used for spectral assignments are 
the vibronic (Franck-Condon) characters of the bands, furthermore the dissociative 
or predissociative character of the PES:s, avoided crossings, activation barriers etc. 
Avoided crossings and conical intersections do not seem to enter directly in the Wulf 
band analysis, however. The PES of the first triplet, a3B2, state and the ground state 
are thus very close, and may even cross. Triplet ozone might therefore exist in large but 
unobservable quantities with subtle vibrational and temperature dependent production 
and depletion mechanisms with respect to  singlet ozone. The reviewed investigations 
show that the manifold of singlet and triplet states of molecules of atmospheric interest 
indeed can be addressed by multi-configuration linear and quadratic response theory 
calculations that explicitly account for SOC, and that they can give not only conclusive 
assignments but also interpretations of the origin of intensity. 

6 Selected Singlet-Triplet Transitions 

In addition to  interpretations of optical and ultraviolet absorption spectra, as exempli- 
fied above by the new assignment of the ozone spectrum, (subsection V), the MCQR 
formalism lends itself also for determining lifetimes of triplet states and thus for the 
phenomenon of phosphorescence. In Fig. 3 we display a modified Jablonski diagram 
(modified by removing the vibrational manifolds of states) which give a pictorial demon- 
stration of the different transition pathways between singlet ground and excited singlet 
and triplet states and the decay mechanism from the excited states. This comprises ab- 
sorption, internal conversion, inter-system crossing, fluorescence and phosphorescence. 
Absorption can here involve multiple photons. According to  Kasha's propensity rule, 
emission can take place only from the lowest singlet or the lowest triplet states. Fluores- 
cence and phosphorescence denote the emission from the singlet and the triplet states, 
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Fig. 3 
A Jablonski diagram excluding the vibrational manifold of states. 
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cl T n  

Spin BZ A2 BI 
sublevel Total symm. (TPlylSo) Total symm. (T,”lylSo) Total symm. (TlylSo) 

Tp y I (a,..) T,” y (a,..) TF y I (a,..) 

X A1 z I 9.70. lo-” B1 z 3.61.10-‘ A2 forbidden 

z B1 z I1 .78 .10- ‘  A1 z 8.63.10-‘ Bz 6.97.10-4 

r, (sec.) 83.1 0.038 0.200 

A2 forbidden BZ I 6 . 3 3 . 1 0 - ~  A~ z 1.67.10-3 Y 

, f(Tn 6 SO) 8 .  lo-’’ 5.67.10-7 1.31. lo-’ 

En (eV) 1.02 1.77 1.62 

Table 7: Calculated S-T transition moments from the ground state (So) to the three lowest 
triplet states (T,) at the ground state geometry, oscillator strengths (f), radiative lifetimes 
( T ~ ) ,  and vertical transition energy (En). From Ref. [70]. 

respectively. Non-radiative deexcitations can take place within a multiplet system, 
so-called internal conversion, or between the multiplets systems, so-called intersystem 
crossing. Non-radiative deexcitation may also take place among vibrational levels, so- 
called vibrational quenching. Fig. 3 is close to complete as far as exceptions from 
Kasha’s rule (e.g. emission from higher excited states) or involvement of higher mult- 
plets (e.g. quintets) are extremely rare in molecular spectroscopy [49]. In this section 
we focus on singlet-triplet absorption and illustrate the capability of response theory 
by reviewing calculations on a selected set of transitions. In next section, section 7, we 
review the phenomenon of phosphorescence in more detail. 

I Formaldehyde 3A” +l A’ emission 

The lifetimes of the spin sublevels of the first triplet state, the 3An state of formaldehyde 
were obtained in ref. [ll] as a first illustration of the MCQR method on singlet-triplet 
absorption and on phosphorescence. This species has previously been the object for 
”conventional” phosphorescence calculations as well as experiments, and was therefore 
suitable for demonstration of the response theory approach. It is a small non-degenerate 
polyatom with a comparatively simple excitation spectrum, and the computational de- 
pendencies on basis sets and different geometries and correlating active spaces could 
therefore be investigated rather exhaustively. Such a test for lifetimes and the excita- 
tion energies is exhibited in Table 8. The calculations illustrate that the correlation 
dependence can be quite different for the spin-sublevel transition moments and life- 
times. For HzCO one thus finds large correlation effects for the slow components but 
small effects for the fast z-component which dominates the transition. For the average 
lifetime obtained at  the high-temperature limit the correlation dependence is still quite 
weak. The experimental lifetimes are often not sufficiently accurate to favor any par- 
ticular theoretical value. The final radiative rates are dependent on vibronic coupling 
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Table 8: Excitation energies (a.u.) and phosphorescence lifetimes (s) of the 3A" triplet 
components of formaldehyde. From Ref. Ill]. 

Corr. Level Basis set Ezc.  Energy r, rv r, Ta 

SCF A 3s2pld 0.0823 1277 2.159 0.007179 0.0215 
A'3s2pld 0.1265 4.617 1.108 0.004313 0.0129 

B4s3p2dlf 0.0815 1135 2.553 0.008124 0.0243 
Bb4s3p2dlf 0.1251 3.700 1.040 0.004667 0.0139 

CAS A 3s2pld 0.1064 74.11 0.857 0.007817 0.0232 
A'3s2pld 0.1454 2.414 0.413 0.006934 0.0204 

B4s3p2dlf 0.1077 50.66 0.781 0.007110 0.0211 
Bb4s3a2dl f 0.1456 2.887 0.344 0.006153 0.0181 

a) High temperature limit (equal population of spin sublevels). 
') Planar singlet ground state geometry. 

and on geometry [83], e.g. the use of the singlet state geometry apparently gives an 
error of a factor of two at the SCF level, the difference being somewhat smaller a t  the 
CAS level. 

I1 Singlet-Triplet Transitions in diatomics 

The diatomic molecules, and the nitrogen molecule in particular, have rich electronic 
spectra, including a variety of transitions which are forbidden by orbital and spin sym- 
metry restrictions [84]. Analysis of these transitions plays a crucial role for many 
photophysical and photochemical processes taking part in the atmosphere, including 
such phenomena as aurora and afterglow. Quadratic response multi-configuration self- 
consistent field calculations of energies and probabilities of S-T absorption transitions 
from the ground state X'C; of Nz to all triplet states of "ungerade" symmetry be- 
low 13 eV have been carried out recently [26, 851. As demonstrated in this section 
the difference in singlet and triplet state geometries affects the phosphorescence yield 
significantly. Both on experimental [86] and theoretical [85] grounds the singlet-triplet 
transition moments are found to vary considerably over the internuclear distance. For 
N2 the triplet state has an equilibrium almost 0.2 A larger than the ground state which 
implies a rather complex vibrational structure and difficult transition moment calcula- 
tion. In the particular case of the Vegard-Kaplan band this variation is linear close to  
the equilibrium where the transition moment even changes sign. The final predicted 
lifetime must therefore be carefully averaged vibrationally, and since the vanishing of 
the transition moment is caused by cancellation of a large number of terms accurate 
wave functions are required. Potential energy and transition moment curves for the 
states of interest calculated by the response method [26] are shown in Fig. 4 and Fig. 
5, respectively. In the following we review some main results of these calculations. For 
computational details we refer to the original work. We state here that the generally 
contracted Atomic Natural Orbital (ANO) basis set [5s 4p 3d 2f] of Widmark et id. [87] 



Fig. 4 
Potential energy curves for the ground and few lowest triplet states of the Nz molecule. 
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Fig. 5 
Singlet-triplet transition moment curves in Nz. All b,c,d, results correspond to valence 
CAS (CAS-1) calculations. 
(a) W3A, t X'C;:  CAS-1 (dashed), CAS-2 (solid) 
(b) B'3C; + X'C;: R = l  (dashed), R=O (solid) 
(c) C311, and Cf311, t X'C; R=0,2 (dashed), R = l  (solid) 
(d) D3C$ t X'C;. 
From ref. [26]. 
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were used, and that various correlating complete active spaces were evaluated. We re- 
view results from two of these; a valence active space (denoted "CAS-1" in the Tables) 
and an extended active space including also a few Rydberg orbitals ("CAS-2"). Because 
the potentials and response matrix elements show strong internuclear dependences the 
electronic calculations must be augmented by a vibronic analysis; this is accomplished 
in the reviewed work by numerical solutions of the vibrational Schrodinger equation in 
fitted potentials. 

11-A Nz: The Vegard-Kaplan system 

The Vegard-Kaplan transitions A3Cz - X'C; have been observed both in emission and 
in absorption [88], and is the most studied T-S system in Nz. Shemansky [86] measured 
the absorption spectrum, identifying seven vibrational bands (6,O)-( 12,O) and extracted 
from the obtained data an absolute transition moment curve in the interval 1.08-1.4 A. 
The transition moment curve was found to be quite close to linear in the important 
interval 1.08-1.2 A. The important feature of the curve is that it changes sign at  T = 
1.173 A, i.e at the vicinity of T, N 1.1 A. 

Recently, Piper [89] measured the relative intensities in a large number of Vegard- 
Kaplan emission bands and performed a profound revision of the transition moment 
function. The new transition moment curve deviates from linearity a t  large internuclear 
distances ( T  > 1.3 A), much more than the previous one, and changes sign at T = 
1.179 A. It is shown in Fig. 6 together with transition moment values calculated by 
the response method for different active spaces. Even a moderate valence type active 
space was found to  give good convergence characteristics for MCQR calculations of 
all transition moments a t  all distances. Inclusions of Rydberg orbitals (n.b. the 409 
orbital) implied some improvement of the Vegard-Kaplan transition moment curve, 
especially at large interatomic distances. 

The complete active space response curve changes sign close to the equilibrium 
(1.175 A), just as the experimental curve does. It is also close to being linear in a wide 
region (1.08 - 1.2 A). Since the vanishing of the transition moment is caused by the 
cancellation of a sum of terms, the exact point where this cancellation occurs is very 
sensitive to the accuracy of the representation of the whole spectrum. The response 
theory calculations were here able to distinguish the quality of older data on transition 
moments of the Vegard-Kaplan system (Chandraiah and Shepherd [go], Broadfoot and 
Maran [91], Shemansky [86] and Piper [89]) holding the transition moment curve of 
Piper [89]) as the best one. 

In Fig. 7 we recapitulate the spin-averaged Einstein coefficients for the Vegard- 
Kaplan emission from the lowest vibrational state of the triplet as well as the corre- 
sponding values reported by Piper [89]. The relative transition probabilities for different 
vibronic phosphorescence bands are quite good [26]. The absolute and the relative in- 
tensities of the higher vibrations Y" are very sensitive to the transition moment curve 



Fig. 8 
Transition moments for the Vegard-Kaplan system. Piper’s function (solid) [89], CAS-1 
(*), CAS-2 (circles). From ref. [26] .  

L 

I 

c 
n 
0 z 
g -1 

e 
5 

5 

Y 

E 

.r( Y .r( 

+-I i! 
-1 

-L 

1 

1 O4 

. . . .  

. . . .  

. . . .  

. .  

. .  

. . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . . . .  

Vegard-Kaplan 

\ . .  

. . . . . . . . . . . . . . . .  . 9 . . :  . . . .  

5 1.15 1.25 1.35 1.45 
intemuclear distance (Angtrom) 



Fig. 7 
Einstein coefficients for the Vegard-Kaplan system in a logarithmic scale. Valence + 
Rydberg CAS (CAS-2, solid line), experimental data (dashed line) [89]. From ref. [26]. 
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in the region 1.25 - 1.45 8. The theoretical transition moments are somewhat under- 
estimated at  these distances, and lead therefore to some deviations for the lifetimes of 
the most intensive vibronic bands (v’’ = 5 , 6  and 7) and hence in the phosphorescence 
radiative lifetimes. This region is also sensitive to the design of the correlating active 
space of orbitals. 

From the largest CAS calculation (”CAS-2” in ref. [26]) a lifetime of 2.58 s was 
predicted for one of the R = 1 spin-sublevels (Ms = f 1)  of the lowest triplet vibrational 
level. In a rotationless molecule the R = 0 sublevel does not radiate, so the observed 
spin-averaged radiative lifetime of the Vegard-Kaplan emission is equal to (3/2)m,l = 
3.87 s. It should be compared with Piper’s value, 2.37 s [89]. We can see from Fig. 7 
that for the lower v” vibronic quantum numbers the agreement is much better than for 
the most intensive transitions to the upper vibronic levels. The underestimation of the 
transition moment in the range 1.3-1.4 A is more serious for the small active spaces. 
In the valence type CAS (”CAS-1” in ref. [26]) an averaged lifetime equal t o  5.48 s was 
obtained. 

11-B Nz: The W3A, +- X’C; Saum-Benesch system 

Saum and Benesch found in 1970 the weak W3A, t X’C; absorption. This consti- 
tuted the upper state progressions v’ = 5, 6 and 7 from the v” = 0 level of the ground 
state. Benesch measured the oscillator strength for the W(v’ = 6) t X ( d ’  = 0) tran- 
sition to be equal to  f = 8.5 x [92]. The calculated CAS W3A,(R = 1) - X’C: 
transition moment functions are quite similar to  that of the Vegard-Kaplan absorption. 
The W - X transition function changes sign at 1.140 A, i.e. a shorter internuclear 
distance than the A - X transition curve does. The calculated oscillator strengths for 
the W3AU(v’)+X1Z$(v” = 0) transitions rise with increasing v’ quantum number up 
to  v’ = 13 and then starts to  decrease. The deviation from this trend occurs for v‘ 
= 4 which is connected with the zero crossing of the transition moment. The inten- 
sity of the W - X(6-0) transition is very sensitive to the positions of minima of both 
potentials. A small shift of the potential curves would strongly change intensities for 
the v’ = 5 and 6 bands. The calculated re values for the X and W states are shifted 
in the order of 0.007 A from the experimentally derived values [93, 941. The complete 
response calculation produces too low intensity for the W - X(6-0) band but the re- 
sults are improved by using the experimental ground state potential and shifting the W 
potential in order to  reproduce the experimental equilibrium distance. In this case the 
oscillator strength for the W - X(6-0) band is calculated to be 1.97 x lo-’’ (valence 
CAS) which can be compared with the measurement of Benesch; f = 8.5 x lo-” [92]. 
The upper bands have larger intensities which are comparable with the measured 6-0 
band. From the known frequencies and Franck-Condon factors Benesch recalculated 
transition probabilities for other vibrational levels of the W - X system, assuming a 
constant transition moment. The response calculations show that this assumption is 
definitely not correct; Benesch’s estimation of the radiative lifetime for the W(v‘ = 0) 
state (5.5 s) [92] deviates from the results of the response calculations by orders of 
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The 0-0 band is predicted to  be extremely weak (f = lo-'') in the response calcu- 
lations [26]. Emission W 4 X could not be observed from the vibrational levels above 
W(v' = 0), since these levels are more rapidly depleted by the allowed W3A, B311, 
transition in the infrared region. The W(v'=O) level is quite unique, because the prob- 
ability of IR transitions to the B3111, state is very low ( w o , ~  N 0); it is several order of 
magnitude lower than that for the W(d=l )  and upper levels [92]. For the lowest vi- 
bronic level W3A,(v' = 0) the w3 factor so heavily favors the W3A,(v' = 0 )  -+ X'C; 
transition that this emission band was proposed by Benesch to  be detectable [92] (when 
collision deactivation is low). The W(v' = 0) state could bear a considerable portion of 
the auroral energy at the top of the atmosphere. It was found that the total cross sec- 
tion for the excitation of the W state by low-energy electrons is so large that no other 
nitrogen states attain as high an excitation rate in either auroras or glow discharges 
[95]. The small probability of spontaneous emission from the W(v' = 0) state, obtained 
by the response calculations, supports the unique metastable character of this level. 

11-C Nz: The BI3C; - X'C; Ogawa-Tanaka-Wilkinson system 

The results of response calculations of this transition using valence CAS wave functions 
are recapitulated in Table 9 and Fig. 5. All three spin sublevels are active, the transi- 
tions to the M s  = 1 (0 = 1) sublevels being more intensive than those to  the M s  = 0 (0 
= 0), which is in qualitative agreement with the intensities of the rotational branches 
[96]. Tilford et al. [96] used the theoretical expressions for the intensity distribution of 
the 3C- -' C+ transition given by Schlapp [97] and extracted the ratio 5 = 1.52 for 
the (7-0) vibronic band, where A and B are related to the SOC anisotropy. A2 and B2 
correspond almost, but not exactly, to 0.5m: and to m i ,  respectively, where ml and 
mo are transition moments for the spin sublevels M s  = 1 and 0, respectively [98]. The 
ratio 2 = 0.3 was obtained for the (7-0) band, whereas Tilford et al. obtained 0.87 
[96]. The ratio changes along the internuclear distance. Both the mo and ml transition 
moment curves exhibit a weak dependence on T in the important region of internuclear 
distances 1.15 < T < 1.25 A, though at smaller T the rnl values increase to a marked 
degree (Fig. 5 ) .  The calculated oscillator strengths increase with the increase of the 
D' quantum number up to v' = 8 (fa-0 = 1.63 + lo-'), the most intensive transitions 
reside in the interval d = 5 to 10. Experimental eye estimated relative vibronic inten- 
sities have a maximum at  d = 7 [99] and the most intensive transitions cover the same 
interval of vibrational quantum numbers 199, 961. The B' - X transition is much more 
intensive than the W - X and A - X transitions in agreement with experiment [99]. 

11-D Nz: The C311, + X'C; Tanaka system 

The Tanaka band, C311, + X'C;, [loo] is the most intensive known S-T transition 
of Nz in the wavelength region above 100 nm. Ching, Cook and Becker measured the 
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Table 9: 
Spin averaged Einstein coefficients and oscillator strengths for the Ogawa-Tanaka-Wilkinson band 
Bt3C;, R(v') - X'C:(v") for CAS-1 transition moment curve averaged over potentials from 
Lofthus and Krupenic [88]. 

v" = O  AZY(n = 1) A'(R = 0) A"" f lo' 
V 1  s-1 s-' s-1 

0 2.308e-01 1.884e-02 1.601e-01 1.664e-10 
1 1.289e+00 1.059e-01 8.945e-01 8.875e-10 
2 3.875e+00 3.218e-01 2.691e+00 2.556e-09 
3 8.300e+00 6.989e-01 5.766e+00 5.255e-09 
4 1.401e+01 1.199e+00 9.742e+00 8.531e-09 
5 2.002e+01 1.744e+00 1.393e+01 1.174e-08 
6 2.558e+01 2.270e+00 1.781e+01 1.446e-08 
7 2.917e+01 2.638e+00 2.032e+01 1.591e-08 
8 3.088e+01 2.848e+00 2.154e+01 1.629e-08 
9 3.140e+01 2.952e+00 2.191e+01 1.603e-08 

10 2.982e+01 2.858e+00 2.084e+01 1.475e-08 
11 2.723e+01 2.660e+00 1.904e+01 1.307e-08 
12 2.413e+01 2.400e+00 1.689e+01 1.124e-08 
13 2.051e+01 2.076e+00 1.437e+01 9.288e-09 
14 1.714e+01 1.763e+00 1.201e+01 7.549e-09 
15 1.428e+01 1.491e+00 1.001e+01 6.123e-09 
16 1.155e+01 1.223e+00 8.106e+00 4.825e-09 
17 9.323e+00 9.988e-01 6.548e+00 3.799e-09 
18 7.485e+00 8.098e-01 5.260e+00 2.977e-09 

Table 10: 
Oscillator strengths for the Tanaka absorption band C311,,R(v') - X'C$(v" = 0) for 
CAS-1 transition moment curve averaged over potentials from Lofthus and Krupenie [SS]. 
z,y,z indexes show the light polarization. 

dl = 0 f"Y(0 = 1) f"(0 = 0) f'"' fC=p 

V t  

0 4.02e-07 3.94e-07 7.96e-07 2.2e-06 
1 2.11e-07 2.44e-07 4.55e-07 l.le-06 
2 6.85e-08 8.88e-08 1.57e-07 5.6e-07 
3 1.89e-08 2.64e-08 4.53e-08 - 
4 5.31e-09 7.78e-09 1.31e-08 - 
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oscillator strength for the 0-0 transition of the Tanaka band to  be equal to  2.2 x 
[loll ,  which is one of the strongest bands in this wavelength region. 
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In the case of the 0-0 transition, overlapping with the (v' = 15) - (v" = 0) band of the 
Lyman-Birge-Hopfield system occurred, but the principal absorption is undoubtedly the 
C - X transition [loll. However the oscillator strength for the C(v' = 0) + X ( v N  = 0) 
transition, presented by Ching et 01. [loll  should be regarded as an upper limit. The 
results of valence CAS response calculations are of the right order, but approximately 
three times lower (Table 10). Relative intensities are again much more reasonable. In 
agreement with experiment [96,99,101] only the first three bands have large intensities; 
the transitions with v' > 3 could not be observed at  the small nitrogen pressures (< 1 
atm) used in the experiments [96,99, 1011. 

The C-X transition moment curves are shown in Fig. 5. The rnl(Ms = f l )  values 
have a positive sign while the rno(Ms = 0) transition moment values have a negative 
sign in the interval 0.8-1.2 A, which is relevant for the C-X intensity calculation. To the 
right of T = 1.35 A, (i.e. in the vicinity of the equilibrium distance of the CI3II, state) 
the two curves rise drastically [26], but this singularity has no relevance to  the Tanaka 
C - X system. The important region for the C311, + X'C; transition is to the left of 
T =1.25 A in Fig. 5. The transition moment curves mo and ml are smooth functions in 
this region and are quite close to  being constant for T < 1.2 A. The weak dependence 
of both transition moments on T in the important region is well supported by the 
arguments presented by Ching et al. [loll. They have shown that transition intensities 
are proportional to the Franck-Condon factors. The calculated total oscillator strength 
for the first three bands is 1.42 x lo-' (valence CAS) while the experimental upper limit 
is 3.86 x lo-' [loll. As it follows from Table 10, all spin sublevels have approximately 
equal transition probabilities. This qualitatively corresponds to the rotational analysis 
by Tilford et al [96]. The spin-uncoupling effect in the C311, state is quite large Y = 
( A / B )  = 21.5 [96]. This means that the three R components are mixed even at  the 
low rotational levels. Both parity (e and f) rovibronic transitions should have similar 
intensity. The case is opposite to the well-known Cameron transition a311 - XIC+ in 
the CO molecule where the 3111 sublevel produces much larger intensity than the 3110 
and 3112 sublevels, which determine characteristic rotational structure of the Cameron 
bands [102, 1031 (see next subsection). 

11-E CO: The Cameron band 

The a311 state is the lowest excited state of the CO molecule, see Fig. 8. The spin- 
forbidden transition from the a311 state to the ground X'C+ state constitutes the 
well-known Cameron band system [lo41 which has been studied in the gas phase and in 
the solid matrices by many different experimental techniques [105, 106, 107, 108, 109, 
110, 111, 1121. Theoretical calculations of the intensity of the Cameron bands and the 
lifetime of the a311 state are though quite scarce [113, 1121. James [113] accounted for 
one perturbing state A'II, i.e. the SOC perturbation between the singlet and triplet 



Fig. 8 
Potential energy curves calculated by MCSCF and MCLR methods for the ground 
X'C+ state and for the excited triplet states of the CO molecule. From ref. [115]. 
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states, A111-a3111 of the same orbital configuration. Fournier et al. [112] accounted for 
the X'C+ - a3no mixing and intensity borrowing from the permanent dipole moment 
difference in these two states in order to estimate the lowest a3110 lifetime component. 
Experimental values for the lifetime of the a311 state have been found from about 1 
msec (Borst and Zipf [114]) to 60 msec (Johnson [log]), depending on the experimental 
techniques for the determination. It is clear that the true lifetime of the a311 state 
is a subject of great uncertainty and that it is difficult to determine accurately. The 
theoretical value of the a311 lifetime obtained by James [113], 8.75 msec, is in good 
agreement with the value of Lawrence, 7.5 f 1 msec [105]. It is therefore interesting 
to verify this simple theoretical prediction by the MCQR method where the explicit 
summations over intermediate states are replaced by the solution of a few sets of linear 
equations. Such calculations on the Cameron band system in carbon monoxide were 
recently carried out in ref. [115]. Vibrational averaging was performed using computed 
potentials. 

The intensity of the Cameron bands arises from the mixture of some 'II1 charac- 
ter into the 3111 level and some 'C character into the 3110 level. The a311z + X'C+ 
transition is forbidden for the nonrotating molecule. In the CO molecule the mixing is 
the most effective through the SOC operator between the 3111 and the 'II1 sublevels 
referring to the same configuration, but when the molecule rotates, the three sublevels 
mix and three subbands can appear [113]. The spectroscopic constants of the ground 
and upper states are shown in Tables 11 and 12. The quality of CAS "10 in 12" results 
seems to be reasonable. The response calculations have been carried out for a non- 
rotating molecule and the electric dipole transition moments were determined for the 
transition from a3111 and a3110 spin-sublevels. Transitions from the a3111 spin-sublevel 
to the X'C+ state are represented as the mo =< X'C+Iks,la3111(Ms = 0) > matrix 
elements with light polarization perpendicular to the molecular axis and the transition 
from the a3110 spin-sublevel to the X'C+ state as the ml =< X1C+lkzla3110 > tran- 
sition matrix elements with the polarization along the axis. The results of the MCSCF 
calculation and of vibrational analysis for the X'C+ states are presented in Table 11 in 
comparison with the experimental data from Krupenie [116]. The molecular constants 
for the a311 state obtained by MCLR are presented in Table 12. Although calculated vi- 
bronic transition probabilities are quite sensitive to  the quality of the potential curves, 
the response theory results are in a reasonable agreement with experimental data [116]. 

The electric dipole transition moments for the Cameron system are shown in the 
Fig. 9. The dependences for the A41 and A40 transition matrix elements on the inter- 
nuclear distances are completely different from one another. At the short internuclear 
distances the values of the mo transition matrix elements are more than three time 
larger than for ml, but with the increase of internuclear distances the difference be- 
tween the components is decreasing, changes sign and then increases drastically in the 
opposite direction. 

The electric dipole T-S transition moments calculated as functions of the internu- 
clear distances were used for the estimation of the vibronic transition probabilities by a 
vibrational averaging procedure. The calculated Einstein coefficients for emission from 
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Fig. 9 
Dependences of the transition matrix elements (a.u.) on the internuclear distances 
(a.u.) calculated by MCQR : 

(a) the a3111 -+ X'C+ transition; 
(b) for a3110 4 X'Cf transition; 

From ref. [115]. 
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Experimental values [116] 
0 

11.2258 
1.1283 

2169.82 
13.29 

1.9313 
0.0175 

2.96.10-6 
6.12.10-6 

-0.99.10-' 
11.091 

- 

Table 11: 
Spectroscopic constants of the XIC+ state of CO molecule obtained by vibrational averaged 
over potential energy curve calculated by MCSCF method. 

CAS "10 in 9" 
0 

12.5939 
1.1332 

2224.39 
18.42 

- 1.97 lo-' 
1.9149 
0.0153 

4.48.10-5 
5.83.10-6 
6.24.10-' 
12.4563 

-1 12.947347 

GAS "10 in 12" 
0 

12.7147 
1.1381 

2130.61 
9.50 

1.9054 
0.0176 

7.O8.1Od6 
5.68.10-6 
1.19.10-8 
12.5840 

-7.37.10-2 

-1 12.99070 

Table 12: 
Spectroscopic constants of the a311 state of CO molecule obtained by vibrational averaged 
over potential energy curve calculated MCLR. 

Experimental values [116] 
6.036 
5.212 
1.2058 
1743.55 
14.47 

1.6911 
0.0195 

- 

- 

- 

5.0984 

CAS "10 in 9" 
5.518 
6.2383 
1.2019 
1821.37 

9.41 
-2.01.10-' 

1.6936 
0.0202 

2.68.10-4 
5.24.10-6 
1.35*10-7 

6.1577 
-112.74465 

CAS "10 in 12" 
5.981 
3.9515 
1.2186 

1707.13 
14.27 

1.6541 
0.0172 

-2.14.10-4 
6.29.10-' 
4.31.10-' 

3.8454 

-5.45.10-2 

- 112.770904 
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630.8 
9.6 

289.4 
396.4 
177.0 
43.4 
6.8 
0.66 
0.04 

0.002 

121 

207.0 
246.6 
135.4 
43.2 
9.0 
1.4 

0.14 
0.01 

0 

Table 13: 
The Einstein coefficients (seee1) for the CO emission from v1 = 0 , l  vibronic levels of the 
a3n1 spin-substate to  the v"=O - 10 vibronic levels of the X'C+ state. 

- 

- 
V 1  

V1I 

0 
1 
2 
3 
4 
5 
6 
7 
9 

10 

- 

- 

James's results [113] 

0 1  1 

255 335 
272 11.8 
122 94.1 
31.2 14.6 
4.92 67.5 
0.44 15.4 
0.03 2.2 

<0.01 0.19 
0 0.03 

<0.01 

Calculated values 
CAS "10 in 9" I CAS "10 in 12" 

0 1  1 1  0 1  1 

597.2 
634.0 
276.2 
68.4 
11.52 
1.38 
0.12 
0.004 

0 

291.6 
25.6 
8.4 

137.0 
86.0 
27.6 
5.48 
0.74 
0.08 
0.006 

Table 14: MCQR results for transition energy (eV) and oscillator strength (xlO-'*) 
for the 3Blu +l As transition in ethylene. CAS-1 includes 2 electrons on two ?r-MO's, 
CAS-2 includes 8 electrons on 8 MO's, CAS-3 includes 12 electrons on 12 MO's, 

sz dz tz tzp tzpd 
Transition CAS-1 4.08 3.88 3.82 3.80 3.80 

energy CAS-2 4.31 4.06 4.00 3.96 3.96 

Osc. strength CAS-1 400 1890 503 121 112 
CAS-3 4.72 4.41 4.34 4.27 4.27 

T: CAS-2 466 2200 593 374 387 
CAS-3 513 2460 668 176 164 

Osc. strength CAS-1 3.61 6.79 7.30 8.04 8.66 
T? CAS-2 1.91 2.64 3.30 8.43 9.56 

CAS-3 3.63 7.96 8.16 10.6 11.5 
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the v'=O,l vibronic sublevels of the a311 state to the d ' = O  - 10 vibronic sublevels of the 
ground X'C+ state are given in Table 13 in comparison with the results of James [113]. 
The calculated oscillator strength & = 1.345.10-' can be compared with the results 
of Hasson and Nicholls, (1.62 f 0.08).10-' [117] in absorption experiments and with a 
value (1.51 f0.15).10-7 obtained by Fairbairn with using lower resolution and pressure 
broadening [118]. We can see from Table 13 that the valence CAS overestimates the 
transition probabilities more than two times, and that inclusion of highly diffuse 37r 
and 8a orbitals (analogous to  2i~ ,  and 50, MO:s of the Nz molecule) is quite impor- 
tant for the Cameron band intensity calculation of CO. It was shown in ref. [115] that 
the phosphorescence transition probabilities of the Cameron bands can be adequately 
explained by the response theory approach. 

11-F Comments  on diatomic calculations 

The set of applications on H2C0, N2 and CO molecules reviewed above illustrates the 
current feasibility for studying triplet state properties in small molecules by means of 
response theory. This goes for details, such as excitation energetics, radiative transition 
probabilities, potential energy curves and individual state-to-state couplings, as well as 
for an effective global characterization of the multiplet systems. This is accomplished by 
using one common set of parameters, namely of one-particle and N-particle basis sets 
for the reference wave function, and the ease of the calculations in this respect must 
be emphasized. It was found that already limited correlating valence spaces provide a 
good global account of the triplet multiplet system. On the other hand, the lowest order 
response theory, the random phase approximation, may be instable for singlet-triplet 
transitions, as it indeed is for Nz. It should also be noted, that although response 
theory is designed for property calculations, the obtained S-T excitation energies and 
triplet state potential energy curves are of very good quaility. In fact, the solutions of 
the response eigenvalue equations gave better triplet state energies than if these were 
optimized individually by MCSCF (with the parameterization used for the ground 
state). This is certainly not the case for the singlet system, and might reflect the 
different nature of electron correlation for singlet and triplet states. 

As mentioned in the theory section (3) the response theory approach provides an 
effective implementation of perturbation theory in that the response functions are ob- 
tained by solving equations rather than by making explicit summations. Large di- 
mensional problems can therefore be addressed. The response calculations of the type 
described above illustrate that convergence of the sum-over-state approach is slow. 
This may be seen by comparing the exact transition moment obtained from the MCQR 
calculation with the transition moment calculated from a limited number of low-lying 
states of each spin multiplicity. In general it turns out that higher intermediate states 
cannot be neglected. The contributions from the individual intermediate states vary 
considerably and may be both positive and negative. 

For the diatomic calculations reviewed above the complete sum-over-state proce- 
dure is of particular importance, because it provides a size consistent approach to  the 
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singlet-triplet transition moment curves. In general these curves vary strongly over a 
limited region of internuclear distances; for the Vegard-Kaplan and the Saum-Benesch 
systems they even displayed a zero-crossing point close to the equilibrium distance. 
Any truncation of the sum-over-state would severely flaw these curves, since there are 
many small contributions of arbitrary sign that would be truncated differently a t  dif- 
ferent geometries. Truncation of the summation over states could occasonally still be 
desirable for the purpose of interpretation, as also exemplified above. This is warranted 
only if there are few dominating contributions. It can be accomplished either by re- 
optimizing excited state wave functions and employing linear response calculations to  
get the excited state matrix elements, or by employing a decomposition analysis by 
computing the double residues of the quadratic response functions, which gives these 
matrix elements from optimization of the ground state wave function only. A compli- 
cation with this is that the evaluation of each matrix element requires the solution of 
one set of linear response equations as well as the calculation of two roots of the linear 
response eigenvalue equations. Therefore, the cost for performing such interpretations 
is comparable to  that of calculating the phosphorescence matrix element itself. 

Implementing perturbation theory, some of the limitations of the response func- 
tion approach are predictable. These become apparent for higher excited states where 
singlet-triplet crossings become abundant. These crossings render a blow up of the 
transition moments as a result of the singularities. In such cases the perturbation the- 
ory should rather include vibrational states which may remove the singularities (leading 
to avoided crossings). In state-specific approaches the vibronic wave function can be 
determined by solving the coupled electronic state vibrational Schrodinger equation 
[119, 120, 1211. Such approaches have even been applied in diabatic representations 
[122, 119, 120, 1231. The implementation of such procedures for sum-over-state, re- 
sponse, calculations for the spin-forbidden dipole spectra does, however, not seem to 
be straightforward. Fortunately, the singularities can be monitored; in the work de- 
scribed above they enter in regions which do not contribute much to  the vibronic S-T 
transition intensities. Instabilities in the solutions of the response equations can also 
be encountered when closing the dissociation limit, or when very diffuse orbitals are 
included in the active reference space. By large however, a limited correlating active 
space gives a good account of the global spectrum. 

Summarizing this section, we find that MCQR theory reproduces a variety of known 
features of the S-T spectra of small molecules quite well, and that it also predicts some 
new assignments which could be checked by modern spectroscopic methods. For high 
energy VUV transitions the results may be of more qualitative use because the calcu- 
lated potentials in these regions are less accurate. These states have often not yet been 
determined by experiments, and the qualitative predictions by response theory could 
be used for a search for absorptions in this region. The results for the small molecules 
infers optimism for applications of response theory to S-T transition also of somewhat 
larger molecules of more chemical interest. We exemplify this by reviewing applications 
of spin-orbit response theory on organic *-electronic molecules in the following sections. 
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I11 Conjugated Hydrocarbons 

The low-lying excited states of conjugated hydrocarbons are primarily associated with 
delocalized *-electrons. Semi-empirical r-electron theory describes the singlet-triplet 
(S-T) splitting of low-lying excited states and singlet-singlet A - A* transition energies 
and intensities quite well [49]. These properties represent a great challenge for ab 
initio theory [124, 601. The so-called V state in Mulliken’s terminology (the HOMO 
- LUMO A - A* singlet excited state) involves valence and Rydberg character with 
different type of dynamic correlation and basis set dependence, so it is difficult to  get a 
proper balance of these properties [60]. The role of u - u* configurations and dynamic 
polarization of the u core in V excited states are also important [125, 601. In addition 
to response theory methods [126] a good general agreement with experimental data 
has been obtained using such methods as the multi-reference configuration interaction 
(MRCI) [124, 1271, the multi-configuration perturbation theory (CASPTZ) [60] 

The role of S-T transitions in electron spectroscopy of unsaturated hydrocarbons has 
been Little investigated in comparison with the role of the manifold of singlet states. In 
general the importance of triplet states of organic compounds for spectra and reactivity 
has been well recognized for a long time [49]. For short polyenes the first information 
about lowest triplet state was obtained by Evans from optically induced S-T absorption 
spectra in the presence of oxygen under pressure [128]. In addition to  the studies 
using the optical method the S-T transitions in these molecules have been detected by 
threshold electron impact excitation techniques [129, 1301 and by electron energy-loss 
spectroscopy [131]. The triplet valence and Rydberg state excitation energies are well 
known from these studies, but the information about transition probabilities are scarce 
or even absent. At the same time such information is important for photochemistry of 
polyenes and for systematization of the main characteristic features of S-T transitions 
in unsaturated hydrocarbons in a framework of ab initio theory [132]. 

Recently, the response theory formalism was applied for the calculation of singlet- 
triplet spectra in polyenes and aromatic hydrocarbons [83, 133,134,1321. In this section 
we shall discuss mainly the vertical T,, + So transitions probability in polyenes. The 
minimum level of accuracy includes CAS calculations of the ground state correlating all 
A electrons followed by linear and quadratic multi-configuration response calculations. 
Because the ethene molecule is the simplest representative of unsaturated hydrocarbons, 
different types of active spaces and A 0  basis sets were tested more thoroughly for this 
molecule in order to study the convergence of the S-T transition probability with respect 
to  the level of accuracy. 

111- A Ethylene 

The ground state ethylene molecule belongs to the DZh point group and we shall con- 
sider the vertical spectrum using notations of this group. Calculations were based on 
large active space and basis sets and on optimized ground state geometries. The results 
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obtained by different CAS and basis sets are shown in Table 14. The 3Blu state has 
the following total symmetry for the three ZFS (T i )  spin-sublevels: Bzu(T"), B3,(TY), 
A,(T*).  It means that the 3B1u + X'A, transition to the T" spin-sublevel is polarized 
along the y ax is .  In semiempirical CNDO/S CI calculations this transition is forbid- 
den, because the triplet configurations of TA* and uu* types do not interact and the 
lowest T ~ ( A A * )  state has no orbitals in common with the singlet 'Bz, states. The com- 
monly effective one-electron SOC approximation [135] can not produce non-zero SOC 
matrix elements between the 'Bf, spin-sublevel and the 'Bz, states. In the ab initio 
MCQR method these restrictions are removed and the transition probability to  the Tf 
spin-sublevel can be estimated and the validity of the earlier applied semi-empirical 
approximations can be verified. As can be seen from Table 14, this transition intensity 
is negligible in comparison with the main contribution of the 2'1 + SO absorption pro- 
duced by transitions to the T: spin-sublevel. In the large (TZPD) basis set and large 
("CAS-2" [132]) active space the oscillator strength for the Tf and the 2': states are 
9.56 x and 3.87 x lo-", respectively (Table 14). Such a large difference is typical 
for other hydrocarbons and are observed in PMDR spectra of aromatics [48, 136, 1371. 
Transitions to  the 2'; spin-sublevel are strictly forbidden for the vertical 2'1 + SO ex- 
citation. From Table 14 we can see that correlation effects are quite important for the 
2'1 - SO transition probability especially in calculations with the largest basis sets. All 
CAS calculations predict the vertical transition energy of the order of 4 eV and are not 
very basis set dependent (Table 14). The experimental value, obtained from optical 
and electron energy loss spectra, is 4.36 eV [131,138]. The T: + SO transitionintensity 
is borrowed from the A - u excitations ('B3, - X'A, and 3Bzs - a3BlU transitions). 
The upper states are of highly diffuse character; because of this, the results are sensi- 
tive to correlation and basis set. Addition of polarized orbitals (TZP-type basis sets) 
leads to  diminishing oscillator strengths for the T: spin-sublevel, in the active spaces 
CAS-1 and CAS-3 it decreases more than 3 times (Table 14). The TI + So transition 
is 98% out-of-plane polarized and connected mostly with light absorption by the T: 
spin-sublevel. The MCQR method gives here credit to  the old CNDO/S CI SOC ap- 
proach [139, 50, 1401. The calculated 2'1 - 5'0 transition moment in this approach was 
1.28 x a.u. [140] which is only twice as large as our best (TZPD) CAS-2 result 
6.38 x lo-' a.u. and is quite close to  the CAS-3 TZ prediction. 

111-B Butadiene 

There has been a great amount of theoretical and experimental studies on the spectra 
of stereoisomers of butadiene (BD) and their photochemistry [141, 60, 1421. In spite 
of this interest in the electronic excited states of BD there exist no other theoretical 
considerations of the intensity of the lowest energy transition a3B, +- X'A,,  besides 
the short communication in Ref. [125] using a semi-empirical SOC method (CNDO/S 
CI). 

The low-lying triplet states of BD were investigated optically by Evans [128] using 
the high pressure oxygen perturbation technique. The broad absorption band with 
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maxima at 387 nm was assigned to the T1(l3BU) t S0(X1A,) transition, the assign- 
ment of which has been confirmed by an electron impact study [129] and by ~b initio 
calculations [124, 601. In Table 15 we present the results of MCQR calculations for 
the s-trans butadiene TI - SO transition intensity in two basis sets [132]. The transi- 
tion energies are also given from AMCSCF and response calculations, for comparison. 
The vertical transition energy for the 13B, state is calculated to  be equal to  2.97 eV 
(MCQR) and 3.36 eV (AMCSCF), the response value being somewhat lower than the 
experimental energy, 3.2 eV [129]. The same tendency occurs for other molecules stud- 
ied by MCQR calculations [134,83]. The calculated energies are not strongly dependent 
on basis set, but the SOC induced transition probabilities changed drastically. We now 
discuss the highest level TZP results for the vertical 7'1 t SO absorption from the 
ground state geometry (SO column). The most intensive transition is connected with 
the T: spin-sublevel and is out-of-plane polarized; the transition moment is 6.55 x 
a.u. which corresponds to  the oscillator strength f = 3.12 x lo-'' and to the hy- 
pothetical radiative lifetime 8.33 s. The TT sublevel also produces the out-of-plane 
polarized T-S absorption, but its oscillator strength is extremely small 5 x lo-", so 
only the T' sublevel is active (y is a short in-plane axis, perpendicular to C=C bonds). 
The in-plane polarization (transition to the Tf spin-sublevel) has negligible intensity 
( M ,  = 1.68 x a.u.); its oscillator strength is equal to 8.9 
x 10-12. 

a.u., M y  = 1.09 x 

These qualitative features are reproduced also in a small (DZ) basis set, but the 
total oscillator strength is much higher; the same results have been obtained for the 
ethylene molecule. At the highest TZP level the total oscillator strength for the 2'1 t So 
absorption in BD is 3.3 x lo-'' and the hypothetical spin-averaged radiative lifetime 
is 23.9 s. The oscillator strength of the T1 -t SO transition at  the optimized trans-BD 
geometry of the TI state is also presented in Table 15, in the TI column. Because 
of the fall of energy of the upper state and the rise of energy in the ground state, 
the transition energy from the response calculation is now much lower, 1.44 eV. The 
transition moment is also diminished leading to  a smaller total oscillator strength of 
1.03 x lo-''. Because of the lower frequency the phosphorescence radiative lifetime of 
the equilibrium 2'1 state is extremely large, here predicted to over 5 minutes. This is 
one of the reasons for that the phosphorescence of BD has never been observed. The 
additional possible explanation for the lack of phosphorescence could be obtained from 
analysis of geometry optimization for the three lowest states of trans-BD and their 
vibrational frequencies [132]. 

In spite of the fact that the total energy minimum of the 2'1 state corresponds 
to a planar structure, the potential energy surface (PES) is quite flat with respect 
to some internal rotations [132]. The low frequency modes are greatly decreased on 
going from the ground singlet to the first triplet state. It means that the Tl state 
PES becomes much more flexible upon out-of-plane distorsions. The calculations show 
that the large amplitude disrotatory vibrations of terminal methene groups in the 7'1 
state with simultaneous internal rotation around the central C-C bond (the first step 
of trans-cis isomerization reaction) lead to a small energy gap towards the ground 
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Table 15: Transition energy (ev), oscillator strength ( x lo-”), and phosphorescence 
lifetime (s) for the 3Bu -l  A, transition in butadiene (CAS44) and hexatriene (CAS66), 
calculated at the SO and TI state optimized geometries 

Molecule BD H T  
Basis set dz tZP dz 

Reference state geometry SO TI SO Tl SO ‘TI 
Transition energy -. 

MCQR 
AMCSCF 

Osc. strength 

T? 
T: 
T? 

total 
Lifetime 

TZ 

rll 

71 

spin averaged 

3.02 
3.35 

0.87 
1645 
6.37 
1653 

2917 
1.54 
398 
4.60 

1.49 
1.85 

2.33 
490 
0.83 
494 

4427 
21.1 

12510 
62.8 

2.97 
3.36 

5.08 
312 
8.93 
327 

513 
8.33 
292 
23.9 

1.44 
1.86 

2.98 
98.7 
1.02 
103 

3749 
113 

10983 
327 

2.44 
2.78 

7.51 
1460 
5.51 
1470 

516 
2.66 
704 
7.90 

1.03 
1.40 

5.20 
290 

0.532 
296 

4157 
74.5 

40650 
219 

Table 16: Relative intensities of different vibronic bands in benzene phosphorescence (%). 

Intensity % 

0.3 
3057 3374 0.2 0.2 0.4 0.1 
1601 1726 65.8 64.5 61.9 54.3 58.4 
1178 1293 24.7 27.3 28.3 32.2 33.0 
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singlet state. The first stage of the trans 4 cis isomerization reaction distorts toward 
the quasi-tetraradical structure from the s-trans minimum region [142]. Even a small 
SOC will in this case induce ultrafast radiationless intersystem transitions to  the SO 
ground state of trans-butadiene. The passage to the SO state will then follow the 
pathway associated with the most favorable spin recoupling process; a structure which 
favors the s-trans conformation of BD will obviously disfavor the recoupling of unpaired 
electrons of the two terminal CH2 groups leading to cyclobutene. This corresponds to 
some photochemical observations. Comparison between the direct and the sensitized 
irradiations [143] shows that the triplet state of BD does not participate in valence 
photoisomerization to cyclobutene. It was also shown that the photolysis of butadiene 
derivatives in the vapor phase cannot be quenched by 02 [144]. These results together 
with previous analysis imply that the 2'1 state is very quickly quenched by intersystem 
crossing to the ground state before reaching the region of conical intersection [142] of 
two singlet states. 

111-C Hexatriene 

The DZ results for the 2'1 -SO transition energy and intensity in s-trans hexatriene (HT) 
are shown in Table 15. As for butadiene the most intensive 2'1 + SO transition is con- 
nected with the T;I" spin-sublevel and is out-of-plane polarized with transition moment 
1.56~ a.u. Both 2'f and 2': spin-sublevel transitions have negligible intensities. 
The MCQR transition energy 2.44 eV can be compared with the experimental value 
2.61 eV [145]. The total oscillator strength for the TI + SO absorption equals 1.47 
xlO-', corresponding to a spin averaged lifetime of 7.90 6 .  At the optimized geometry 
of the 2'1 state the transition energy is much lower, 1.03 eV (MCQR) and since the 
transition moment changes only by a small amount to  1.07 x a.u. for the dom- 
inating 2': spin-sublevel, the effect will be a greatly reduced total oscillator strength; 
2.96 x lo-''. The corresponding spin averaged lifetime is as long as 219 s. This is in 
complete analogy with the results obtained for butadiene and we can expect these con- 
siderations to hold also for the TI state of longer polyenes, thereby explaining the lack 
of phosphorescence in experimental observations. The TI c SO transition moments 
calculated at  the same level of accuracy (DZ basis, x-CAS) in all three molecules are 
almost identical (close to  1 . 6 ~ 1 0 - ~  a.u.). 

111-D Comparison of singlet-triplet transition intensities in polyenes 

The studies of the singlet-triplet absorption and emission spectra of the short con- 
jugated polyenes; ethylene, trans-1,3-butadiene and trans-l,3,5-hexatriene by means 
MCQR SOC calculations [132] lead to  the following general conclusions. Extensive test 
calculations on ethylene show quite strong basis set and active space dependences of 
the T-S transition probabilities. The increase of the basis set (starting from DZ-basis) 
systematically lowers the 2'; -So transition moment. The account of correlation is also 
important. Enlargement of CAS wave functions generally increases the T-S intensity 
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for the SZ, DZ and TZ basis sets. Inclusion of polarization functions changes this trend. 
This sensitivity to the active space and basis set extension is connected with the role of 
highly excited u - A Rydberg and valence states in the forming of SOC and intensity 
borrowing for the 2'1 - SO transition in hydrocarbons [48, 831. Despite the sensitivity 
of computational parameters a comparative analysis of the ethylene, butadiene and 
hexatriene molecules a t  a given computational level shows that the fundamental radia- 
tive quantities relating to the triplet state of these molecules (transition moments and 
polarization ratios) are remarkably similar. 

From the results presented in Ref. [132] the absence of observed phosphorescence in 
the short polyenes is understood as a combination of small 2'1 + SO transition proba- 
bility and vibrational quenching. Because of the similarity of results for all triplet state 
quantities of the ethylene, butadiene and hexatriene molecules investigated here, one 
can propose that these arguments also hold as explanation for the lack of phosphores- 
cence in the longer polyenes [132]. 

7 Phosphorescence of Aromatic Compounds 

In contrast to polyenes the aromatic molecules exhibit not only the 2'1 6 SO absorp- 
tion, but also the longlived 2'1 + SO emission, which gives rise to  phosphorescence 
phenomena of rigid solvents and crystals. This is another important field of appli- 
cations of spin-orbit quadratic response theory. Such calculations refer to lifetimes, 
transition moments, oscillator strengths and polarization directions for the radiative 
decay of molecular triplet states. These quantities may either be averaged over the 
triplet levels or refer to specific triplet spin sublevels depending on the conditions for 
the relevant experimental measurements. 

The phosphorescence phenomenon was early identified as a radiative intercombina- 
tion process between the lowest triplet state and the singlet ground state [146, 1471, 
but can refer to any emissive passage between two states of the same molecule which 
are of different multiplicity. In practice, it refers to the lowest in the manifold of the 
excited states because higher lying states preferably decay through internal conversion. 
The triplet nature of phosphorescence radiation has been established by magnetic reso- 
nance measurements; the electric dipole character by interferometric studies [148]; the 
involvement of SOC through heavy atom substituents effects [149]. MCQR calculations 
performed for the small molecules; of N2 [85, 261, CO [115] and HzCO [ l l ] ,  reviewed 
here in section 6 in the context of singlet-triplet transitions, can also be used to  explore 
phosphorescence in these compounds. S-T transition probability calculations in ethy- 
lene and halogen anion complexes in Ref. [150] are referring to the model of the external 
heavy atom effect on phosphorescence and are discussed in next section (section 8). 
Phosphorescence has been studied also for a series of aromatic molecules by means of 
response theory calculations, namely benzene [83, 1331, azabenzenes [151], naphtha- 
lene and azanaphthalenes [134]. The latter series of investigations are presented at  the 
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end of this section. The benchmark problem in this respect is the phosphorescence of 
benzene molecule. 

I Benzene 

The ‘TI - So transition in benzene molecule is a great challenge to theory. The phos- 
phorescence spectrum of benzene is particularly rich in vibronic structure and provides 
the most well-known example of a spectrum of electronic transitions that is both spin 
and orbital symmetry forbidden. The assignment of the first excited triplet state in 
benzene is now firmly established as a 3Blu state [136, 1521. Basic to the benzene 
phosphorescence problem is the fact that the g3BlU -+ X’A1, transition is doubly for- 
bidden by spin and orbital symmetry (0-0 transition is missing). Perturbation due to 
spin-orbit coupling alone can therefore not provide electric dipole intensity for this tran- 
sition without involving vibronic interactions. Results from semi-empirical calculations 
of benzene phosphorescence have not considered all channels nor all the interacting 
electronic states and have given rather different values for the radiative lifetimes. The 
experiments have been undertaken with different glassy media or with benzene iso- 
lated in crystal matrices and have not been completely unambiguous concerning the 
triplet state lifetime, quantum yield and polarization of radiation. The question of 
the true radiative (phosphorescent) lifetime of benzene has therefore been considered 
open, although one seems to agree upon a ”best experimental” value that focus on 30 
sec [153, 1541. Because of the obvious importance of benzene in theoretical organic 
chemistry it is desirable to investigate its singlet-triplet spectra from first principles. 
In recent works [83, 1331 the vibronically induced phosphorescence have been treated 
by means of multi-configuration quadratic response theory calculations and explored 
the vibronic intensities, polarization directions for benzene phosphorescence and the 
radiative lifetime of triplet benzene have been explored. Such transitions, which are 
allowed through the coupling of nuclear and electronic motions, including SOC per- 
turbation, are notoriously difficult to  analyze on theoretical grounds and only MCQR 
theory seems to  be adequate so far on the ab initio level. Before considering the results 
of MCQR calculations [83, 1331 we shall briefly summarize the experimental facts and 
the previous theories. 

I-A History of the benzene phosphorescence problem 

Vibrational analysis of the benzene phosphorescence bands indicates that the radiative 
activity is induced predominantly by eZ9 vibrations [155, 1561. A weak but observable 
activity of bz, vibrations has also been found [156, 155, 1571. By introducing spin- 
orbit- and vibronic coupling through second order perturbation theory Albrecht [158] 
showed that the vibronic interaction within the triplet manifold is responsible for the 
larger part of the phosphorescence intensity. This also follows from comparison of the 
vibrational structure in phosphorescence and fluorescence spectra [159]. The benzene 
phosphorescence spectrum in rigid glasses [155] reveals a dominant vibronic activity of 
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the US (1601 cm-') and vg (1178 cm-') elg vibrations. The v6 (608 crn-') mode is very 
active in fluorescence ('BZ, -+l Al,) ,  but appears only weakly in the phosphorescence 
spectrum [155, 159, 157, 1361 (the Wilson numbering of benzene vibrations are used 
[160]). The explanation of these features has been proposed by Moffitt and Liehr on the 
ground of "pseudo-Jahn-Teller" interactions between A - A* states induced by different 
e2, vibrations [ l6l ,  1621. They have shown that C-C stretching vibrations us are most 
effective for coupling between B1, and El, states, whereas the benzene skeletal bending 
mode v6 is most effective for B2, - El,  mixing. These ideas explain well the observed 
vibronic fluorescence lBzu +' A1, and phosphorescence 3Blu 4' A', spectra. The 
first one borrows intensity from a very strong 'Elu-lAlg transition ('El,,-' Bzu mixing 
by v6 mode), the second one borrows from the spin-forbidden 3Elu -l A1, transition, 
which becomes allowed by the account of spin-orbit coupling (SOC) [163, 164, 1581. 

The importance of 3Elu -3 B1, mixing by vs vibrations was directly supported by 
the analysis of the 3Blu +l A', absorption spectrum [165] and its Zeeman effect [166]. 
The intense lines at 250 cm-' above the 0-0 transition in the absorption spectrum 
of the 0 2  induced 2'1 + SO absorption in gas phase and in low temperature crystals 
were attributed to  the vs vibration, the frequency of which is drastically reduced in 
the 3B1u state in comparison with the ground state value (1601 cm-') [165]. This is 
a consequence of the above mentioned "pseudo-Jahn-Teller" interaction; the potential 
energy surface (PES) in the benzene lowest triplet state ( T I )  is extremely flat and has 
few shallow minima, slightly distorted (E 0.02 A) from the &h conformation [167,152]. 
We suppose that this difference in PES:s of SO and TI states does not influence much the 
vibronic structure of phosphorescence spectrum described on the basis of vibrations of 
the So state alone. This follows from two arguments: i) The vibrational wave function of 
the zero-point level demonstrates that the molecule in the 2'1 state is not confined to the 
minima but makes large excursions over the complete well [152]. The free molecule thus 
appears hexagonal, but even a weak crystal field can explain the host-dependent effects 
in ESR [168,169] and ODMR spectra [136,170] of low temperature doped crystals and 
glasses: ii) In spite of the large differences in us vibrations in the upper and lower states 
(including the anharmonicity) [152], the normal modes are qualitatively similar. We 
have used the ground state vibrational analysis for the spin-vibronic treatment of the 
benzene phosphorescence [83]. The ground state vibrations determine the frequencies 
of the phosphorescence vibronic bands in low temperature crystals and also the spin- 
vibronic perturbations, which govern the intensity to a large extent. 

Account of Moffitt's idea together with an effective one-center SOC approxima- 
tion leads in the framework of this approach to the consistent interpretation of the 
benzene phosphorescence spectra by the mechanisms represented in Fig. 10 and Fig. 
11. This is a summary of all schemes considered by Albrecht [158], and is supported 
by CNDO/S-CI calculations of vibronic and spin-orbit coupling [48]. The major part 
of the phosphorescence intensity is determined here by channels I + 11; this radiative 
activity induced by the e2, (mainly vs) modes, is determined by one-center SOC inte- 
grals and by intensity borrowing from high energy A - u excitation of 'A1, -l AzU and 
3Elu -3 El, types, which are out-of-plane polarized [139, 481. 



Fig. 10 
Main mechanisms of benzene phosphorescence. Triplet and Singlet manifolds of states. 
From ref. [83]. 
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Fig. 11 
Level diagrams for the main mechanisms of benzene phosphorescence. Triplet manifolds 
of states. From ref. [83]. 
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Albrecht's analysis indicated that the strongest eZg phosphorescence bands in rigid 
glass a t  77 K are uniformly polarized out-of-plane with approximately 60-70% of the 
total intensity [158, 1711. The microwave induced delayed phosphorescence (MIDP) 
experiments for a C6H6/C&6 doped crystal at 4.2 K shows that more then 90% of the 
e29 phosphorescence must be out-of-plane polarized [136]. This discrepancy relates to  
the relative importance of the channels I -t I1 and 111, see Fig. 11. The latter channel 
[164] does not include one-center SOC integrals and is supposed to be less effective 
[158]. The estimations of SOC with one- and two-electron parts of the SOC operator 
[172, 1641 < 3E1ulHdo11E1u > = 0.41 cm-', together with the account of o orbitals as 
sp2-hybrids for the simple construction of the o, ?T* lAzu state wave function [164], leads 
to comparable intensity for the in-plane (the channel 111) and out-of-plane (the channel 
11) polarization for the phosphorescence [158]. This confers with the old photoselection 
experiment on benzene glass a t  77 K [171], but contradicts the later MIDP experiment 
at 4.2 K [136], which must be considered more reliable (the glass results are affected by 
rotation of the excited molecules before decaying [136]). Up to now this contradiction 
has not been resolved theoretically. Recent semiempirical calculations within the r- 
approximation with an account of the complete form of the SOC operator [173] seem 
to support a large in-plane polarization character for aromatic phosphorescence. The 
other unresolved question is connected with the role of the ezg vg mode in the benzene 
phosphorescence spectrum. Besides US it also bears considerable activity [155]. The vg 
vibration, however, is not expected to be active in the coupling between 3Blu and 3Elu 
states [161,48] and its frequency does not change much upon SO - 'TI excitation [165]. 

I-B Vibronic structure of benzene phosphorescence in the response for- 
malism 

The occurrence of strong vibronic coupling among triplet states, see e.g. ref. [174], and 
of distorted triplet state geometries, see e.g. refs. [137, 1751, might have important con- 
sequences for the calculation of phosphorescence yields. The best example is obviously 
benzene, the triplet state of which is doubly - orbital and spin - forbidden and which is 
only activated through vibronic coupling among the manifold of triplet states [158,83]. 
However, even for allowed phosphorescent transitions vibronic coupling may be impor- 
tant, e.g. in aza-compounds the lifetime of electronically long-lived 3 ( ~ 7 r * )  states are 
significantly reduced by vibronic coupling to electronically short-lived 3( m*) states. 
That the difference in singlet and triplet state geometries affect the phosphorescence 
yield was also demonstrated in the subsection on diatomic molecules, for instance for 
the A3C$ --* X 2 X C $ ,  Vegard-Kaplan, band of N2, the triplet absorption moments of 
which varied considerably over different bond distances. 

The mechanisms described above for benzene as well as a few others have been com- 
puted by direct MCQR calculations of vibronic phosphorescence intensity in Ref. [83]. 
For the Born-Oppenheimer wave functions the transition moment between the singlet 
ground state SO with v'-th vibrational excitation and the first triplet 'TI excited state 
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with v-th vibrational level, is equal to  

where M s , T ~ ( Q )  is the electronic SO- 2'1 transition dipole moment for k-th spin sublevel 

Here Q and X are the electronic and nuclear vibrational wave functions, respectively. 
To the first order of the nuclear displacement we can expand this transition moment in 
a series 

MS,Tk(Q) = M s , T ~ ( Q o )  -t 7:Qa (96) 
a 

Finally the intensity of the vibronic phosphorescence band is determined by 

In a simple harmonic approximation the first term gives the 0-0 band if the transition 
is allowed for non-distorted symmetrical structure. But in the case of benzene phos- 
phorescence the 3B1u 4 'A1, transition is forbidden in D6h symmetry even if the SOC 
Hamiltonian is taken into account. In this case only vibronic phosphorescence bands 
(v = 0 4 v' = 1) appear through non-totally symmetrical b2, and e2, vibrations as 
follows from the scheme given in Fig. 7 and as discussed in the previous section. Their 
transition moments are equal to (in a.u.): 

The ground state force field, vibrational normal modes and frequencies have been ob- 
tained with MCSCF analytic gradient and hessian calculations [176]. Frequencies com- 
puted with the DZ basis set are compared with experimental ones in Table 16. The 
2'1 - SO transition moments were obtained using distorted benzene geometries with 
atomic displacements along the normal modes, and with the derivatives in Eq. 97 ob- 
tained by numerical differentiation. The normal modes active for phosphorescence in 
benzene are depicted in Fig. 12. The final formula for the radiative lifetime of the k 
spin sublevel produced by radiation in all (v,") bands is (ZFS representation x,y,z is 
used [49]): 

where w = 3E1 - ' E o  is the frequency of the transition. The average lifetime r,, at  the 
fast lattice relaxation limit is given by 2 = x k  k. 

The basis sets employed in the MCQR calculations are the DZ and TZ gaussian 
basis sets of Dunning [177, 1781 augmented with Rydberg-like functions (R), DZR and 
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Calculated by tr 
us( 16Ol)DZ(nB) 

Table 17: The 2’1 - SO oscillator strengths in benzene calculated with direct vibronic 
coupling along e2, modes (u,). Results are displayed for different basis sets and for the 
s-active space. 
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ki(990) 
V4(707) DZR(II ) 

~5(990)  
V4(707) TZ(CTI ) 

~5(990) 
V4(707) TZR(CII ) 

~5(990) 

Table 18: The 2’1 - SO oscillator strengths calculated with direct spin-vibronic coupling 
along bzg modes (u,, i=4,5). Results are displayed for different basis sets and for the active 
space described in text. 
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Table 19: Phosphorescence lifetimes Tk (s) for different k spin-sublevels of the 3B1u 
state of benzene and of the 3B2u state of naphthalene. The benzene values refer to  
the four mechanisms depicted in Fig. 10; o and i denote the out-of-plane and in-plane 
polarization, respectively. T,,,, denotes the average lifetime at the high temperature 
limit. Excitation energies given in eV. 
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TZR, expanded at  the center of symmetry. The quadratic response calculations were 
performed for various complete K active spaces comprising 1-2azu, 1-2ezU, 1-2b2, and 
1-2e1, orbitals correlating all ?r electrons. The out-of-plane b2, vibration breaks the 
u-A separability. The differentiation along this mode has been carried out also with 
an active space that includes the  la^,,, lez, and lel, highest occupied and the leZu, 
lelu and lbz, lowest unoccupied orbitals. Table 16 gives the relative intensities for the 
vibronic bands of benzene phosphorescence as calculated with different basis sets. The 
important vibrational modes are v4 - vg with the standard Wilson classification. The eZg 

C-C stretching mode, us, appears to produce the most intensive phosphorescence band, 
with predominantly (92-98 %) out-of-plane polarization in all basis sets. The other C-C 
stretching mode, us, is also intensive in agreement with observations, however, it is not 
suspected to  be pseudo Jahn-Teller active (the vg frequency is largely unchanged upon 
SO 4 TI excitation, while the frequency of us is changed drastically). 

As seen in Table 16 the relative intensities are very stable towards enlargements of 
the basis set, and they agree well with those experimentally measured. The two b2, 

vibronic bands have comparable activity, us being somewhat more intensive than v4 in 
all basis sets. These results are in good agreement with microphotometer recordings 
of phosphorescence [155] and with 3BlU + *A1, absorption measurements [165]. From 
Table 17 one notes that all eZg bands, except 24, are predominantly polarized out-of- 
plane. For v6 the in-plane and out-of-plane polarizations are approximately of equal 
strength in the TZ basis set, in the TZR basis set the in-plane polarization is even 
more intensive. This finding corresponds quite well with the microwave induced delayed 
phosphorescence (MIDP) experiment by van der W d s  et al [136] for a C&/C& 
doped crystals at 4.2 K. 

The radiative lifetimes for the different spin sublevels, rk, and the average lifetimes, 
r,,, at  the high-temperature limit are presented in Table 19. As seen in this Table the 
lifetimes for the spin sublevels r, and rv, corresponding to  out-of-plane polarization, 
are the shortest. In-plane polarized emission from the TrPu spin sublevels, represented 
by the bzg vibrations, leads to approximately an order of magnitude longer radiative 
lifetime than for the ez, bands (mainly vs and ve). By contrast, the in-plane polarization 
from the the T; spin sublevel has negligible intensity, which means that this sublevel 
decays by very long radiative lifetimes (4-6 lo3 s for all basis sets). Because of these 
peculiarities the average lifetime, raV, is approximately equal to 1.5 T+,). All these 
features concord very well with results from the MIDP experiments. 

The average phosphorescence radiative lifetime calculated with different basis sets 
vary between 23 (DZ) and 96 (TZ) seconds. The DZ and DZR results overestimate 
the 2’1 - SO transition probability in unsaturated hydrocarbons; their r values are too 
small. Discussion of these results has sense only in context of comparison with other 
molecules, but the absolute DZ values have no credit; this basis set produces bad ener- 
gies for D - A excitations, which are highly important for the T-S intensity borrowing. 
The best quality basis set (TZR) gives 64 seconds, which is much more credible. The 
so-called ”best experimental” value is 30 seconds [154], but the proper estimation of 
non-radiative channels and the quantum yields still presents an open problem. From 
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Fig. 12 
The active vibrational modes for benzene phosphorescence. From ref. [83]. 
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direct measurements of TI t SO absorption in pure crystalline benzene by an impurity 
phosphorescence - photoexcitation method, Burland et al. [165] obtained an oscillator 
strength of which leads to the estimated value of 52 s for the average lifetime. 
Although we find a lifetime of this order with the largest of the wave functions em- 
ployed we recall that the theoretical lifetime is the result of a delicate sum of different 
contributions from singlet-singlet and triplet-triplet u - ?r transition moments and ex- 
citation energies [48], which are supposed to be quite basis set dependent, especially 
on the account of diffuse, polarized and Rydberg orbitals. 

I1 Naphthalene 

For naphthalene there are several radiative lifetimes quoted from experiment; e.g. 28 
[179], 22 [180] and 63 (1811 s, the first one is close to  the commonly accepted "best 
value" for benzene, 30 s, which was supposed to be the common radiative lifetime for 
all aromatics [182]. The uncertainty refers to  the way for estimation of nonradiative 
decay by scaling the observed total lifetime through the quantum yield [179]. For long 
lifetime states this quantum yield is often hard to measure. The lifetime of the TI 
state of naphthalene-he in dilute solution in durene host crystal at 77 K is increased 
from 2.1 to 16.9 s by perdeuteration [183], so the deuteration effect in naphthalene is 
larger than in most hydrocarbons. The commonly accepted explanation is based on 
Fkanck-Condon factor analysis and the leading role of C-H bond vibrations in inducing 
the non-radiative quenching [184]. The deuteration reduces the 2'1 + SO quenching 
considerably but the lower limit of this rate constant is unknown. Polarization of both 
out-of-plane (> 75% of total emission) and in-plane long-axis (18%) is observed in the 
(0,O) band phosphorescence in the doped crystals [180]. 

Table 19 recapitulate results from MCQR calculations of the phosphorescence ra- 
diative lifetime of naphthalene, given together with the benzene data. From Table 19 
we see that only one triplet spin sublevel efficiently radiates for the lowest 382u state in 
the MCQR approach; namely the 2-spin sublevel, where 2 is the long-axis of the C-C 
skeleton, leading to out-of-plane polarization of phosphorescence. This is the common 
polarization direction for all studied Tl ( r r*)  - SO transitions of polyenes and aromatic 
compounds. The MCQR values are relatively well grouped; for SZ, DZ and DZR basis 
sets they are 23, 14 and 18 s for the 2 spin-sublevel, and 70, 41 and 52 s for the av- 
eraged radiative lifetime at the high spin-lattice relaxation limit (77 K). The basis set 
dependence is not as strong as for ethylene. We can not calculate naphthalene in the 
TZR basis set, but we can expect that enlargement of the basis set would increase the 
radiative lifetime to some extent, so our results support Ermolaev's value, 63 s, [185], 
In contrast to  the widely accepted opinion that triplet deuterionaphthalene does not 
display significant radiationless decay, Ermolaev's data indicate that the rate constant 
of the nonradiative 2'1 - SO degradation for CloDs is six times as great as that of 
radiation [185]. 

Radiative probabilities of T-S transitions have been presented by Hansen and Robin- 
son [186] from absorption measurements of pure crystalline naphthalene. The 2'1 + SO 
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absorption oscillator strength of the order ( 1.6-16)-10-10 was measured by these au- 
thors, the lower limit being more credible [186]. From the DZ and DZR response 
calculations of naphthalene the values 3.10-1° and 2.3.10-", respectively, were ob- 
tained [134] which are within the boundary limits of the measurements. Accounting 
for the fact that it is only one spin sublevel that is radiatively active, we can see that 
the lower limit of the S-T oscillator strength values corresponds to an average radiative 
lifetime of 62 s, and a radiative lifetime for the 2 spin sublevel of 21 s, which are close 
to the DZR results 53 s and 17.6 s, respectively. These data are also close to  the more 
careful lifetime and quantum yield measurements of Langelaar et QZ. [187], giving 7 5 f  
25 s. The MCQR calculations give also good results for the second T2 + SO transition 
dipole moment of naphthalene [134]. The absorption intensity of this T2 state is mea- 
sured by Hansen and Robinson [186] to be a factor of 10-100 times larger than that 
of the TI +- SO transition. Accounting for the most reliable value for the first triplet 
state transition, it corresponds to an oscillator strength for the T2 t SO absorption of 
the order of f = 1.6.  lo-' - 1.6.  lo-'. The response theory result (DZ basis set) is 
in this range (f = 4 .8 .  lo-') [134], so the calculated T2 t SO transition intensity is 
approximately 20 times higher than that for the first triplet state absorption. 

I11 Comparison between naphthalene, benzene and polyenes 

It is interesting to compare the aliphatic ethylene, butadiene and hexatriene molecules 
with the aromatic benzene and naphthalene molecules with respect to radiative activity 
of their triplet states. In the benzene molecule we must consider the S-T transition 
between the second triplet state 3Elu and the ground state since it is the first allowed 
one in a pure electronic approximation with account of SOC [133]. MCQR calculations 
show that the oscillator strengths for this transition have strong basis set and active 
space dependences [133]. The oscillator strengths for the x and y spin sublevels with 
a perpendicular polarization of the light determine more than 90% of the intensity of 
this transition (one must take into account that the total oscillator strength is equal t o  
2f,,v). The transition for the z-spin sublevel is negligible. The final response result for 
the oscillator strength in different basis sets for the second triplet state in benzene are 
DZ: 73.2.10-1°, DZR: 43.7. 10-lo, T Z R  8.3. 10-lo, TZP: 4.3. [133]. The ethylene 
results (Table 14) show the same trend. The S-T transition intensity in hydrocarbons 
is very sensitive to the balanced description of these states. It is natural t o  compare 
electric dipole transition moments (M) on the same lave1 of accuracy. For ethylene 
and butadiene the M,(T! - SO) values are equal to 6.38 .10-5a.u. and 6.55 -10-5a.u., 
respectively in the TZP basis set (CAS-2 and CAS-1 results, respectively); y axis is 
perpendicular to the long in-plane axis, z is out-of-plane axis. For the second triplet 
state in benzene the TZP CAS-n-A (six ?r electrons in 8-MO's) result is M,(T; - SO) 
= 4.32 .10-5a.u. So these transition moments values are quite similar. 

The DZR results for polyenes are close to 1.6 .10-4a.u. and are also similar to  the 
Tz benzene value 1.35 .10-4~.u.  It is interesting to note that the DZR result for the 
M,(T[ - SO) transition moment in naphthalene is 6.3 .10-5a.u., so it is twice as small in 
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comparison with Tz - SO transition in benzene. The vibronically induced M,(T; - SO) 
transition moment in benzene, summing all four eZg modes, is 4.46 .lO-'a.u. in the 
same DZR basis. We must conclude that the TI - SO radiative probability in polyenes 
is larger than in aromatics. 

Response theory describes the S-T transition probabilities in unsaturated hydro- 
carbons quite well; more than 99 '% of the SO - TI transition intensity is out-of-plane 
polarized in agreement with experiment for aromatics; in ethylene, butadiene and naph- 
thalene the y spin-sublevel of the Ti state is the.most active one, where y is the long 
in-plane axis of the molecules [134, 1321. The main difference between the triplet states 
of aromatic and aliphatic compounds is the lack of phosphorescence for the latter. We 
have related this to  the fact that polyenes also lack fluorescence (or have very weak 
fluorescence). This have been explained from the effective quenching of singlet excited 
(m*) states, which is an inherent property for the short polyenes. Our results suggest 
that this situation also prevails for the lowest triplet states. 

The large flexibility of the triplet excited molecules upon torsion and the non- 
zero SOC matrix elements that this nuclear movement induces, indicates that the rate 
constant for nonradiative intersystem crossings should be very large without any chance 
for radiative rate competition. A second reason for missing phosphorescence is a very 
large radiative lifetime due to  the small transition energy at  the equilibrium TI state 
geometry (in ethylene this energy is close to zero), the electronic T - S transition 
moment is also much lower at  this point than at  the ground state equilibrium. Aromatic 
molecules are much more rigid, because of the cyclization, but their C-H vibrations 
are quite active in nonradiative quenching of phosphorescence. Our calculations of 
the radiative phosphorescence lifetime ( T ~ )  definitely show that the nonradiative rate 
constants in benzene and naphthalene are underestimated in earlier analysis (Siebrand 
analysis [188, 1821) and that the r, values for these molecules are larger than the 
generally accepted constant limit of 30 s. 

IV Nitrogen substituted heterocycles 

The benzene and azabenzenes form iso-electronic series of molecules, as naphthalene 
and the azanaphthalenes also do. The ground state electronic and geometric structures 
are therefore quite similar within one series. The substitution of CH groups with ni- 
trogens introduces lone-pair to  x' transitions, and lowers the benzene and naphthalene 
symmetries. Small and systematic trends are found for linear response properties of the 
azabenzenes "91. Each molecule is, however, very specific with respect to phospho- 
rescence due to the delicate nature of the SOC and electric dipole activity interactions. 

In the phosphorescence process the spin-orbit interaction between the singlet-triplet 
manifoldsis strongest for 'y3(n, A * )  w3s1 (x, x*). This can be understood by the rotation 
of the lone-pair electron into the x-electron system by the spin-orbit operator. This 
type of atomic interaction motivates the approximations of one-electron, one-center 
spin-orbit operators cherished in semi-empirical work. The benzene-type of strong 
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dipole intensities for the '(A, A*) states are retained for the other aromatic compounds. 
In particular, the ma-states derived from the benzene 3Elu state with super-strong ab- 
sorption strength dominate their dipole spectra. The transition moment for the l(n,**) 
transition is about a third in strength compared to that of l(n, A*). Furthermore there 
is only one symmetry (out-of-plane) which is dipole allowed for the I ( ~ , A * )  transi- 
tions in comparison with (in-plane) two symmetries for '(a, a*). With these propensity 
rules in mind the results of phosphorescence lifetime calculations are more easily inter- 
preted. In Fig. 13 the phosphorescence interaction is pictorially displayed for pyrazine 
and pyrimidine, with two contributing processes. 

In the following we discuss the phosphorescence lifetimes of 3(n ,  A') and 3 ( ~ ,  a*) 
states of the azabenzenes and the azanaphthalenes, which can differ by several orders 
of magnitude. The symmetry axes and geometries of the discussed compounds are 
reproduced in Fig. 14. Since benzene and naphthalene lack (n, A*) transitions their 
triplet state radiative lifetimes are, as for other hydrocarbons, considerably longer. 

IV- A Azabenzenes 

Among the sequence of N-heterocycles, n.b. the 1,2,3,4 N-substituted azabenzenes, the 
response investigations have focussed on pyridine, pyrazine, pyridazine, pyrimidine, s- 
triazine, and s-tetrazine [151]. The calculations of phosphorescence of these compounds 
utilize A type complete active spaces, the general rule of thumb has been to use one 
correlating A orbital for each occupied A orbital. All azabenzenes, except pyridazine, 
take the same Hartree-Fock orbital configuration in Czv symmetry; lla1,7b~,2bl,laz, 
including 18 and 3 doubly occupied u and A orbitals, respectively. For pyridazine it 
reads 10al,8b2,2bl ,laz. 

Pyrazine and pyrimidine are of particular interest because their 3(n,  A') states are 
thought of being the lowest triplet states in these molecules (although this is still not 
completely agreed upon, see below). In the works from the 1960's of Cohen and Good- 
man [175] on the high temperature phosphorescence, strong emission for the 3 ( n , ~ * )  
state of both pyrazine and pyrimidine was reported. For pyrazine a quantum yield 
(app) of 0.30 gave a radiative lifetime of 0.02 s, and for pyrimidine the corresponding 
values are 0.14, and 0.01 - 0.02 s, respectively. Comparative lifetime calculations with 
response theory give results in the same range, around 0.03 s for pyrazine and slightly 
less for pyrimidine [151]. 

Burland and Schmidt [I901 performed microwave induced delayed phosphorescence 
(MIDP) experiments using a sample preparation with a benzene host crystal for both 
pyrazine and pyrimidine. With this technique they found that the relative radiative 
rates closely resembled the relative total rates for the different spin sublevels, indicating 
a high quantum yield and low non-radiative rate. The spin sub-level rates of pyrazine 
for I'z and rv were given as 284 and 6.3 ms, respectively, to be compared with the 
best response theory result of 282 and 12 ms. The z (out-of-plane) spin component is 
symmetry forbidden, and its lifetime (400 ms) derives from the lattice perturbation. 
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For pyrimidine we get two strongly emitting spin-sublevels, rr and rV,  instead of 
only one, rV,  for pyrazine, in full agreement with MIDP measurements of Burland and 
Schmidt [190]. They have obtained the lifetimes 11.8, 16.6 and 324 ms for the z,y 
and z spin sub-levels, respectively. These values are reproduced quite well even at the 
Hartree-Fock level: 13 ms, 44 ms and 00, respectively. The averaged lifetime, obtained 
in the TZP CAS calculation is 0.019 s, which falls into the experimental limit (0.01- 
0.02 s) [175]. The other type of triplet-singlet transition from the 3(n,7r*) state has 
been determined for pyridine with averaged radiative lifetime 0.3-3 s [191] and 0.8 s in 
ref. [192]. We have obtained the lowest 2'1 state in pyridine of the 3(7r, n*) nature with 
an averaged lifetime 1.3 s by means of CAS response calculations. 

For a majority of the azanaphthalenes and azaantracenes the lowest 3(7r, n*) state 
is phosphorescent,,in ref. [49] lifetimes are listed between 1 to  2 seconds at  the high 
temperature limit. Pyridine shows a quantum yield which is extremely small in the 
vapour phase. Fkom a total lifetime of only 1.5 ps a radiative lifetime of 0.8 s was 
given by Sushida et al. [192]. Response calculations are in reasonable agreement 
with this result (1.3 s [151]). Recent applications of electron spin-echo modulation 
spectroscopy have given new clues to  the pyridine phosphorescence problem. Using 
this technique Buma et al. I1371 were able to determine the structure as well as the 
spin-density distribution of the 2'1 state of pyridine. The results showed a distorted, 
boat-like structure for this state. Buma et al. [137] considered this observation to  be 
a manifestation of strong vibronic coupling between the 3Bl(nr*) and the 3A1(nn*) 
states, and that the lowest state of triplet pyridine is neither pure 3(n7r*) nor 3(n7r*) 
but of mixed character (this was also substantiated by ab initio calculations [193, 1941). 
We have reproduced these results by CAS (8 electrons in 9 MO's) calculation. The 
optimized TI state geometry is distorted along the normal coordinate corresponding to 

mode and is a boat conformer. In spite of some 3(nr*)  and 3(nn*) mixing at  the 
optimized C, distorted TI state geometry, the TI - SO transition dipole moment does 
not change much (only 19 % less compared with the transition moment at the ground 
state geometry). So the radiative property and the frequency of the (0,O) transition 
are quite similar to  the nondistorted result (the lowering of the 2'1 state energy is only 
0.2 eV upon distortion). However, the vertical energy of the 2'1 + SO transition at 
the optimized TI state boat form geometry diminished drastically (from 3.5 eV to 1.6 
eV). This explains a very effective nonradiative decay of the 2'1 state of pyridine. The 
potential energy surface of the TI state is quite flat upon the V16b mode movement 
[193, 1941, but it is highly repulsive in the ground SO state. So the V16b vibration is 
very effective in promoting of nonradiative energy flow to the ground state vibronic 
reservoir, because of strong modulation of the S-T energy gap; the gap is close to  zero 
at large distortion [194]. 

The radiative lifetime of the order of 1 second and the small quantum yield of 
pyridine phosphorescence could be easily understood from the MCQR calculations [151]. 
For most of the other azabenzenes one finds that 3(7rn*) states also radiate in the order 
of 1 second. The averaged lifetimes in Table 20 for the 3(n,  n*) states vary from 32 ms 
for pyrazine to 242 ms for tetrazine. The dependence of these lifetimes on the quality 



Fig. 13 
Symmetry axes for the aza-compounds discussed in text. From ref. "222). 

Pyridine 

*r 

Pyridaizinr 

Azabenzenes 

+P+ Pyraine 

Tr iu ine  

Pyrimidine *: 
Tetraine 

Azrtnaphtalenes 

Quinolnlinc 1.8-Naphlyridine 1.5-NaphIyridine 

**? ex* 
Phthdazine ZbNaphIyridine Z6d-Naphtyridine 

Fig. 14 
Main mechanisms of pyrazine and pyrimidine phosphorescence. From ref. I1.511. 



146 H. Agren, 0. Vahtras, and 6. Minaev 

of wave functions is indicated in Table 20. 

IV-B Azanaphthalenes 

Out of the azanaphthalenes quinoxaline seems to be the most well investigated member. 
An averaged radiative lifetime of 0.56 s (in a doped crystal at 4 K)  was given by 
Yamauchi et al. [195, 1961. This value is shorter than general 3 ( x ~ * )  state lifetimes 
but somewhat longer than the 3 ( n ~ * )  state lifetimes for azabenzenes (5 - 100 ms). The 
predicted average values by electronic response calculations (without vibronic coupling) 
are in the order 1.6 and 3.4 sec for the SZ and DZ basis sets, respectively. The z 
spin sub-level is the most active in agreement with ODMR experiments [195]. Next 
compound listed in Table 20 is phthalazine, which has rather special properties due to 
the neighbour positions of its two N-atoms. This leads to  particularly strong solvent 
effects (hydrogen bonding). Phthalazine has a very weak phosphorescence in contrast 
to quinoxaline, because its radiative lifetime is much higher (in addition to a strong 
.quenching). The response calculations reproduce this trend and especially the large 
difference in radiative activity of the z spin sub-level (Table 20). 

Two of the four investigated naphthyridines (1,8- and 2,7-naphthyridine with Cz, 
symmetry) have one spin sublevel that is radiatively forbidden, the other two have 
all spin sub-levels active. Phosphorescent emission have been observed for all naph- 
thyridines, but the radiative lifetimes are not available. The measured lifetime of 
1,5-naphthyridine (0.02 s) is much shorter, than our radiative value. This again indi- 
cates that vibronic coupling (leading to  non-radiative or radiative decay) is a strong 
contributor to the lifetimes of the triplet states of azanaphthalenes, in a perturbative 
sense thus stronger than the action of dipole and spin-orbit coupling. 

A basic difference between the azabenzenes and azanaphthalenes is that for the 
latter the lowest states are exclusively of 3 ( ~ ~ ' )  character (notably except for a few 
hosted species). From molecular orbital arguments the phosphorescence strengths can 
be rationalized in terms of spin-orbit and dipole interaction between the excited state 
configurations of AT* and n ~ *  character. Even simplifying one-center approximations 
for the spin-orbit coupling [197] imply that the coupling between '(n,s*) w3 ( A , A * )  

or ' ( A , A * )  w3 (n,a*) in the N-heterocycles are much stronger than between states of 
the same type [181]. The strength for spin-orbit coupling for 3 ( n ~ * )  states derives from 
the localized nature of the n orbital, leading to  a factor of hundred stronger coupling 
than for 3 ( ~ ~ * )  states. This was confirmed by response theory calculations on the 
azabenzenes; the 3 ( n ~ * )  states radiate with approximately 10 ms, the 3 ( ~ ~ * )  states 
more than 1 second, see above. Furthermore, the 3(nr*)  states and the 3 ( ~ ~ * )  states 
are known to interact vibronically for the aza-compounds, on occasions very strongly 
[198]. The reverse order of 3(na*) and 3 ( ~  - A * )  states in the azanaphthalenes has 
therefore a rather pronounced effect on the interpretation of their phosphorescence; in 
azabenzenes the strong spin-orbit coupling between the ' ( A T * )  and the 3 ( n ~ * )  states 
and the strong dipole coupling of the former with the ground state leads to a strong 
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Table 20: Triplet excitation energies (eV) and phosphorescence lifetimes T (s) of azaben- 
zenes and azanaphthalenes calculated for different state symmetries and spin sublevel com- 
ponents by random phase approximation (HF) and MCQR with double zeta (DZ) basis set. 

level “(r-r’) “(n - r’) 

c2 v A1 B1 
Exc. energy I rl r, r, r., Exc. energy I r, r, raV 

Pyridine 
HF 4.76 0.007 28.7 0.021 3.88 3.1 0.008 0.024 
CAS 3.44 0.437 1666 1.3 4.51 0.056 0.010 0.025 
Expt. 4.1 4.1 
Pyrimidine 
HF 5.03 0.020 25 0.058 3.65 0.013 0.044 0.030 
CAS 3.26 0.361 688 1.1 4.09 0.018 0.074 0.042 
Expt. 3.6 

Pyrazine 
HF 4.72 0.010 8.7 0.031 3.05 0.97 0.011 0.032 
CAS 3.14 0.033 6.9 0.098 3.53 0.282 0.012 0.035 
Expt. 4.04 3.26 

Pyridazine 
HF 4.90 0.381 23 1.1 2.60 0.030 0.404 0.082 
CAS 3.21 0.450 62804 1.3 3.18 0.026 0.687 0.076 
Expt. 4.0 2.9 

Triazine 
HF 4.81 0.000006 21 0.00002 4.14 3.7 3.7 5.6 
CAS 3.08 0.697 3540 2.1 3.75 0.068 0.023 0.052 

D z h  B1“ B3U 

cz v BZ B1 

cz v A1 B1 

3.27 
Tetrazine 
HF 4.92 0.439 4.9 1.2 1.17 0.354 2.384 0.926 
CAS 2.94 0.00009 198 0.0003 2.12 0.087 1.05 0.242 
Expt. 1.69 

c2 v BZ B1 
Quinoxaline 
CAS I 2.10 I 1.14 98.2 3.42 1 3.42 I 0.247 0.075 
Expt. I 2.68 I 0.19 20 0.55 I 3.04 
Phthalazine 
CAS 2.26 27.5 71.4 59.6 3.53 1.041 0.036 
Expt. 2.74 25 50 16 

1.8- N aDht hvridine 
c2 v BZ B1 
. . .  

CAS 2.19 1.65 113.8 4.95 3.91 0.0007 0.027 
ExDt. 2.92 
2,7- N aphthyridine 
CAS I 2.23 I 27.2 79.4 60.8 I 4.01 I 0.017 2.39 
Expt. I 2.61 I 
CZh I BU Au 
1,5-Naphthyridine 
CAS 2.19 2.11 4711 104 6.20 4.13 0.162 0.186 
Expt. 2.88 
2,6-Naphthyridine 
CAS 2.21 3.95 54.4 76.3 10.5 4.03 0.021 0.123 
Expt. 2.57 
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electronically induced radiative decay of the triplet state and to  short lifetimes, while 
for the azanaphthalenes, with the 3(aa*) state as lowest triplet, vibronic coupling mech- 
anisms (spin-orbit - vibronic or vibronic coupling to  other radiative states) will compete 
heavily with the pure radiative (spin-orbit - dipole) decay. 

8 The external heavy atom effect on S-T transitions 

In this subsection we describe a more specific type of application that now is possi- 
ble within the framework of the response methodology, namely the computation and 
interpretation of heavy atoms effects on S-T absorption spectra. In ref. [150] a new 
interpretation for the cause of the external heavy atom effect on S-T transitions was 
thus proposed basing on response theory results for X + C2H4, X = F-,CI-,BT-,  
HCl, AT as model systems. It was found that this effect should be interpreted as an 
increased SOC due to back-charge-transfer from the heavy atom, which contrasted the 
more conventional interpretations in terms of hydrocarbon charge penetration into the 
heavy atom or in terms of an exchange induced effect. 

The internal and external heavy atom effects, IHA and EHA, have attracted a 
considerable attention in the community of molecular spectroscopists. This is part of 
an old problem of understanding environmental effects from solvents or solid matrices 
on S-T absorption or on phosphorescence of solute molecules. For higher temperature 
studies the triplet decay is quenched either by collision or by vibrational interaction 
with the matrix or the solvent. The molecules subject to  studies in this respect have 
mostly been aromatic molecules perturbed by molecular oxygen, nitric oxide or other 
paramagnetic molecules, molecules either with heavy atoms and/or forming charge 
transfer complexes. 

For IHA the underlying mechanism is well established; a substitution of an atom 
with equivalent valency but larger nuclear charge (Z) increases the S-T transition prob- 
ability by virtue of the Z-dependence of the spin-orbit operator, see eq. 66. Some 
explanations of the EHA effect have been based on analogous arguments; charge trans- 
fer to the heavy atom leads to an enhanced S-T transition probability in the complex. 
The earlier understanding of the mechanism behind EHA was, however, far from sat- 
isfactory [199,200]. The first qualitative interpretation was given by Kasha [201], who 
suggested that S-T (TI c So) absorption was enhanced by collisional perturbation on 
the SOC (SOC) among the a-electron orbitals of the aromatic molecule. This enhance- 
ment grows in magnitude with the strength of the acid-base interaction between the 
aromatic donor and the alkyl halide acceptor [202]. The now prevailing two main types 
of interpretations of EHA rest on exchange [203,49] and charge transfer [204, 205, 491 
type mechanisms. The EHA mechanism has been studied also on a quantitative level 
with more detailed interpretations for the perturbation of the SOC, uiz. one - versus 
two-center contributions, selectivity of triplet state spin-sublevels, but also with respect 
to  the nature of the lowest excited states of the perturber, mixing of excited singlet 
states associated with the perturber EHA molecule ([']PI) into the 7'1 state of the UHC 
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molecule, etc. see e.g. refs. [206, 207, 50, 208, 2091. All proposed CT mechanisms be- 
hind halide EHA effects [49,210] include a consideration of the UHC aromatic molecule 
as a donor and the halide EHA as an acceptor, which follows from their acid-base prop- 
erties. It has, however also been proposed [24,208] that only the charge transfer in the 
back direction can be responsible for the EHA effect and for the SOC in the aromatic 
molecule, and that the normal acid-base concept is not applicable. This latter notion 
was favored by MCQR response theory calculations in ref. [150], i.e. that the enhanced 
SOC is due to that charge is donated from rather than to the external heavy atom. Fig. 
15 gives a qualitative representation of a few important orbitals and of different charge 
transfer states relevant for the EHA effect in the C Z H ~  + 02 collision complexes. 

Ethylene presents a good test for the EHA effect because the 2'1 t 5'0 absorption 
in this molecule is more intensive than in any other UHC molecule. The calculations 
of the EHA effect in ethylene produced by the three anions F - ,  Cl-, BT- ,  are repre- 
sented in Table 21. The calculations indicate regular trends for the triplet state lifetime 
with respect to the internuclear distance and the charge of the heavy atom. All anions 
are effective as EHAs at short distances and that the 2'1 t So intensity enhancement 
strongly depends on the nuclear charge of the EHA. The transition moment ratios 
correspond quite well to the relation between atomic SOC constants. The combined 
charge-transfer and SOC nature of the EHA effect explains its strong intermolecu- 
lar distance dependence. A more direct way of displaying the back-charge-transfer of 
EHA is to  make a state-by-state decomposition of the source of triplet intensity in the 
conventional sum-over-state expression for the S-T matrix elements. Analysis of sum- 
over-state decompositions of quadratic response residues show that the EHA enhanced 
S-T, out-of-plane polarized, transition intensity of ethylene i- F- is borrowed from 
charge transfer states. As for the case of phosphorescence discussed in subsection 7 the 
state contributions are very slowly convergent with respect to the sum-over state, re- 
sponse function, value. The individual contributions vary in both magnitude and sign. 
Thus any accurate sum has to  be obtained with many more states than those displayed 
in the Table. One can anyway discern that a few intensive contributions from the lower 
states. Table 22 indicates that the triplet states in free ethylene (with singlet to triplet 
spin-orbit and triplet to triplet dipole interactions) play the dominating role for the 
sum-over-state value. Particularly, in the triplet spectra the SOC matrix elements are 
several times larger than the SOC elements in pure ethylene. On the other hand, the 
dipole transition moments are not much larger with an F-  ion present. An analysis 
of the response vectors shows that the states with increased transition moments and 
S0C:s have leading configurations that are characterized as charge transfer configura- 
tions. This brief analysis gives a good illustration that response theory can provide 
both interpretation and accuracy in prediction. 



Fig. 15 
a) A qualitative representation of few important orbitals in the C2H4 + 02 collision 
complexes. b) A pictorial representation of different charge transfer states relevant for 
the EHA effect in the C2H4 + 0 2  collision complexes. Left side indicates charge-transfer 
states, right side indicates internal excitations in CzH4. From ref. [150]. 
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Table 21: A comparison between free ethylene and ethylene in a sudden collision complex 
with a heavy atom (F-,CI- and BT-) Transition moments ( a m )  and lifetimes (sec.) 
at different distances (A) between ethylene center of mass and heavy atom are displayed. 
From Ref. [150]. 

Distance j k F- I c1- I Br- 
. (4 ('AAj13BL) 
3.5 z y 6.356e -4 

' 4.0 z y 1.740e - 4  
y z 3.471e - 5 
av 

4.5 z y 3.679e - 5 
y z 1.533e - 5 
av 

Y Z  
av 

W z y 6.313e-5 
y z 9 .ZZOe-6  
av 

5.0 Z Y  

av 

W I z y I6.313e - 5 
y z 9 .ZZOe-6  
av 

4.0 z y 1.740e - 4  
y z 3.471e - 5 
av 

4.5 I z y I3.679e - 5 
av 

5.0 I Y I 
I Y  Z I  

0.535 
0.122 

1.62 I 
12.3 I 1.665e - 4 I 0.593 I 1.767e - 3 

11.1 I 

rk - - 

- 
0.001 
0.066 
0.004 
0.005 
0.568 
0.015 
0.012 
0.220 
0.034 

- 

- 

- 

- - 
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Term(k) 
a.u) 

0.012 
0.118 
0.003 
0.013 
0.011 
0.003 

-0.003 
-0.006 

0.020 
0.004 

-0.013 
0.003 

-0.003 
-0.003 
-0.003 

Table 22: Different contributions t o  the final transition moment Tr + SO for free ethy- 
lene. Transition moments are shown for both the triplet and singlet manifold o f  states. 0 
denotes ground, k intermediate and f the final states. The last two columns describe the 
final contribution t o  the transition moment from state k. Term(k) is the k+l:th term o f  
the final sum and Sum(k) is the accumulative term. hEk is equal t o  3Ek - l  Eo for the 
triplet manifold and equal t o  '& -3 El for the singlet manifold. 

Surn(k) 
a.u) 

0.012 
0.130 
0.133 
0.146 
0.156 
0.159 
0.156 
0.150 
0.170 
0.174 
0.161 
0.165 
0.161 
0.159 
0.156 

(cm-') 

0.848 

-8.590 
6.624 

6.850 
4.653 

12 2.747 

-6.794 

15 0.580 

-0.029 

-0.019 
-0.002 

-0.008 

-0.438 
-0.038 

-0.058 
-0.039 

-0.066 

0.144 

0.166 

( a 4  
0.321 

-0.486 
0.956 

-0.343 
-1.233 
-0.139 
-0.043 

0.104 
0.371 

0.387 

0.046 

0.772 

Singlt 

( W s o  If) 
(em-') 

-0.075 

-0.171 

-0.161 

0.976 
3.442 
0.837 
1.738 

-4.344 
6 1 -0.092 I -16.965 

); Triplet and Sin 

- 
rnanifc - - 
(.V) 

8.408 
9.590 

10.808 
11.274 
12.175 
12.959 
14.231 
15.194 
15.426 
16.363 

18.072 
19.107 
19.648 
19.732 

manifc 

17.503 

- - 
- - 
(.V) 

6.272 
7.958 
9.634 

10.015 
10.935 
13.239 - - +0.015 I -0.051 

I 0.063 
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9 Outlook 

I Spin Catalysis 

The potential for diversified applications of response theory involving spin-orbit in- 
teractions is great, in particular in the field of spin catalysis. Because of the multi- 
configuration treatment a large range of reactions involving radicals and paramagnetic 
species are within reach. In general a paramagnetic spin catalysis takes place when a 
catalyst with unpaired electrons assists in an S-T transitions in the reacting system 
through intermolecular exchange interaction. The spin-forbidness is then lifted by sup- 
plying unpaired electrons without magnetic (SOC) perturbations. Molecular oxygen, 
with its triplet ground state and three low-lying excited singlet states, forms a par- 
ticularly interesting agent in this context; investigations of intermolecular complexes 
between 0 2  and organic substances, and of various types of S-T switching in chemical 
reaction paths, mainly in oxidation reactions of hydrocarbons by molecular oxygen, 
are called for. The a*Ag degeneracy of molecular oxygen is removed during such re- 
actions and the possibility of an S-T crossing must be accounted for when describing 
0 2  reactivity. The ground state oxygen, 3 0 2 ,  cannot react directly with diamagnetic 
substances to produce chemically stable diamagnetic products of oxidation because of 
spin-forbidness. This is a reason for that a large variety of such processes proceed 
through radical chain reactions. What is presently needed is a consistent theoretical 
treatment explaining why some 02-substrate couples undergo such a thermally induced 
ISC and others do not. We believe spin-orbit response calculations can assist in this 
respect. 

Another rewarding field of applications is given by cluster simulations of the role 
of SOC in surface catalysis, for instance oxidation on the surface. Dissociative ad- 
sorption of 0 2  on metal surfaces leads to inclusion of atomic oxygen in the oxidation 
reaction. Ground state O(3P) atom insertion in the C=C bond is spin forbidden, so the 
epoxidation of olefins on metal surfaces must find a way to overcome this prohibition. 
Other types of surface reactions can also illustrate the importance of SOC effects in 
spin catalysis [211]. 

The external heavy atom effect in photochemistry provides direct examples of spin 
catalysis [211, 2121. Because the nature of this effect is determined by charge-transfer 
SOC enhancements, we can predict important S-T nonadiabatic transitions during 
electron transfer reactions [213]. Degeneracy or quasidegeneracy of orbitals which are 
involved in charge-transfer is of great importance for the SOC enhancement and for 
the induced S-T mixing [214, 2081. In the case of heterogeneous catalysis the inter- 
face electron transfer with spin change could involve quasidegenerate atomic states of 
the metal surface [211]. A comparatively long lifetime of metastable intermediates ob- 
tained in such processes (with respect to  the electron-hole recombination) is obvious 
for heterogeneous spin catalysis. 

Spin changes can easily occur in reactions of 3d metal compounds. There are 
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many isomerization reactions of transition metal complexes with multiplicity changes 
[215, 2161. Transition metal complexes typically have few near-degenerate states with 
different orbital and spin symmetry, which often is the reason that SOC effects manifest 
themselves in UV and ESR spectra of such systems (rather than because of the ”heavy- 
atom” nature of these metals). By the supply of 3d-orbitals to  the catalyzing system a 
transition metal atom can promote a large shift of orbital angular momentum during 
the S-T transition of the reacting system and effectively remove the spin-forbidness. 
We can add that many organic reactions have completely different behaviour for singlet 
and triplet states (for example, with respect to  activation of C=C bonds), so the S- 
T transition catalyzed by a transition atom complex could be very important in spin 
catalysis. 

Studies of transition metalion reactions with gases such as hydrogen, water, methane, 
ethylene etc. [217] in ion-molecular beams have shown many examples of spin changes 
in these processes. It was proposed that the effective overcoming of spin-prohibition 
in the formation of metal-hydroxide or metal-hydride intermediates is the important 
stage of some catalytic processes [211]. As a simple model of a catalyst preparation 
the reaction Ni 4- HzO could be considered [218]. From the gas phase kinetic studies 
it was shown that the triplet-singlet intersystem crossing occurs a t  on the first stage 
of the reaction [218]. From the analysis of hybridization changes [218] a large orbital 
angular momentum shift during the S-T transition and a large SOC matrix element 
were inferred at  the stage of a weak complex formation [211]. The highly effective 
double T * S transitions during formation of the insertion product HNiOH could be 
explained from these arguments. 

I1 Extended Systems 

In addition to  semiempirical-like approximations of the spin-orbit operator, viz. one- 
electron approximations, ”shielded nuclei” etc., we can foresee a development of the 
spin-orbit response methodology towards extended systems along two lines. These 
two lines have already been exploited for other types of response properties [37, 2191. 
The first refers to techniques where the spin-orbit related response vectors and Fock 
matrices containing spin-orbit integrals are computed in a direct atomic-orbital (AO) 
fashion, that is in the same way as in AO-direct (or double direct) techniques in use 
for calculations of properties like dipole spectra and polarizabilities [37, 361. In these 
methods the computationally demanding operations, n.6. matrix times vector opera- 
tions are integral driven and integrals are computed in A 0  basis whenever needed, they 
are neither stored nor transformed. Such operations are more difficult to carry out for 
spin-orbit properties than for ordinary electrostatic properties due to  the more complex 
nature of the spin-orbital integrals, with lower permutational symmetry, more difficult 
prescreening and identification and small integrals, etc. An implementation of this op- 
tion would nevertheless make it possible to  perform calculations of the kind reviewed in 
this article for very large systems within the random phase approximation. The other 
extension to large systems rely on the modeling of the long-range interactions in terms 
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of dielectric reaction fields. Such, self-consistent reaction field, methods have for long 
been available for total energy and wave function calculations with different quantum 
approaches. The recent generalization [219] of the multi-configuration self-consistent 
reaction field method [220] to response theory calculations [219] with a reaction field 
representation of the Hamiltonian, has made it possible to  simulate the influence of the 
medium on specific linear response properties. With this method the solvent induced 
SOC can be directly simulated quantum mechanically. In the prolongation such work 
refers also spin-orbit induced chemical reactions in solutions modeled by the reaction 
field approach. Recent updates of molecular gradient and hessian MCSCF approaches 
[221] make it possible to conduct potential and transition state searches on both sin- 
glet and triplet state the molecular hypersurfaces with a dynamical coupling to the 
medium. Such calculations can thus be augmented by solvent induced SOC compu- 
tations at  geometrical points selected by these searches, e.g. conformations close to 
ISCs. Since at transitions states the S-T gap is small and the chemical bonds are weak 
with radical or ionic ingredients in the wave functions, the influence of a surrounding 
medium is crucial. Knowledge of how the solvent can change the spin-orbit properties 
of solvated molecules may thus provide much insight in the mechanisms by which a 
chemical reaction proceeds in solution. 
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In this report the quantum chemical concept of functional groups will be 
described, following a topological approach based on the three-dimensional shape of 
fuzzy molecular bodies and the local shapes of various molecular moieties. This 
quantum chemical description of functional groups was first proposed in ref. [ 11 and 
further elaborated in refs. [2,3], based on the topological shape analysis of molecules 
[2] and on the density domain approach to chemical bonding [4]. Density domains are 
formal bodies enclosed by molecular isodensity contours; density domains play an 
important role in molecular shape analysis and serve as the basis of various molecular 
similarity measures [5]. The proposed quantum chemical model of functional groups 
also fits within a rather broad, essentially geometrical framework discussed in [6]. 
Also in ref.[6], a general algebraic structure has been proposed for families of 
functional groups. The suggested algebraic structure is a mathematical lattice 
describing the interrelations between functional groups. This general algebraic 
description is also applicable to the families of quantum chemical functional groups 
defined by topological shape conditions of the electron density [ 1-33]. 

A chemical functional group is a collection of nuclei and the associated electron 
density which occur with a similar nuclear arrangement and a similar local electron 
density cloud in many molecules. A functional group is a molecular moiety of a 
specific stoichiometry that typically undergoes similar chemical reactions in most 
molecules containing this moiety. In chemistry, especially in organic chemistry, the 
concept of functional groups is a powerful tool used for the characterization and 
classification of molecules and their reactions; in  fact, the presence of a given 
functional group in a family of molecules is an expression of chemical similarity. 
Molecules containing common functional groups often exhibit similar physical 
properties in  addition to their similar chemical properties. For example, organic 
molecules containing the OH group often generate hydrogen bonds between one 
another, that in turn has the usual consequence of a higher boiling point than that of 
molecules of similar molecular weight but containing no OH groups. There are 
important differences, however, depending on the local surroundings of these OH 
groups, and it is often justified to regard larger moieties, such as the carboxyl group, 
COOH, or the hydroxymethyl group, CH2OH, as functional groups. 

Apparently, the concept of similarity plays an important role in the chemistry 
of functional groups. Motivated by the recent revival of interest in molecular 
similarity [7-391, we shall present a systematic approach towards a quantum chemical 
description of functional groups. There are two main components of the approach 
described in this report. The first component is shape-similarity, based on the 
topological shape groups and topological similarity measures of molecular electron 
densities[2,19-341, whereas the second component is the Density Domain approach to 
chemical bonding [4]. The topological Density Domain is a natural basis for a quantum 
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chemical model of functional groups, first proposed in  [ I ]  and further elaborated in 
refs. [2,3] and [5 ] .  

The conventional chemical notations using either the familiar structural formulas 
or the more revealing stereodiagrams are especially suited for encoding the identity of 
molecules. Whereas structural formulas and stereodiagrams given in terms of formal 
bonds depicted as lines represent only the skeletal structure of molecules; nevertheless, 
they serve as a "shorthand notation" for molecules and the three-dimensional 
arrangements of their nuclei. Depending on the chemical process, a given functional 
group may change or may remain essentially intact during the process. The actual 
transformations of functional groups (if the given groups are actively participating in 
the reactions), as well as their simple retention while the reactants turn into products 
(if the actual reactions affect directly only some other parts of the molecules) are 
easily modeled by fragments of the bond diagrams. In such models, a functional group 
is represented by its local bonding pattern, for example, the OH group is represented 
by the symbol -0-H, indicating the bond within the group as well as a formal 
broken, "dangling" bond between the functional group and the rest of the molecule. 
Based on such notations, the various functional groups of a molecule can be 
recognized. If one is familiar with the typical properties and behavior of the 
functional groups present, then one can often predict some of the most essential 
physical and chemical properties of the molecules as well as the main features of their 
reactions. Evidently, much of our chemical knowledge is formulated and classified in 
terms of functional groups. 

The usual representation of functional groups as a particular local bonding 
pattern involving a set of atoms is somewhat oversimplified, and only a few attempts 
have been made to provide a more rigorous, quantum chemical definition and 
description of functional groups. One of the difficulties is associated with the 
description of parts of a quantum mechanical molecule, where these parts, as 
functional groups, possess individual characteristics and a certain degree of autonomy 
within the molecules. For the quantum chemical description of functional groups, it 
appears natural to use models and methods also applicable for complete molecules; in 
particular, it is well advised to avoid models showing artificial boundaries between 
various parts of a molecule. Models of molecular fragments showing discontinuities of 
electron density at some of their formal boundaries have artificial features; such 
discontinuous features are clearly impossible for entire molecules. Subdividing a 
molecule that appears an easy task for simple, traditional models involving formal 
chemical bonds depicted as lines is a problem of considerable complexity within a 
quantum chemical context. In reality, chemical bonding in molecules is not restricted 
to simple lines, such as the formal lines of bond diagrams; in fact, the actual chemical 
bonding is due to the electron density distribution throughout a fuzzy molecular body 
of the electronic charge cloud. In a more realistic model, functional groups require a 
more precise, quantum chemical definition; in particular, i t  is of importance to 
establish the extent by which various pasts of the electron density belong to one or to 
another functional group of the molecule. 
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In this contribution, an approach to the quantum chemical concept of functional 
groups will be discussed, with special emphasis on their shapes, similarity and 
complementarity relations. 

2. MOLECULAR FRAGMENTS, CHEMICAL FUNCTIONAL 
GROUPS 

2.1 Semiclassical Concepts of Molecular Bodies and Functional Groups 

In principle, the semiclassical concept of a molecular body is rather simple: the 
molecular body is a fuzzy charge cloud of electron density surrounding a set of 
essentially pointlike nuclei which vibrate about a specified equilibrium nuclear 
arrangement. A nuclear arrangement and the surrounding electronic charge cloud 
form the molecule; there is nothing else there. The shape of the molecule is the shape 
of the fuzzy, electronic charge cloud, a dynamic object whose motion approximately 
follows the nuclear vibrations. 

The above simple model provides important insight into various molecular 
properties, physical, chemical and biochemical processes. One should note, however, 
that this model treats nuclei on two, mutually incompatible levels: as an essentially 
classical set of pointlike objects with a well-defined equilibrium configuration, and 
also as a vibrating system of masses exhibiting quantum mechanical uncertainty as well 
as quantization for their vibrations. According to rigorous quantum mechanics, nuclei 
are subject to the Heisenberg uncertainty relation, and in a physically correct model of 
chemistry [40] the concept of "a precise nuclear position in a molecule" is just as 
meaningless as the concept of "the precise position of an electron in a molecule". In 
practice, however, the Heisenberg uncertainty for the position of the more massive 
nuclei is much less severe than it is for the much lighter electrons, and the above 
semiclassical model is a useful and, computationally, a rather efficient tool in the study 
of molecular behavior. 

One approach to the approximate representation of molecular bodies is based on 
molecular isodensity contours, MIDCOs, defined with respect to some fixed nuclear 
configuration K and some electron density threshold a. A MIDCO G(a,K) is 
defined (in the fixed nuclear configuration approximation) as the collection of all 
those points r of the three-dimensional space where the electronic density is equal 
to the threshold a: 

G(a,K) = { r : p(r,K) = a ). (1) 

If there is no need to include the nuclear configuration K in the notation, one 
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may simply write 

G(a) = ( r : p(r) = a ). (2) 

For any continuous electronic density function p(r) of a molecule, the set of all 
points r fulfilling equation (2) must form a set of a finite number of continuous 
surfaces. For low values of the electron density threshold a, G(a) is usually a single, 
closed surface, whereas for high values of threshold a, G(a) is usually a collection 
of several closed surfaces, each surrounding some of the nuclei of the molecule. 

In fact, the complete electronic density of a molecule can be represented by an 
infinite family of such MIDCOs, a family that contains one set G(a) of continuous 
surfaces for every threshold value a from the open-closed interval 

where amax is the electron density at a nucleus of the largest nuclear charge in the 
molecule. Consider the simplest case, where for a given interval of threshold values 
there is precisely one surface G(a) for each threshold value a. These MIDCOs are 
nested within one another, in a manner similar to a series of Russian wooden dolls, 
where for each pair of a and a' values, 

a c a', (4) 

the larger MIDCO G(a) contains the smaller MIDCO G(a'). 
If the molecular body is represented by a fuzzy electronic charge density, then it 

is also justified to represent functional groups by electron density charge clouds of 
similar, fuzzy features. Although most functional groups do not retain their shape and 
other properties when they actually become disconnected from the rest of the 
molecule and become independent, separate entities, nevertheless, a consistent 
framework for their quantum chemical description appears to require a treatment 
analogous to that of complete molecules. For this end, one has to decide what 
contribution of the molecular electronic charge density cloud belongs to which 
functional group of a molecule. In a general scheme, functional groups or other 
molecular fragments can be treated similarly to entire molecules, leading to the new 
concept of fragment isodensity contour, FIDCO, analogous to the molecular isodensity 
contour, MIDCO. 

The question of assigning nuclei to various functional groups is much simpler: it 
is natural to define a functional group as a given subset of the nuclei and their "share" 
of the electronic density of the molecule. However, even for nuclei, this approach is 
not fully satisfactory. For example, in some hydrogen-bonded systems the assignment 
of the bridging hydrogen nucleus to either of the two molecular fragments it links is 
somewhat ambiguous. In such cases the electronic density may decide, as we shall see 
in later parts of this report. 
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2.2 A Fuzzy Set Formalism for Molecular Electronic Density 

Molecular bodies do not have actual boundaries; these bodies are fuzzy, 
three-dimensional charge clouds of the molecular electron density distribution. 
Molecular shape is the shape of this fuzzy charge cloud. The concept of molecular 
shape should be clearly distinguished from the concept of molecular conformation; the 
latter is usually interpreted as a specific nuclear arrangement and the associated 
three-dimensional pattern of formal chemical bonds. These bonding patterns are 
usually described by lines of formal chemical bonds of a structural diagram. Since the 
actual molecular shape is determined by the fuzzy electron distribution, it is of some 
importance to reflect this fuzziness in models describing molecular shapes and 
chemical bonding. 

For a single, isolated molecule X one may consider the following problem: to 
what degree do various points r of the three-dimensional space belong to the 
molecule? A fuzzy set model of molecules can be introduced that provides a simple 
and rather natural approach to this problem. 

Take the maximum value pmax of the electron density within a spatial domain 
D containing the nuclei of molecule X, 

and define a fuzzy membership function px(r) for points r of the space belonging 
to molecule X as 

If molecule X is not isolated, for example, if the total electron density at some 
point r can be regarded as a sum of electron densities px(r) and py(r) assigned 
to molecules X and Y, respectively, then the fuzzy membership function of 
points r with respect to the two molecules are determined by the relative magnitudes 
of the individual electron densities. 

Consider the general case of a molecular family L of several molecules 

XI, x2, . . . XI, . . . x,, (7) 

of electron density contributions 

respectively, representing their "share" in the total electron density of the molecular 
family L. 
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Following the simpler case of eq.(5), first we take each individual molecule Xi, 
with their "share" pxi(r) of the complete electron density, and this "share" will be 
considered as a separate, individual object in the absence of all other molecules. The 
maximum value pmax,i of the electron density pxi(r) within a spatial domain Dxi 
containing all the nuclei of molecule Xi is given as 

The point rmax,i is defined as a point r where this maximum density value Pmax,i 
is realized: 

Then, in the absence of other molecules, definition (6) of the fuzzy membership 
function for points r of the space belonging to molecule Xi becomes 

If, however, the rest of the molecules of the family L is also considered, then 
the actual "belonging" of a point r to molecule Xi is affected by the electron 
density contributions of all molecules, hence the above membership function is no 
longer appropriate. If the total electron density pL(r) of the molecular family XI, 
X2, . . . Xj, . . . X, at point r is given by 

then the fuzzy membership function pxi,L(r) for points r of the space belonging to 
molecule Xi of the molecular family is defined as 

The scaling factor 
density contributions from various molecules of the family L. 

[pmax,, / pL(rmax,i)] ensures proper accounting of the actual 

This fuzzy membership function pxi,L(r) can be written in another form: 

that is, simply as 
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The above fuzzy electron density membership functions reflect the relative 
contributions of the fuzzy, three-dimensional charge clouds of the various molecular 
electron density distributions to the total electronic density of molecular family L. 

2.3 Quantum Chemical Representations of Molecular Bodies and their 
Subdivisions Using Fragmentation Schemes 

A molecule contains a nuclear distribution and an electronic distribution; there 
is nothing else in a molecule. The nuclear arrangement is fully reflected in the 
electronic density distribution, consequently, the electronic density and its changes are 
sufficient to derive all information on all molecular properties. Molecular bodies are 
the fuzzy bodies of electronic charge density distributions; consequently, the shape and 
shape changes of these fuzzy bodies potentially describe all molecular properties. 
Modern computational methods of quantum chemistry provide practical means to 
describe molecular electron distributions, and sufficiently accurate quantum chemical 
representations of the fuzzy molecular bodies are of importance for many reasons. A 
detailed analysis and understanding of "static" molecular properties such as 
"equilibrium" structure, and the more important dynamic properties such as  
vibrations, conformational changes and chemical reactions are hardly possible without 
a description of the molecule itself that implies a description of molecular bodies. 

If the conventional SCF LCAO ah inirio method is used for the computation of 
a wavefunction of a molecule of some fixed confomiation K, then the electronic 
density p(r) can be constructed i n  terms of a set of atomic orbitals qi(r) 
(i=1,2, ..., n), where n is the number of orbitals. If r denotes the 
three-dimensional position vector variable, and if P is the n x n dimensional 
density matrix, then the electronic density p(r) of the molecule can be written as 

This electron density p(r) corresponds to the fuzzy "body" of the electronic 
charge cloud, providing a representation for the shape of the molecule. 

In the general scheme described in subsequent sections, a functional group is 
regarded as a fuzzy body of electronic charge cloud, a fuzzy subset of the electronic 
charge density cloud of the complete molecule. In this context, a functional group is a 
special case of a fuzzy fragment of il molecular body, obtained by some subdivision 
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scheme. In this section some aspects of subdivision schemes are discussed. 
Any quantum chemical representation of molecular bodies must take into account 

the fuzzy nature of electron density clouds. This fuzziness can be described in 
mathematical terms by the fuzzy membership functions discussed in the previous 
section, or it can be represented geometrically by an infinite family of MIDCOs G(a) 
where one MIDCO belongs to every threshold value a from the open-closed 
interval (0, amax]. As discussed in section 2.1 of this report, the maximum 
threshold value a,,, is the electron density at a nucleus of the largest nuclear charge 
in the given molecule. In an alternative, topological representation [41-44, see also 
ref. 2 for a review], one can take advantage of the fact that for non-pathological 
electronic densities there are only a finite number of topologically different MIDCOs, 
and it is sufficient to take one MIDCO G(a) from each of the corresponding 
topological equivalence classes. This allows one to represent the essential shape 
features of the entire molecular electron density by a finite number of individual 
MIDCO surfaces. 

The natural fuzziness of electron densities of complete molecules is not 
necessarily retained in all subdivision schemes of molecular electron densities into 
fragments. One subdivision scheme is based on the theory of catastrophes as applied to 
the electronic density by Collard and Hall [45]. This method, as further developed by 
Bader, involves boundary surfaces defined by the condition of zero flux of the 
electron density gradient across these surfaces [46-511. This is a natural condition for 
compartmentalizing a molecular electron density cloud into "atomic regions" within a 
given molecule, and these compartments have many interesting properties [52-591. 
However, these atomic compartments and their combinations into larger molecular 
fragments also have some properties which are fundamentally different from 
properties of electron densities of complete molecules: at all locations where such a 
fragment joins the rest of the molecule, the electron density of the individual fragment 
itself changes discontinuously to zero at the boundary surface. No complete molecule 
has such discontinuous electron density. 

In this study the emphasis is placed on fragmentation schemes and functional 
group representations where the resulting molecular fragments and functional groups 
have no electron density discontinuities and show closer analogies with complete 
molecules. This approach is motivated by the fact that molecular fragments and 
functional groups often appear as individual objects that are actually transferred from 
one molecule to another; during the transfer their electron density changes but does 
not exhibit a discontinuous boundary surface. These, temporarily "independent" 
fragments show many analogies with complete molecules, including a fuzzy, 
boundaryless electron density cloud. This suggests that a uniform representation, that 
applies a fuzzy electron density model to coniplete molecules as well as to molecular 
fragments, has some advantages. 

Some additional, quantum chemical and computational advantages of fuzzy 
fragments can be exploited in an approach designed to build electron densities of large 
molecules, partially motivated by an early approach of Christoffersen and Maggiora 
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for wavefunction generation of large systems (60-621, by some new synthetic 
principles using molecular building blocks [63,64], and by the quasi-invariance of the 
medium and high density threshold MIDCOs 1651. 

An important concern is the efficient detection of local shape changes introduced 
by chemical changes in remote locations of a molecule. One simple approach [20] 
applied a truncation method, compatible with the truncation process already used 
within the shape group methods for molecular shape analysis [41-441. 

In the following two sections two approaches will be discussed where molecular 
fragments are represented by fuzzy electron density models. 

2.4 The Pseudo-Density Scheme of Walker 

One of the alternative computational methods for diagnosing local shape 
variations of the electron density was suggested by Walker (P.D. Walker (1992), see 
also [66]), by introducing a pseudo-density matrix *Pk of a formal molecular 
fragment for a subset k of the nuclei of a molecule. The pseudo-density matrix *Pk 
is defined by 

*Pkij = Pij if A 0  qi(r) or q,(r) is centered on a nucleus 
that belongs to the subset k, 

= 0 otherwise. (17) 

The resulting pseudo-density * pk(r) for the formal molecular fragment 
involving the subset k of the nuclei is calculated as 

Walker's pseudo-density *pk(r) of the formal molecular fragment incorporates 
an enhanced contribution from the surroundings of the local molecular neighborhood, 
and it has been suggested as a sensitive diagnostic tool for the detection of shape 
differences induced by conformational or other changes at other locations within the 
molecule [66]. The assignment of all interaction matrix elements to the given 
molecular moiety involving set k of nuclei exaggerates the shape changes by 
overestimating the role of density interactions, and in fact at places the pseudo-density 
*pk(r) is somewhat distorted when compared to the actual local shape of the 
molecule. Nevertheless, these pseudo-densities *pk(r), used as a diagnostic tool, help 
the detection of interactions affecting shape variations. 
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An alternative, also distorted, density-based diagnostic tool, analogous to the 
Walker scheme, is introduced below. If a matrix **Pk is constructed from all the 
actual density matrix elements Pi, nor involving any of the nuclei of set k, and if this 
matrix is used to replace *Pk in equation (18), then the resulting pseudo-densiry 
complement **pk(r) of Walker's pseudo-density *pk(r) can also be used for 
diagnosing interactions affecting local shape changes. Note that distortions of similar 
magnitude but of opposite sense are shown by **pk(r) and *pk(r), when compared 
to the actual local shapes of the molecule. 

Whereas **pk(r) and *pk(r) are additive in the following sense, 

these two pseudo-densities **pk(r) and *pk(r) have fundamentally different 
definitions, their roles are nonequivalent, and they cannot serve as a basis for a 
general, additive fragmentation scheme involving more than two parts for a molecule. 
In particular, if the nuclei of a molecule are classified into m subsets, m Z 3, then 
for the corresponding local molecular moieties neither the pseudo-densities, 

nor their complements, 

generate an additive scheme, that is, their sun1 differs from the electron density p(r) 
of the molecule: 

and 

If the purpose of the analysis is the detection of shape changes, then these 
pseudo-densities and their complements are good diagnostic tools; however, the 
pseudo-density scheme is not suitable to build approximate electron densities of large 
molecules from pseudo-density fragments obtained from smaller molecules. 

Walker's pseudo-densities and their complements are designed for enhanced 
detection of local shape variations and are valuable for local shape analysis. Some 
more advanced variants of non-additive pseudo-densities are described in ref. [66]. 
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2.5 The Mulliken-Mezey Additive Fuzzy Electron Density 
Fragmentation Method 

A new range of applications becomes possible if a fuzzy density fragmentation 
method is addit ive .  The simplest of these additive fuzzy electron density 
fragmentation methods was proposed by the author (P.G. Mezey (1992), first applied 
in ref. [67] and generalized in [5,37]). In a formal sense, the additive density 
fragmentation method can be regarded as an "atom-group population analysis without 
integration", and has been motivated by Mulliken's population analysis [68,69]. 
Consider a molecular electronic density p(r) and an arbitrary collection k of the 
nuclei of the given molecule. According to the simplest version of this method, the 
k-th fuzzy electron density fragment pk(r) is defined in terms of Mezey's fragment 
density matrix, denoted by Pk. 

The elements Pkij of Pk are defined as follows: 

Pkij = Pij if both q+(r) and cpj(r) are AO's centered on 
nuclei of the fragment, 

= 0.5 Pi, if only one of cpi(r) and cPj(r) is centered 
on a nucleus of the fragment, 

= 0 otherwise. (23) 

This fragment density matrix Pk has the same n x n dimensions as that of the 
density matrix P of the complete molecule. 

Based on the fragment density matrix Pk for the k-th fragment, the electron 
density of Mezey's fuzzy density fragment pk(r) is defined as 

Consider a molecule and assume that its nuclei are distributed into m mutually 
exclusive families, where m can take any positive integer value. As follows from the 
defining equation (23) of the fragment density matrix, the sum of Mezey's fragment 
density matrices Pk is equal to the density matrix P of the molecule: 

111 
p.. = c pk.. 

IJ  IJ 
k= 1 

that is, 

in 

k= I 
P = c Pk. 
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Since the density expressions (16) and (24) are linear in the corresponding density 
matrices, the sum of fragment densities pk(r) is equal to the density p(r) of the 
molecule: 

In this fragmentation scheme both the fragment density matrices Pk and the 
fragment densities pk(r) are additive, that is, Mezey's scheme is an additive, fuzzy 
electron density fragmentation scheme. Whereas the method does not in general 
exaggerate the interactions affecting local shape features, hence for diagnostic 
purposes it is not as sensitive as Walker's pseudo-density method, however, this 
additive method avoids the significant distortions of the pseudo-density scheme. 

The fuzzy electron density fragment additivity rules (23) - (27) are exact at any 
given ab inirio LCAO level, hence the reconstruction of the calculated electronic 
density p(r) of the given molecule from the corresponding fuzzy fragment electron 
densities pk(r) is also exact. 

Generalizations of this additive fuzzy electron density fragmentation scheme 
have been proposed in refs. [5,37]. One of these more flexible schemes for assigning 
interfragment interactions is described below, leading to a generalization [5,37] of the 
original fuzzy electron density fragment additivity principle: 

Pkij = Pij if both cpi(t-1 and cp,(r) are AO's centered on 
nuclei of fragment k, 

= w(k,i,j)Pi, if only one of the AO's cpi(r) and cp,(r) is 
centered on a nucleus of fragment k, where 
for the weighting factors both conditions 
w(k,i,j) > 0, and w(k,i,j)+ w(k',i,j) = 1 
hold, and where fragment k' contains the 
nucleus for the other AO, 

= 0 otheiwise. (28) 

Some additional conditions must be fulfilled if the function w(k,i,j) is to 
generate a physically valid additive scheme. One choice relies on a sign-preserving 
scalar property A(i) that can be assigned to atomic orbitals. For example, 
appropriately scaled electronegativity can be used as such a scalar property. The 
choice of 

where A 0  cpi(r) is centered on a nucleus that belongs to the k-th family, generates 
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a valid scheme. 
Another, more convenient form of Mezey's fragmentation scheme can be given 

in terms of membership functions of nuclei within various molecular fragments. The 
set of all nuclei of the molecule is divided into m mutually exclusive families, 
denoted by 

assocciated with m density fragments, 

respectively, where the earlier notation is used for the fragment density functions 

We denote by mk(i) the membership function of A 0  cpi(r) in the set of AOs 
centered on a nucleus of nuclear set fk of fragment Fk. Formally, this membership 
function is defined as follows: 

mk(i) = 1 if A 0  qi(r) is centered on one of the nuclei of set fk, 

0 otheiwise. (33) 

Using these membership functions mk(i), the elements Pki, of Mezey's n x n 
fragment density matrix Pk for the k-th fragment Fk can be written as 

Pkij = 0.5 [nik(i)+ mk(i)] Pi, . (34) 

The generalized fragmentation scheme can also be introduced using the 
membership function formalism of eq. (33), by taking 

where the following constraint applies for the weighting factors: 

The original additive fuzzy fragmentation scheme corresponds to the choice of 

wij = wji = 0.5. (37) 

For the generalized scheme, involving a scalar property A(i), the function w,, can be 
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chosen as 
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wij = A(i)/[A(i)+AQ)], 

an expression analogous to that given in eq. (29). This formulation differs from the 
previous one by no longer having any need to specify the fragment index k in the 
weighting factor wij, since the membership function formalism ensures proper 
additivity. 

The additive fuzzy electron density fragmentation scheme of Mezey is the basis 
of the Molecular Electron Density Leg0 Assembler (MEDLA) method [67,70-721, 
reviewed in section 4. of this report, where additional details and applications in local 
shape analysis are discussed. The MEDLA method was used for the generation of the 
first a6 initio quality electron densities for macromolecules such as proteins [71,72] 
and other natural products such as taxol [66]. 

3. THE DENSITY DOMAIN APPROACH TO FUNCTIONAL 
GROUPS AND LOCAL MOLECULAR PROPERTIES 

3 .1  The Density Domain Concept 

The density domain approach was first proposed [4] as a tool for the description 
of chemical bonding where the complete shape information of the molecular electron 
density was taken into account. Density domains are formal bodies of electron density 
clouds enclosed by MIDCOs defined by eq. (1) [or by eq. (2) if there is no need to 
specify the nuclear configuration K]. 

The electronic charge density function p(r,K) becomes exactly zero only at 
infinite distance from the nuclei of the molecule; however, in an approximate sense 
the electronic density converges to zero, very rapidly already at few bohrs from the 
nuclei. In fact, the electronic density charge cloud is approximately localized near the 
nuclei. For computational purposes, one may take a small enough threshold a and 
regard only those regions of the 3D space to belong to the molecule of nuclear 
configuration K, where the electronic density p(r.K) is larger than this threshold. 

This approach, however, can be generalized for any threshold value a, and one 
may consider the fuzzy molecular body as being viewed at various density thresholds, 
for the whole range of possible densities. An infinite family of formal bodies is 
obtained, and all these formal bodies, collectively, represent the actual molecular 
body.. For each threshold value a, the formal, threshold-dependent molecular body 
is the density domain DD(a,K), defined as the collection of all those points r of 
the 3D space where the electronic density is greater than or equal to the threshold a, 
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DD(a,K) = ( r : p(r,K) 2 a ) . (39) 

If the specification of the nuclear configuration K is not required, then one may 
simply write 

DD(a) = ( r : p(r) 2 a ] . (40) 

Since the electronic density p(r,K) is a continuous function of the 3D space 
variable r, the set of all points r fulfilling the conditions of defining equation (2) 
of MIDCOs, that is, the set of boundary points of the density domains defined above, 
does form a continuous surface. 

A pictorial analogy between macroscopic clouds of various densities and 
molecular charge densities can be used here. A density domain DD(a) is analogous to 
a cloud we could see if our eyes were adjusted to notice only densities equal to or 
higher than the threshold a. By readjusting our eyes, different "density domains" of 
clouds of higher or lower density threshold values could be observed. 

Most properties of density domains follow from the properties of MIDCOs. We 
have seen before that for low values of the electron density threshold a, the MIDCO 
G(a,K) is usually a single, closed surface, consequently, the density domain DD(a,K) 
is also a single, connected body. For high values of density threshold a, the 
MIDCO G(a,K) is often a collection of several closed surfaces, where each closed 
surface surrounds some of the nuclei of the molecule. Consequently, for such a density 
threshold, the formal density domain DD(a,K) is in fact a collection of several, 
disconnected bodies DDi(a,K). 

A density domain DD(a,K) represents a formal molecular body at an electronic 
density threshold a and nuclear cwnfiguration K. A body DD(a,K) may be a 
single piece or it may be a collection of several disconnected pieces, the maximum 
connected components DD;(a,K) of DD(a,K): 

DD(a,K) = U DDi(a,K). 
i 

In precise mathematical terminology, the term "domain" should be applied only to a 
single maximum component. However, for simplicity, the tern1 "density domain" is 
used for both the individual maxiniuni connected components DDi(a,K) and the union 
DD(a,K) in eq. (41). 

The entire electronic density of a molecule can be represented by an infinite 
family of density domains, a family that contains one set { DDi(a,K) } of density 
domains for every threshold value a from the open-closed interval (0, amax], 
where, as in eq. (2), amax can be chosen as the electron density at a nucleus of the 
largest nuclear charge in the molecule. Due to the nesting properties of MIDCOs for 
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threshold values a and a' fulfilling condition (4), a density domain DD(a,K) of 
lower density threshold value a contains density domains DD(a',K) of higher 
threshold values a'. 

Both the shape and the size of a density domain DD(a,K) depend on the choice 
of the threshold value a. Selecting an arbitrary value for a is highly unlikely to 
result in a valid description and i t  is better to consider a whole range of possible 
threshold values a for the density domains DD(a,K). Some important 
simplifications are possible. First of all, it is not necessary to consider very high a 
values which occur only in the vicinity of heavy nuclei. By selecting an appropriate 
small but nonzero lower limit for the threshold values, formal density domains 
involving two distant, essentially independent molecules can also be eliminated from 
the analysis. For the purposes of molecular shape analysis, additional and more 
fundamental simplifications can be obtained by applying topological methods and the 
GSTE principle [ 2 ]  (Geometrical Similarity as Topological Equivalence). 

If the electron density is regarded as a function p(r,K) of the nuclear 
arrangement K, then the MIDCOs G(a,K) and the enclosed density domains 
DD(a,K) are also functions of the nuclear configuration K. How these functions 
vary with K is one of the main questions of chemistry. I t  is worthwhile to study this 
question using the nuclear configuration space approach [2,40]. 

The set of all possible nuclear configurations K of a given stoichiometric 
family of N nuclei defines a fomnial nuclear configuration space. This space can be 
defined so that a proper distance function d(K,K') can be specified that applies to any 
two nuclear arrangements K and K'. This turns the configuration space into a 
(3N-6)-dimensional metric space M [40]. This metric configuration space has many 
properties analogous to those of the ordinary, three-dimensional space, but it also has 
fundamentally different properties that are a source of many misconceptions. For 
example, the nuclear configuration space M is not a vector space, and what is 
especially misleading, it cannot even be turned into one [40]. 

If the electronic state is specified, than a formal potential energy value can be 
assigned to each nuclear arrangement K. The molecular potential energy of the given 
electronic state is a function of the nuclear arrangements K, and it can be pictured as 
a hypersurface E(K) over the space M [40]. Each chemical species, such as a stable 
conformation vibrating about a configuration corresponding to an energy minimum, 
can be associated with an open set, called a catchment region of the given energy 
hypersurface E(K). The catchment region niodel formally relaxes the classical 
constraints of rigid nuclear geometry and avoids the conflict with the Heisenberg 
uncertainty relation [40]. The concept of dynamic molecular shape can be associated 
with an entire family of p(r,K) charge density distributions occurring within the 
catchment region representing the given stable, vibrating conformation of the 
molecule [2]. 
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3.2 Chemical Bond as a Density Domain Relation 
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One of the most deeply held notions of chemistry is the concept of chemical 
bond. Such bonds, almost always depicted as formal lines between atomic symbols, 
have their counterpart within the quantum chemical description of electron densities; 
often [45-511, but not always [54-601, a correspondence can be made between 
conventional chemical bonds and specific lines defined by the electron density gradient 
maps. These lines usually interconnect nuclear positions. However, as has been pointed 
out by Cioslowski [54-601, there are cases where this correspondence fails. 

It is clear that the entire electronic density in a molecule has the role of 
determining the nuclear distribution hence bonding, consequently, chemical bonding 
cannot be confined to lines in space. It is well understood that bond diagrams 
represent only an oversimplified, "short-hand'' notation for the actual molecular 
structure, nevertheless, as most successful notations do, chemical bonds as formal lines 
have acquired an almost unquestioned reputation of their own as if they were truly 
responsible for holding molecules together. 

Formal chemical bonds as lines i n  space represent only a drastically 
oversimplified representation of chemical bonding, a mere skeletal model, introduced 
and in use since the early days of chemistry when there was no hope yet to detect, 
model, visualize, and understand the intricate, fuzzy, three-dimensional features and 
the wealth of shape information of molecular electron densities. 

A more realistic model is obtained by regarding each molecule as a collection of 
atomic nuclei embedded in an electron density cloud interacting with the nuclei, where 
quantum mechanical uncertainty affects the motion of electrons as well as nuclei. The 
electronic density closely "follows" the nuclear motions, nearly instantaneously 
readjusting to new nuclear arrangements. In simplistic terms, electronic density is a 
deformable "glue" holding the mutually repelling nuclei together, where this glue is 
thick near the nuclei and becomes thinner and thinner further away from nuclear 
locations, eventually fading out at large distances. The bonding is provided by the 
entire body of this bondaryless "blob" of glue. A description of chemical bonding 
compatible with the above picture requires a fully three-dimensional model, where the 
boundaryless, "fading out" features of electronic density is properly represented. 

Today we can easily obtain detailed shape information on electron densities, by 
experiment or by quantum chemical computations, and the best utlization of these 
methodologies, possibly in combination, is one fertile area of research [73-841. Yet, 
there has been little progress in replacing the simplistic bond-line diagrams with more 
accurate, more descriptive, and better predictive models of chemical bonding. 

There is no longer any inherent difficulty i n  computing reasonably accurate 
electron densities for small molecules by either of the two main computational 
approaches: wavefunction methods [ 85,861 and density functional niethodologies 
[87-891. With the introduction of the MEDLA technique [67,70], ah inirio quality 
electron densities can be computed for virtually any macromolecule, including 
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proteins [66,71,72]. The actual molecular body, the electronic density cloud, has 
become accessible to rigorous study. Whereas conventional chemical bond diagrams 
are still useful, they are no longer a choice dictated by necessity, and today reasonably 
accurate electron density descriptors are easily available for anyone with a 
workstation. It is surprising how little mainstream chemical thinking has taken 
advantage of the new computational possibilities, and of the new, deeper 
understanding accurate electron density computations have already provided. Most of 
the efforts of contemporary electron density analysis have been focused on justifying 
the old, skeletal model of chemical bonds as formal lines in space, ignoring the rich 
details the full, three-dimensional fuzzy electron density has to offer. Today, when 
detailed electron densities are readily available, the conventional “skeletal” image of 
chemical bonding using line diagrams is more an impediment than help. 

One of the exceptions, that offers an alternative to the conventional bond 
diagrams is the density domain approach [4,5] to chemical bonding. This approach is 
based on the following observation: for a given molecule with a specified nuclear 
configuration K, the infinite family {DD(a,K)) of density domains for the range 
(0, amax] of density thresholds, 

contains only a finite number of topologically different density domains. The density 
domains i n  the above infinite family can be classified into a finite number of 
topological equivalence classes, representing the essential features of the bonding 
within the molecule. The topological aspects of the bonding pattern of the 
three-dimensional electron density can be represented by a finite number of density 
domains, one taken from each equivalence class. The sequence of critical points of the 
electronic density can produce the same classification of density domains, however, 
the location and electron density values of these critical points contain much less shape 
information than the density domains themselves. It is important to realize that within 
each equivalence class there are more invariant shape features than the mere pattern of 
interconnectedness of local regions. These shape features are present i n  the actual 
density domains selected to represent each equivalence class [ 21. 

Consider a molecule with a fixed nuclear configuration K and select an initial 
high density threshold amax. By gradually decreasing this threshold to a small enough 
value a such that all the nuclei of the molecule are enclosed within a single density 
domain DD(a,K), one may study the gradual buildup of the electron density in the 
molecule, and both the sequence of interconnection patterns and the actual shapes and 
shape changes associated with this imaginary process. By monitoring the topological 
and essential geometrical changes (where the latter can also be described by 
topological, in fact algebraic, means [ 21). a detailed description of chemical bonding is 
obtained. 

I t  is useful to indicate which nuclei are enclosed within each maximum connected 
component, that is, within each density domain DDi(a). If the nuclei A, B, etc., are 
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enclosed within a density domain component DDi(aj) at a threshold a,, then the 
detailed notation DDi(aj, K; A, B, . . .) can be used. 

As an illustration, we take the simple example of the equilibrium arrangement of 
the methane molecule from ref.[3]. Using a semiclassical model and a fixed nuclear 
configuration K, there are only three topologically distinguishable sets of density 
domains of the methane molecule. At a high density threshold al ,  electronic density 
is found only near the carbon nucleus, hence there is only a single density domain. 
That is, at the high density threshold a1 the set of density domains has a single 
element, 

At some medium density threshold a2, symmetry implies that electronic density 
clouds appear simultaneously around each of the four hydrogen nuclei; one finds that 
there are five separate density domains. That is, at an intemiediate density threshold 
a2, the set of density domains has five elements, 

At some low enough density threshold a3, the methane molecule has a single 
density domain that contains all five nuclei C, H, H, H, and H. At this density 
threshold a3 the set of density domains has again only a single element, 

The shapes of these density domains are characteristic to the set of nuclei 
enclosed by them, to the nuclear geometry, and also to the location of these density 
domains within the molecule, collectively represented by the configuration variable 
K, as well as to the actual density threshold a. The sequence of density domains as a 
function of density threshold a, augmented with the results of a local shape analysis 
of these density domains [2], provides a detailed description of chemical bonding 
within the methane molecule. 

A gradual decrease of the density threshold a, starting with a high value (21, is 
usually accompanied with a series of typical topological changes of the density 
domains. These changes provide a classification of density domains according to the 
various ranges of the density threshold parameter a. 

The various density ranges form a hierarchy [2], indicated by boldface, 
underlining, and italics, as well as indentation within the list below. If a subrange in 
the hierarchy happens to coincide with a range, then its name is given in parentheses 
after the name of the range. 
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Localized density range, [amax. ag) : amax is the maximum electron density 
in the molecule. whereas ag is the threshold below which only a single 
density domain is found. 
Atomic range, [a,,,, af): a,,,, is defined above, af is the lowest density 

threshold where two density domains join. Only individual nuclear 
neighborhoods appear as disconnected density domains, that is, there is 
precisely one nucleus within each density domain which appears. 
Strictly aroniic range, [a,,,, ap): amax, is defined above, ap is the 

lowest density threshold where at least one density domain is no 
longer convex, as it "reaches out" to join a neighboring density 
domain. Note that within the strictly atomic range all density 
domains are convex, and each density domain contains precisely one 
nucleus. 

Prebonding range, [ap, af): both ap and af are defined above. 
Within the prebonding range each density domain contains precisely 
one nucleus, but not all density domains are convex. 

Functional group ranee (bonding range for densiry domains), [at; ag) : both 
af and ag are defined above. Within the functional group range at least 
one density domain contains more than one nucleus, but not all nuclei of 
the molecule can be found within a single density domain. Those density 
domains with more than one nucleus represent "complex" functional 
groups, as contrasted to "simple" functional groups represented by 
density domains containing a single nucleus. In this density range one 
finds the various "complex" functional groups as individual entities. 
Also in this range, the bonding pattern (the actual interconnection 
pattern) of the density domains is revealed. Consequently, this range is 
referred to as the functional group range or the bonding range for 
density domains. 

Global density range (molecular density range), [ag. amin) : ag is defined 
above, whereas a,in is a low threshold value below which electron density 
can be neglected. The molecule is represented by a single, connected density 
domain for each threshold value within the global density range. 

Skinny molecular range, [af, a,): af is defined above, whereas a, is 
the maximum threshold at and below which all locally nonconvex 
domains on the surface of density domains are simply connected. In 
simpler terms, in the skinny molecular range all nuclei are found 
within a single density domain, but there are formal "neck" regions 
on the surface of density domains. In the terminology of shape group 
analysis [21, rings of D1 type can be found on the surface of 
density domains. 

is the maximum threshold at and below which all density domains 
Corpulent molecular. rungr, [a,, as): a, is defined above, whereas 
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are convex. Within the corpulent molecular range no local "neck" 
regions are found, but the density domains are not convex. 

and amin are 
defined above. For any threshold value within the quasi-spherical 
range the density domain representing the molecule is convex. If 
amin is small enough, then in the strict mathematical sense, for very 
low density thresholds all molecules have convex density domains. 

Quasi-spherical molec-ular range, [aq, amin): both 

3.3 The "Late - Early Rule" 

The gradual decrease of the electron density threshold value reveals many 
interesting trends. One such trend is called the "Late - Early Rule" [2]. 

The Late - Early Rule: 
If the threshold density a is gtwlually decreased in a density domain analysis of 

a given conformation K of a nioletwle, then the order of joining of various, 
individual density domains of a given atom type A to neighboring density domains 
tends to be the reversed order of their uppcarance. 

This trend, also not necessarily followed in all instances, can be justified by 
simple electronegativity considerations. Consider a molecule that contains several 
nuclei of the same type A,  in different local suroundings. In one surrounding, a 
higher electronegativity neighbor of A is likely to delay the appearence of the 
density domain of A to a lower density threshold. The density domain about this 
nucleus A appears late. A highly electronegative atom is also likely to have a more 
extensive charge density cloud about it, implying that an early joining of the density 
domains of this neighbor and this nucleus A is likely. The individual density domain 
of this nucleus A exists in a narrower threshold interval than the density domains of 
other nuclei of the same type A having no highly electronegative nuclei within their 
surroundings. This implies that the threshold interval for the individual existance of a 
density domain for our selected nucleus A is expected to be contained within the 
corresponding intervals of other density domains containing the same nucleus type A. 

The trend described by the Late - Early rule can be phrased in terms of the 
expected inclusion relations of those electron density threshold intervals where the 
density domains of individual nuclei exist as separate entities. A given set of the nuclei 
of type A is ordered according to the increasing effective electronegativity of the 
neighbor nuclei B(k) involved in the first merger of each of the density domains of 
nuclei of type A. This ordering is represented by the index k: 
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B(k), k=1.2 ,... 4. (47 1 

Nucleus B(1) is the first nucleus to share its density domain with that of A(1), and 
nucleus B(9) is the first nucleus to share its density domain with that of A(9); the 
effective electronegativity of nucleus B(1) is the lowest, whereas the effective 
electronegativity of nucleus B(9) is the highest. 

The interval of density thresholds where a separate density domain exists for 
nucleus A(k) is denoted by (ak, a'k) . Using these notations, the trend expressed by 
the "Late - Early Rule" is equivalent to the following, ideal sequence of inclusion 
relations: 

Exceptions to the Late-Early Rule are known, however, the rule represents the 
expected trend. 

One example that has been studied in some detail is the ethanol molecule [ 2 ] .  Let 
us choose H as nucleus A. The density domain of the OH proton appears relatively 
late in the process of gradually decreasing the electron density threshold. This 
observation can be justified by the high electronegativity of oxygen, resulting in a 
depletion of the electron density at the nearby proton, that has a chance for the 
formation of a density domain of its own only at a somewhat lower density threshold. 

We combine this observation with another: when generating a seqence of density 
domains by gradually decreasing the electron density threshold a, the most acidic 
proton of the ethanol molecule loses its separate density domain first. Considering all 
the minimum values of charge densities separating protons from other nuclei, the 
minimal electronic charge density is of the highest value between this OH proton and 
the nearest nucleus, the oxygen nucleus. At first sight, this might appear as a conflict 
with the known fact that this proton, the most acidic in the molecule, is the most easily 
donated to proton acceptors. This apparently counterintuitive pattern is a consequence 
of the high electronegativity and the resulting, more extensive high density domain 
about the oxygen nucleus. Apparently, the high electron density cloud about the 
oxygen engulfs this particular proton, resulting in the highest density threshold 
"bridgehead" between any proton and another nucleus within the ethanol molecule. 

3.4 A Density Domain Definition of Functional Groups 

The hierarchy of density domains discussed in Section 3.2 has already indicated 
a natural density domain condition for a functional group. If a family of nuclei has the 
property within a given molecule that there exists a threshold a such that a 
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corresponding connected density domain contains all of these nuclei while separating 
them from the rest of the nuclei of the molecule, then these nuclei form the nuclear 
family of a functional group. The fact that such a separate density domain exists for 
these nuclei implies that the part of the electronic density dominated by these nuclei 
foxms an entity that has some identity of its own, and some limited "autonomy" 
within the molecule. This observation justifies taking this density domain as that of a 
functional group within the molecule. There is still the problem of assigning an 
electron density contribution to this functional group at lower densities, for example, 
for density thresholds within the molecular range. This question will be addressed in 
sections 4.4, 5.3, and 5.4, where local electron density representations and local 
shape analysis of molecules are discussed. 

One of the main advantages of the density domain approach is the introduction of 
a natural model for a quantum chemical representation of formal functional groups 
[l-31. Consider the simplest case: a single connected density domain DD(a,K) and 
all the nuclei contained within DD(a,K). The boundary MIDCO G(a,K) of the 
density domain DD(a,K) separates this subset of the nuclei of the molecule from the 
rest of the nuclei. This fact indicates that the nuclei embedded within DD(a,K), 
together with a local electronic density cloud surrounding them, represent a sub-entity 
of the molecule. This sub-entity has an individual identity, since for a range of density 
threshold values including the value a, the local electron density cloud is separable 
from the density cloud of the rest of the molecule. 

We may consider some chemical examples. Several alcohols, including ethanol 
and ally1 alcohol, have been studied using the density domain shape analysis approach 
[2,3], and in all these cases a whole range [a',a"] of density threshold values have 
been found within which the 0 and H nuclei of the OH group are completely 
surrounded by MIDCO's, separating these nuclei from all the other nuclei of the 
molecule. This criterion, the existence of a MIDCO that separates a group of nuclei 
from all other nuclei of a molecule, is used for the identification and a detailed 
characterization of chemical functional groups [ 1-31. 

Most actual density domains DD,(aj) and the nuclei enclosed by them can be 
transferred from one molecule to another without altering the topology of the density 
domains. Whereas some density domains may change their topology in the course of 
such a transfer if the new environment is sufficiently different, nevertheless, the 
density domain approach is a criterion derived from physical conditions, specifying 
those molecular moieties, at the given density threshold a, which can be regarded to 
have a well defined chemical identity. This approach represents a generalization of the 
usual chemical concept of functional groups: according to this generalized concept, a 
collection of all nuclei within a density domain DD,(a,), together with the density 
domain itself can be regarded as a functional group of the molecule at the density 
threshold a,. 

The actual bonding pattern can be regarded as justification of this approach. 
Consider a family of MIDCOs for a range of threshold values a that separates a 
group of nuclei from the rest of the nuclei of the molecule. This indicates a stronger 
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chemical linkage among the local charge density clouds surrounding the nuclei within 
the given density domain, whereas the linkage between this group and the rest of the 
molecule is weaker. This is a natural property for a chemically recognizable 
functional group. Note, however, that in actual computational studies, for example, 
if the conventional ab initio Hartree-Fock-Roothaan-Hall method [90-931 is used 
within the gaussian basis set formalism of the Gaussian program system [MI, the 
calculated density domains are dependent on the level of basis set and the quantum 
chemical methods used, hence conclusions whether a group of nuclei represents a 
functional group may be basis set dependent. 

The density domain DD(a,K) can then serve as a natural representative of a 
formal functional group. Note that this concept is rather general; by this condition, 
most individual atomic neighborhoods, as well as many parts of molecules seldom 
exhibiting special chemical properties or reactivities qualify as formal "density 
domain functional groups". Whereas in some instances the quantum chemical concept 
of "density domain functional group" deviates somewhat from the usual, intuitive, 
organic chemistry concept of functional group, the density-based definition provides 
interesting insight into the roles and "autonomy" of various molecular parts [2,3]. 

Additional advantages have been pointed out in the Introduction. Since density 
domains play a major role in molecular shape analysis and in the construction of 
various molecular similarity measures [5], shape analysis and molecular similarity can 
be formulated in terms of quantum-chemically defined functional groups. This model 
is also compatible with a rather general, algebraic-geometrical framework discussed 
in ref.[6]. 

3.5 Functional Groups as Fuzzy Subsets of Molecular Electron Density 

The early recognition that quantum mechanical uncertainty [94] of electronic 
arrangement and motion within a molecule [95,96] has a special role in chemistry has 
been fundamental in  the development of quantum chemistry. In  general, the 
uncertainty itself can be represented by fuzzy set methods, applied in a wide range of 
disciplines [97-1033, and both general quantum mechanical [ 104-1081 and quantum 
chemical applications [40,52,109-11 I ]  have led to novel descriptions of physical and 
chemical properties. 

With minor modifications, the fuzzy electron density membership function 
formalism of molecular families can also be applied to a family of functional groups 
within a molecule. Consider a molecule X and some electron density threshold a 
within the functional group range of density. Consider the functional groups 
appearing as separate density domains 

DDi (a,K), DD2(a,K), . . . , DD,,(a,K) (49) 
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at this density threshold a, and for simplicity denote them by the symbols 
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The electron density contribution pi(r) of each functional group Fi is 
calculated using the Mezey scheme (eqs. 23, 24) for additive fuzzy density 
fragmentation of the molecular density px(r), by simply taking the nuclear set k 
for each fuzzy fragment density as the nuclear set embedded in the corresponding 
density domain DDi(a,K) representing functional group Fi . 

The fuzzy fragment electron density contributions 

respectively, represent the "share" of each functional group Fi within the total 
electron density px(r) of molecule X. 

The fuzzy electron density membership functions of functional groups described 
below reflect the relative contributions of the fuzzy, three-dimensional electron 
density charge clouds to the total electronic density of molecule X. 

For the derivation of appropriate fuzzy membership functions for the electronic 
densities of functional groups, first we take each individual functional group Fi, with 
its share pFi(r) of the complete electron density of molecule X, and consider this 
share as a separate, individual object in the absence of all other functional groups of 
family F1, F2, . . . , F, of molecule X. Note that the special value a of the 
density threshold is used only to identify some of the possible functional groups of 
molecule X, the very family F1, F2, . . . , F, , and the actual functional group 
electron densities pFI(r), pFZ(r), . . . , p~" , (r )  are not restricted to any specific 
threshold value. 

Also note that if a different threshold value a' is chosen, a different assignment 
of nuclei to individual density domains may result, that is, a different set of functional 
groups may be identified within the same molecule X. Take the example of the 
ethanol molecule [3]. At some threshold a, the nuclei of the' CH2 group are 
separated from all other nuclei by a MIDCO, hence at this density threshold a, CH2 
is manifested as a functional group within ethanol. However, at a somewhat lower 
electron density threshold a', only two nuclear families are separated by MIDCOs, 
the nuclei of the CH3CH2 and OH moieties. Hence, at this density threshold a', the 
ethyl group and the hydroxyl group are manifested as functional groups within 
ethanol, and the fact the methylene group CH2 is also a functional group is not 
revealed at the second density threshold a'. 

The maximum value pmax,i of the electron density pFi(r) within a spatial 
domain DF~  containing all the nuclei of functional group F, is used as a reference: 
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A point rmaxj is selected as a point r where this maximum density value Pmax,i is 
realized for the given functional group: 

Then, by taking functional group Fi in the absence of other functional groups, 
and by adapting the approach described in section 2.2 for individual molecules from 
a molecular family L, the definition of the fuzzy membership function for points r 
of the space belonging to functional group Fi is given as 

The fuzzy membership function defined above reflects the actual electronic 
charge distribution of functional group within the given molecule X, without directly 
involving any other density contributions from other functional groups of the 
molecule. 

For practical purposes, an alternative model provides more insight. If the density 
contributions of the rest of the functional groups of molecule X are also considered, 
then the actual degree of "belonging" of a point r to a given functional group Fi is 
also affected by the electron density contributions of all other functional groups from 
the family F1, F2, . . . , F, . Consequently, the membership function pF,(r) 
defined by eq. (54) is no longer appropriate. An alternative fuzzy set approach, 
including the effects of the electron density contributions of all other functional 
groups of the molecule is based on Mezey's additive fuzzy electron density 
fragmentation method. 

Molecule X is regarded as a collection of appropriately arranged, mutually 
interpenetrating electron densities of the functional groups F1, F2, . . . F,, . . . F,,, , 
where each fuzzy electron density fragment Fj contains the corresponding set of 
nuclei. As a consequence of the exact additivity property of Mezey's fragmentation 
scheme, at each point r the total electronic density px(r) of molecule X is given 
as the sum of functional group electron densities: 

If the simultaneous presence of all functional groups F1, F2, . . . Fi, . . . F, 
within molecule X is taken into account, then a new fuzzy membership function 
pFi,x(r) for points r of the space belonging to functional group Fi of molecule X 
canbe defined as 

The scaling factor [Pmax,i / px(rmax,i)] in the above equation is required in 
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order to reflect the actual density contributions from various functional groups Fi of 
molecule X. 

This fuzzy membership function pFi,x(r) can also be written in a form of a 
simple density ratio: 

This ratio, expressed for each functional group Fi, 

is convenient for computational purposes. The fuzzy membership functions pFi,X(r) 
describe the "degree of belonging" of points r of the three-dimensional space to the 
various functional groups F1, F2, . . . Fi, . . . F, of molecule X. 

3.6 A Fuzzy Set Model for Local Molecular Properties 

Local molecular properties can be represented by the properties of functional 
groups Fi of molecule X, that in turn can be characterized by the fuzzy membership 
function pFi,x(r) for points r of the space. 

Variations in the local properties can be monitored by calculating the variations 
of the fuzzy membership function pFi,x(r). If two functional groups Fi and F, of 
a molecule X have the same chemical formula, then their differences must be due to 
their different local surroundings within the molecule X. These differences are 
necessarily manifested in differences of their fuzzy membership functions pFi,X(r) 
and pFj,x(r) in molecule X. 

Considering a collection of functional groups of the same chemical formula but 
located in a series of different molecules, local similarity measures among these 
functional groups can be based on their fuzzy membership functions (for a discussion 
of local similarity measures see sections 5 and 6). These similarity measures provide 
clues for the similarities and differences in their reactivities, caused by the similarities 
and differences in their molecular environments. 
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4. AN APPLICATION OF THE MEDLA METHOD FOR THE 
DIRECT COMPUTATION OF ELECTRON DENSITIES OF 

FUNCTIONAL GROUPS 

4.1 Building Molecular Electron Densities Using the Additive Fuzzy 
Electron Density Fragmentation Method. 

Several versions of an additive fuzzy electron density fragmentation scheme have 
been proposed in [5,37]. The simplest version of Mezey's scheme, as implemented in 
1671, can be regarded as an "atom-group population analysis without integration". As 
pointed out in section 2.3, this simplest version can be thought of as an atom-group 
generalization of Mulliken's population analysis [68,69], where the integration step is 
omitted and instead of a formal charge value, a fuzzy electron density fragment is 
obtained. 

Pk and the fuzzy 
fragment densities pk(r) defined according to Mezey's scheme (eqs. (23)-(27)) 
motivates the terminology: additive, fuzzy electron density fragmentation method. The 
fuzzy electron density fragment additivity rule is exact at the given ab inirio LCAO 
level. 

The linearity of density expressions (16) and (24) in the corresponding density 
matrices ensures exact additivity for the fuzzy electron density fragments, as described 
by eq. (27): 

The exact additivity of the fragment density matrices 

The sum of all m fuzzy fragment densities pk(r) is, indeed, equal to the total 
electron density p(r) of the molecule. 

4.2. The MEDLA Method 

The additive fuzzy electron density fragments, discussed in section 2.5, can also 
be used to build electron densities for molecules different from the molecules from 
which the fragments originate. If the local nuclear geometry and the actual local 
surroundings of a fuzzy electron density fragment in a molecule X coincide with 
those of a fragment within a different molecule Y, then the same fragment density 
can also be used as a component to build the electron density of molecule Y. That is, 
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if the local nuclear geometries as well as the local surroundings within reasonably 
extensive neighborhoods of the two fragments coincide, then the differences between 
the two fuzzy electron density fragments are expected to be negligible. The same 
density fragment, as a fuzzy "lego" piece, can then be used for both moleules X and 
Y. This "lego" principle can then be applied to build electron densities of large 
molecules from fuzzy fragments obtained from calculations for smaller molecules, 
where the local nuclear geometry as well as the extended surroundings of the fuzzy 
fragment in the small "parent" molecule are designed so as to mimic those in the 
large, "target" molecule. 

The application of the additive fuzzy electron density fragments for the building 
of electron densities of large molecules is called the Molecular Electron Density Leg0 
Assembler method, or MEDLA method [5,37,66,67,70-721. 

Some of the fundamental properties of the fragments are important. If our goal 
is the construction of electron densities of large molecules from pre-calculated 
fragment densities obtained from smaller molecules, then both additivity and a fuzzy 
electron density representation appear essential. The first requirement, an additive 
density fragment scheme, is a natural condition, for both charge preservation and for 
a simple computational implementation. The second requirement, a fuzzy charge 
distribution for the fragments, is also natural, since in  this representation fragments 
are analogous to complete molecules. Important computational advantages of the fuzzy 
representation have also been pointed out [66]. In particular, the severe local errors of 
combining alternative fragments with boundaries, such as those obtained by 
fragmentation based on zero f lux density gradient surfaces (density doubling and/or 
density gaps, 100% error), can be avoided. 

Both of the natural requirements of additivity and fuzziness are fulfilled by 
Mezey's fragmentation scheme that has served as the basis of the MEDLA method. 

Even if each of the fuzzy electron density fragments pk(r) originate from a 
different molecule, a good approximation to the total electron density p(r) of the 
target molecule can be obtained using eq. (27): 

The actual application of the MEDLA method for the construction of electron 
densities of large molecules requires an electron density fragment databank. In this 
MEDLA databank the electron densities are stored numerically. Each fragment type, 
for example, the electron density fragment of a methyl group, is stored in several 
versions in the databank. These versions differ in the local geometry of the nuclear 
family (C, H, H, H) where formal bond angles and bond distances may vary, and 
they also may differ in the share of the local electron density from the interactive 
effects of various possible surroundings. For example, the protein electron densities 
reported in [66,71,72] required 21 fragment types, whereas the taxol molecule [66] 
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required several additional fragments from the MEDLA density fragment databank. 
Each fuzzy MEDLA fragment has been previously obtained from a 6-31G** ah 
initio calculation for a smaller molecule, artificially distorted to match the nuclear 
geometry and local surroundings of the fragment in the target molecule. Each 
fragment type is stored in several versions in the databank, for a range of several 
possible local nuclear arrangements; if a new arrangement is needed, a new fragment 
can be "custom made" by computing the electron density of the fragment from a small 
molecule with the required local geometry and surroundings. This new fragment 
density can then be added to the MEDLA databank. When used for building densities 
of large molecules, in each case the fragment with matching or nearly matching 
nuclear geometry can be selected from the databank, and high accuracy can be 
achieved. The electron density fragments for groups CH3, CH2, NH2, and COOH 
are typical. 

Several numerical tests and detailed comparisons of MEDLA electron densities 
to electron densities computed by traditional ah inirio SCF technique using 3-21G 
and 6-31G** basis sets have shown [67,71] that the MEDLA results are invariably 
of better quality than the standard 3-21G ab initio results, and the MEDLA results 
are virtually indistinguishable from the standard ah inirio 6-3 1G** basis set results 
obtained with the traditional Hartree-Fock method. 

In particular, in addition to direct, point-by-point, numerical density 
comparisons carried out for several molecules [67,71], the following test results have 
been obtained: 

(a) Detailed comparisons of electron densities of p-alanine obtained by 
standard ah inirio SCF calculations using both 3-21G, 6-31G** bases, and 
h4EDLA computations have been performed. 

(b) One of the early goals of applied MEDLA studies was the construction of 
ab initio quality electron densities for proteins (71,721. For this task, a prototype 
peptide system, glycyl-alanine was tested first, using standard ah inirio SCF 
calculations at the 3-21G and 6-31G** level of bases, as well as MEDLA 
computations. 

(c) For nonbonded interactions, the first test involved H-bonding in a helical 
tetrapeptide, using standard ah inirio SCF 3-21G and 6-31G** basis set 
calculations, as well as the MEDLA method. 

(d) Additional nonbonded interaction, one between a sulfur atom and a phenyl 
ring in a molecular fragment from the pentapeptide metenkephalin has been tested in 
detail, using standard ah inirio SCF 3-21G and 6-31G** basis set calculations, as 
well as MEDLA. 

In all tests, the MEDLA method performed consistently better than standard ah 
initio SCF 3-21G basis computations, consequently, the claim of "ab inirio quality" 
appears justified. 

By combining the results of two of these tests, one may conclude that the 
MEDLA method does not appear to show a bias concerning the joining of various 
density domains. This is an important concern for the analysis of functional groups. 
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According to the a=0.007 a.u. (atomic unit) threshold density MIDCO for the 
hydrogen bonded helical tetrapeptide of test c, the standard 3-21G result does not 
show a density domain merger at the location of the hydrogen bond, however, this 
merger is indicated by both the standard 6-31G** and the MEDLA results. On the 
other hand, according to the a=0.003 a.u. contours for the S - Phe interaction in 
test d, the standard ab initio 3-21G result indicates a bridging of the local density 
contours where still a gap is indicated by both the standard 6-31G** and the 
MEDLA computations. Apparently, the MEDLA method outperforms the standard 
ab initio 3-21G computations in an unbiased way: MEDLA indicates a feature 
where the standard 6-31G** result indicates it, and shows the lack of a feature where 
it does not appear according to the standard 6-31G** result. Using the standard 
6-31G** result as a benchmark, the MEDLA method appears to generate reliable 
density domain patterns. 

4.3 MEDLA Fragment Selection Based on Density Domains 

The MEDLA method allows considerable freedom in choosing additive fuzzy 
electron density fragments; the choice of nuclear family is arbitrary, constrained only 
by practical, computational limitations. One extreme choice, the case of single nucleus 
fragments, has been shown to provide good results in the first application of the 
MEDLA method [67]. Single nucleus MEDLA fragments may have special utility in 
applying MEDLA as a part of an enhanced X-ray structure refinement process, 
where Gaussian representations of electron densities can be replaced by more 
accurate MEDLA estimates, and subsequently refined in an iterative process by 
gradually matching nuclear locations with the X-ray diffraction data [66]. However, 
for most applications, probably also for structure refinement purposes, fuzzy density 
fragments that contain several nuclei are more practical. 

One, natural criterion that can be used for MEDLA fragment selection is based 
on density domains. Since any error of approximation of interfragment electron 
density interactions is expected to be the smallest if the electron density between the 
fragments is low, it is natural to choose fragments so that the density is low between 
nuclei of different fragments. This is achieved by selecting those nuclear families for 
defining fragments which are separated by MIDCOS from all other nuclei within 
the parent molecules. This is precisely the condition for density domains within the 
parent molecules. Consequently, a simple density domain criterion appears as an 
inherent molecular property for the selection of nuclear families of fuzzy electron 
density fragments. 
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4.4 Functional Groups as MEDLA Superfragments 

The approach of using density domains of parent molecules as criterion for 
selecting nuclear families for fuzzy density fragments has additional advantages. If 
the density threshold for the density domains falls within the functional group range, 
this guaranties that the density domains are in fact those of formal functional groups. 
Hence, electron density distributions of functional groups are taken as MEDLA 
fragments. The building of large molecules from a density fragment database can then 
approximately follow a simplified version of the intuitive process of synthesis 
planning by organic chemists, building molecules from functional groups. 

In some instances it is justified to use large fragments, involving a large number 
of nuclei. Some of these fragments can be so large that direct determination of their 
electron densities from a single "parent" molecule is not feasible. In such cases, the 
large functional group itself can be built from smaller MEDLA fragments. Whereas 
such a large functional group is not a complete molecule by itself, the same MEDLA 
method can be used for its construction that is usually applied for complete molecules. 
Such large functional groups, themselves bult from MEDLA fragments, are referred 
to as MEDLA superfragments. 

The MEDLA method does not impose any size limitation on the fragments; 
only the feasibilty of traditional ah inirio calculations limits the actual size of the 
fragments and the size of the "coordination shell" around them in the small molecule 
imitating the actual surroundings within the target molecule. Electron densities of 
satisfactory accuracy have been obtained in all the test calculations. 

4.5 Linear Homotopies of Fuzzy Electron Density Fragments 

If the MEDLA electron density fragment database contains a fragment. with the 
precise nuclear geometry required in the target molecule, then a simple 
transformation of electron density from the database to the actual position within the 
target molecule is carried out. In some intances, if there are only very small 
deviations between the required and already available nuclear arrangements, a linear 
homotopy (continuous deformation) of the nuclear arrangement and the associated 
fuzzy electron density fragment can be carried out [66]. For the purpose of direct 
transfer from the MEDLA database, as well as for small readjustments of the nuclear 
positions, a useful fragmentation scheme, typically involving four nuclei for the 
positioning of each fragment, is of special significance [66]. 

If four nuclei are not coplanar, then they define a tetrahedron. If two tetrahedral 
nuclear ai-rangements are congruent, then simple translation and rotation are sufficient 
to superimpose them exactly. Furthermore, even if the two tetrahedra are not 
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congruent (that is, if one is distorted with respect to the other), then a simple 
transformation can be used to convert one into the other. Any non-coplanar, 
tetrahedral arrangement of four nuclei can be obtained by a 3D linear transformation 
(a linear homotopy) from a reference tetrahedron. Unfortunatey, general polyhedra 
of five or more nuclei d o  not have the analogous property, hence, the case of 
fragment nuclear positioning fully specified by four nuclei is special. Since the 
electron distribution is dominated by the nuclear arrangement, when a small distortion 
of the nuclear arrangement changes the electron density distribution, this change can 
be approximated by applying the same distortion to the density. If a required electron 
density fragment has a nuclear geometry that does not exactly match that of a 
corresponding fragment stored in the MEDLA databank, but these geometries are 
similar, then the same linear homotopy that interconverts the nuclear arrangements 
can also be applied to the electron density of the fragment of the database, providing a 
rapid, approximate method for the generation of an approximate electron density for 
a fragment with the desired nuclear geometry. As long as the geometry changes are 
small, this linear homotopy method generates good quality approximate electron 
densities for the required fuzzy density fragments. 

Following the notations of ref. [66], the transformation is defined in terms of the 
coordinates of four reference nuclei A. B, C, and D of the actual fragment in the 
target molecule and the coordinates of the corresponding four nuclei A', B', C', and 
D' in the fragment stored in the MEDLA database. Without loss of generality we 
assume that nuclei A and A' are located at the origin of the coordinate system. We 
specify three edge-vectors of each of the corresponding two tetrahedra: 

respectively. These column vectors form two matrices, V and W, with elements 

and 
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respectively. We define a linear transformation T that converts the points of the 
ABCD tetrahedron into the corresponding points of the AB'C'D' tetrahedron by the 
relation 

TV = W, (67) 

that is, by 

If the four nuclei are not coplanar then the inverse matrix V-1 exists. 
Whereas in the database the reference nucleus A' is always assumed to be at the 

origin, the initial location of nucleus A of the actual fragment in the target molecule 
is arbitrary. The translation placing nucleus A to the origin is denoted by S .  The 
linear transformation TS, a linear homotopy, incorporates both translation and 
rotation, exactly superimposing the vertices of the two tetrahedra. Furthermore, the 

assignment of points r of the target molecule and points p of the fragment in the 
database is general, applicable not only for nuclear locations. 

The properly positioned electron density contribution pAecD(r) to each point r 
of the ABCD fragment in the target molecule from the A'B'C'D' MEDLA fragment 
of the database is obtained as follows: 

where pA'B'C'D'(p) is the electron density of fragment A'B'C'D at point p, stored 
in the MEDLA database. 

The TSr transformation may generate an out-of-range point p not stored 
in the database, in this case the 

convention is used. 
Degenerate tetrahedra require special treatment. If the nuclei, A, B, C, and D 

are coplanar but not colinear, then nucleus D is replaced by a dummy nucleus, 
noncoplanar with A, B, and C; in this case the chemical fragment involves only 
three actual nuclei. If A, B, and C are colinear, then C is also replaced by a 
dummy nucleus, noncolinear with A and B; in this case the fragment involves only 
two actual nuclei. 

The TS linear homotopy generates no distortion of the tetrahedron ABCD if a 
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fragment with the exact required nuclear geometry is found in the MEDLA database, 
that is, if the two tetrahedra are congruent. In this case, an undistorted, identical 
replica of the fragment electron density of the MEDLA database is built into the 
target molecule. If the fragment nuclear geometries of the target molecule and the 
MEDLA database exactly coincide, then an identical technique can be applied for 
fragments involving more than four nuclei. If, however, the nuclear geometries of 
fragments of more than four nuclei do not coincide, then the TS transformation 
provides only an approximate density transformation from the MEDLA database to 
the target molecule; for small deviations from exact coincidence of nuclear geometries 
the TS linear homotopy method gives satisfactory results. 

If high accuracy is required, then the option of generating a new fragment 
density with the exact required nuclear geometry is always available, and the new 
density fragment can be added to the database. All distortions due to the T S  
transformations can be avoided by using the new fragment from the MEDLA 
database. 

4.6 Nonlinear Transformations of Fuzzy Electron Density Fragments 

Whereas for the general case of five or more nuclei within the fragment no 
linear homotopy exists that can interconvert two arbitrary sets of nuclear coordinates, 
nevertheless, there are infinitely many nonlinear transformations which can 
accomplish this. 

Two simple choices for nonlinear transformations, the DER method, and the 
WAT method, are described below. In both of these techniques, the main step of the 
transformation is linear, and nonlinearity is included in a rather transparent way. 

In the first of these methods, the Dimension Expansion - Reduction (DER) 
method, the nuclear position vectors of the 3D Euclidean space are transformed into 
multidimensional vectors in a nonlinear manner, and the actual geometric 
transformation is carried out by a simple, l inear matrix transformation in a 
multidimensional space, of dimensions n > 3, followed by a reduction of dimension 
to 3D. In the second method, the Weighted Affine Transformations (WAT) method, 
the transformation is confined to the 3D Euclidean space, and a nonlinearly-weighted 
average of linear, affine transformations by simplices of nuclear positions is used. 

The Dimension Expansion - Reduetion (DER) method. 

This method performs well if the deviations between the actual and desired 
nuclear arrangements are small, if the nuclei configurations are general (as in the case 
of linear homotopy, if there are no four nuclei exactly coplanar and no three nuclei 
colinear, or if there are, they stay that way), and if the origin of the coordinate system 
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is not too far from the center of mass of the fragment. For large deformations, the 
nuclear positions are still reproduced exactly, but the nonlinearity of the 
transformation may excessively deform the electron density at intermediate points. 
The main advantage of this method is simplicity. 

Consider a fragment with n + l  nuclei, denoted by Ao, Al, A2, . . . , A,,. For 
each nucleus Ai, denote the Cartesian coordinates by xi, yi, and Zi. For 
simplicity, we shall use a local coordinate system attached to the fragment and assume 
that nucleus is located at the origin. Generate an n-dimensional vector a(i) for 
each nucleus where the components are the lexicographically ordered unique products 
of the powers of nuclear position vector components xi, yi, and zi. For example, 
for dimension n=12, the column vector a(i) for nucleus Ai has the following 
components, defined as products of powers of Cartesian components xi, yi, and zi : 

where ( )' denotes transpose. A more general version of this approach is obtained 
by using other, more general functions f4(xi9 yi, Zi), f5(xi9 Yi, i), . . . , fn(Xi, Yi, Zi) 
as components 4,5, ..., n, as long as the components of a(i) are linearly independent. 

Based on these vectors, a simple, nonlinear transformation is defined that places 
all the n nuclei to the required locations and also transforms the electronic density so 
that it follows the nuclear distortion. The transformation for the electron density is 
not unique and is coordinate-dependent for most dimensions, however, the coordinate 
dependence is small if the distortion of the nuclear arrangement is small. The 
transformation based on this approach is expected to provide the best results if the 
dimension of vectors a(i) is 3 (equivalent to the case of linear homotopy for four 
nuclei, discussed in section 4.3, or 9 (ten nuclei), or 19 (20 nuclei), and in 
general, for cases where all coordinate products up to a given overall degree are 
included as components of the vectors a(0. 

A similar n-dimensional column vector b(i) is defined for each nucleus Bj of 
the fuzzy fragment stored in the MEDLA database. The components of this vector are 
the lexicographically ordered unique products of the nuclear position vector 
components X'i, y'i, and z'i, where for simplicity we assume that nucleus BO is 
located at the origin of the local coordinate system. For example, for dimension n=9, 
the components of the column vector b(i) of nucleus Bi are listed below: 

Such column vectors for i=l,  ... n form two matrices, A and B, with elements 

and 
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respectively. 
If the relative internal coordinates of two sets of n+l nuclei are compared then 

the dimensions of matrices A and B are the same, n. We define a linear 
transformation Z that converts matrix A into matrix B: 

ZA = B, (76) 

that is, by 

Z = B A-1 .  (77) 

The inverse matrix A-1 exists for most choices of nuclear arrangements except for a 
set of measure zero that requires special treatment. 

Considering the first three rows of matrices A and B, transformation Z is a 
nonlinear transformation between the nuclear coordinates of the actual set of n nuclei 
in the target molecule and the corresponding set of n nuclei i n  the fuzzy density 
fragment stored in the MEDLA databank. This nonlinear transformation converts 
the actual nuclear coordinates of the fragment within the target molecule to the exact 
nuclear coordinates of the fragment within the MEDLA database, and the inverse of 
this transformation also deforms the corresponding MEDLA electron density 
fragment in a manner compatible with all the nuclear locations. 

Whereas in the four-nucleus case the linear honiotopy is unique, we should 
emphasize that a nonlinear transformation accomplishing an exact conversion of 
coordinates of more than four nuclei is not unique. However, the proposed scheme, as 
a special choice, has the advantage of extreme simplicity, requiring a formal linear 
matrix transformation to obtain a prescribed nonlineor coordinate distortion of a 
nuclear arrangement and a compatible, continuous deformation of the entire associated 
electron density cloud. This is performed using a direct matrix algorithm. The above 
DER algorithm has been implemented as a computer program [ 1121. 

The case of 10 nuclei (dimension n=9) provides a large enough fragment size 
suitable for the rapid construction of approximate electron densities of large 
molecules. 

The Weighted Affine Transforniatiorrs (WAT) method 

The basic idea of the WAT method is simple. Consider a fragment with n 
nuclei, denoted by A],  A2, . . . , A,, . . . , A,,. Note that serial index i starts with 
1, and there is no requirement to include the origin as a nuclear position. For each 
nucleus A,, v(i) is the 3D position vector, and the coiTesponding target nuclear 
position is denoted by t(i). Select a nodegenerate simplex, with vertices 



and the corresponding target simplex with corresponding vertices 

from the target positions. Denote these simplices by (p,q,r,s,V), and (p,q,r,s,T), 
respectively. With respect to the simplex (p,q,r,s,V), any vector v of the 3D 
space can be given as an affine combination 

with affine coordinates 

where 

Since our goal is to obtain a transformation that distorts the simplex (p,q,r,s,V) 
into the target simplex (p,q,r,s,T), it is natural to choose a transformation defined 
with respect to the simplex pair (p,q,r,s,V), (p,q,r,s,T). This transformation is 
defined by assigning a vector t to each vector v of the 3D space, where t has the 
same set of affine coordinates c(P), c(@, c(r), and c(S) with respect to the target 
simplex (p,q,r,s,T), that is, where 

For a single simplex pair (p,q,r,s,V), and (p,q,r,s,T), this transformation is a linear 
homotopy. 

For a set of more than 4 nuclei, the simplices (pq,r,s,V), and (p,q,r,s,T) can 
be chosen in several ways; if there is no degeneracy then there are 

ns = n*(n-l)*(n-2)*(n-3)/4! (84) 

different choices for simplex pairs, each pair defining a linear transformation. In the 
general case, different simplex pairs define different transformations; for the same 
point v,  the set of c(P), dq), c(r), and c(S) affine coordinates can be different. A 
transformation that is defined in terms of simplices not including a given point pair 
(v(P), t(P)) may transform point v(P) into a point different from t(P). Consequently, 
a simple average of the results of all of these transformations, another linear 
transformation, is not suitable in general for transforming the set (v(i))  of nuclear 



Functional Groups in Quantum Chemistry 203 

positions to the set { t(i)} of nuclear positions and to deform the electronic density 
accordingly. 

However, by introducing a v-dependent, nonlinear, individual weighting for 
each of these transformations, followed by a weighted averaging where the weights 
are defined by the distance of point v from the various vertices of the simplices, one 
can construct an exact transformation that assigns each point of the set (v(i) } to the 
corresponding point of set (tci)}, while continuously deforming the electronic density 
that follows the nuclear deformation. 

The affine representation given by eq. (SO) for point v can be rearranged to 
give 

that is, 

By collecting the column vectors (v(P) - v(S)), (v(4)  - v(S)), and (v@) - v(S)) into a 
matrix S(P,q,r,s,V), 

and by collecting the first three affine coordinates c(P), c(@, c(r) into a column vector 
c(p.q.r.s), 

eq. (86) can be rearranged to give 

The inverse matrix (S(PJlJAV))-l of S(P4J7s9V) exists for every nondegenerate 
simplex (p,q,r,s,V). 

By definition of point t, the analogous expressions apply for the transformed 
case: 

eq. (90) can be written in the form 
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Combining eqs. (89) and (92) gives 

By introducing the notations 

and 

vector t can be expressed as 

There are ns simplices (p,q,r,s) and there are ns such transformations. A set 
of ns v-dependent weight functions w(PW,S)(v), one weight function associated 
with each simplex (p,q,r,s), is chosen so that the weighted average of the ns 
transformations exactly assigns the set {v(i)) of nuclear positions to the set { t(i)) of 
nuclear positions and continuously deforms the electronic density: 

where the summation is for all simplices (p,q,r,s), and where 

In order to construct a set of appropriate, v-dependent weight functions 
w(PWd(v), first a v-dependent function ffi)(v) is assigned to each vertex v(i): 

f f i ) ( ~ )  = nj (jti) d(V, ~ ( i ) ) ,  (99) 

where d(v, v(i)) is the distance between points v and v(i). If point v coincides 
with any of the nuclear positions vu), then this continuous v-dependent function 
f(i)(v) becomes zero, except if j=i, that is, if v coinqides with the nuclear position 
VO). 

For each simplex (p,q,r,s), a continuous function g(PWd(v) is defined as 



Functional Groups in Quantum Chemistry 205 

If point v coincides with any of the nuclear positions vo), then g(P4Jls)(v) 
becomes zero, except if j is one of the indices p, q, r, or r, that is, if v 
coincides with one of the nuclear positions d P ) ,  v(r), or ds). 

The sum of all these g(PW,s)(v) functions is taken as 

The v-dependent weight functions w(P.%r.s)(v) are defined as 

Using these v-dependent weight functions, the weighting scheme described by 
eq. (97) ensures that each nuclear position vQ) is transformed to its counterpart 
nuclear position tu), while the entire electron density is deformed continuously. This 
method of weighted affine transformations has no origin or coordinate dependence. 

The above WAT algorithm has been implemented as a computer program [ 1131. 
The weighted affine transformations scheme allows one to introduce small 

geometry changes relative to the MEDLA database fragments if the database contains 
no fragment with the exact nuclear geometry K, but h fuzzy electron density 
fragments pl(r),  p2(r), . . . , ph(r), of nearly matching nuclear geometries, K1, K2, 
. . . , Kh, respectively, are available. If all nuclear geometries K1, K2, . . . , Kh, of 
the h different database versions pl (r ) ,  p2(r),  . . . , ph(r) of fragment electron 
densities are transformed by the weighted affine transformations method to the same, 
required nuclear geometry K, than by a weighted averaging of the transformed 
electron densities pl'(r),  pz'(r), . . . , ph'(r), a higher accuracy is obtained. One 
choice for the weighting factors for the individual transformed MEDLA fragment 
densities is taken as 

where d(K, Ki) is the configuration space distance [40] between the individual 
database configuration Ki and the actual target configuration K,  whereas 

Using these Wi weighting factors, a MEDLA database electronic density pi(r) 
with a higher degree of similarity between the given database nuclear configuration 
Ki and the actual nuclear configuration K has a larger contribution to the resulting 
weighted MEDLA electron density pWM(r), 
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This technique allows an efficient use of an existing MEDLA database, and 
when combined with shape analysis, it can be used to decide whether it is indeed 
needed to add a new MEDLA fragment version to the database. 

5. LOCAL SHAPE ANALYSIS OF FUNCTIONAL GROUPS 

5 .1  Local Molecular Fragments in a Global Molecular Environment 

The local shapes and shape changes of functional groups are influenced by the 
global molecular environment. This influence is the primary cause of differences 
between the reactivities of a given functional group in different molecules. It is of 
some importance to study these shape differences and to find out the extent of the 
influence the rest of a molecule can exert on a given functional group. The density 
domain approach provides a natural criterion for limited shape changes which 
preserve the identity of a functional group, and i t  also serves as a tool to explore the 
range of shape variations possible for a local molecular fragment without becoming a 
chemically different entity. 

5.2 Local Shape Changes Induced by Molecular Environment 

The reactivities of functional groups are highly dependent on the molecular 
surroundings, and the effects of the global molecular environment on the local shape 
variations can be significant. 

The Walker pseudo-density scheme for diagnosing shape changes, discussed in 
section 2.3, is a sensitive method for detecting the effects of molecular environment. 
Whereas the magnitudes of formal shape changes obtained by the pseudo-density 
scheme are exaggerated, the very sensitivity of the method makes i t  a suitable 
diagnostic tool. Whereas the numerical changes in the computed pseudo-densities are 
larger than the actual density changes. the relative magnitudes of formal shape 
changes of the pseudo-densities are indicative of the relative magnitudes of the actual 
shape variations in the electron densities of functional groups. 

In the following sections the actual electron density variations will be used for 
local shape analysis. 
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5.3 Local Shapes of Non-Interacting Functional Groups 
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The fundamental principle we shall follow in the local shape analysis of 
functional groups and local molecular moieties is a strict analogy with the shape 
analysis of complete molecules. Accordingly, instead of molecular isodensity contour 
(MIDCO) surfaces, the main tool of analysis will be the fragment isodensity contour 
(FIDCO) surfaces. Some of the ideas and concepts described in this section are 
illustrated in Figure 1. 

We shall use the following notations: A is the actual fragment for shape 
analysis, B is rest of the molecule, possibly composed from several fragments, B I ,  
B2, . . . , Bm-l. 

Two choices for the representation of a local molecular moiety will be discussed. 
For the first choice, describing the local shapes of non-interacting functional groups 
within a molecule, we define a FIDCO for a fragment A in a molecule AB as 
follows: 

Two, equivalent definitions are given by 

and 

Pictorially, in order to obtain FIDCO GA\B(a) of fragment A in molecule 
AB, it is sufficient to locate those points where the electron density contribution of 
fragment A is dominant in  molecule AB. 

The actual shape analysis can be camied out on the "isolated" fragment density 
contour G(a), where one additional domain type is introduced. These domains 
represent the connection of fragment A to the rest of the molecule within the actual 
AB system: 

Although the above notation D-I(GA-(a)) refers to the FIDCO GA-(a), the 
actual domain D-l(GA\B(a)) exists only on the intact GA(a) contour, and 
D.I(GAW(a)) appears as a "cover" over the hole(s) of the FIDCO GAw(a) in 
molecule AB. The boundary AD-I(GA-(a)), however, is the actual boundary of the 
FIDCO surface GA\B(a): 



An alternative, simpler choice for the representation of fragment A in molecule 
AB is obtained using the composite B of all fragments B1, B2, . . . , Bm-l: 

where PB(r) is defined as 

The local domains of connections between fragment A and the rest B of the 
molecule AB are defined as 

whereas the boundaries of these domains are given as 

5.4 Local Shapes of Interacting Functional Groups 

The local shape analysis can no longer be carried out on an "isolated" FIDCO 
GA(a) if the interactions of various molecular fragments in a molecule AB are fully 
taken into account, beyond simply using these interactions for a truncation of the 
isolated FIDCO GA(a). If a detailed description of the interactions is required, then a 
new contour calculation is needed for the interactive FIDCO GA(B)(a) in molecule 
AB, where GA(a) is defined as 

There is no surface defined where the formal "cover" domains of the hole(s) 
of FIDCO GA(B)(a) would he, hence no such domains D-l(GA(B)(a)) are defined. 
However, for uniformity, the notation AD-l(GA(B)(a)) will be used for the 
boundaries of the holes on GA(B)(a). These boundaries are defined as 

Fofthis second, more accurate choice, the definition of the interactive FIDCO 
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Figure 1. Illustration of the local shape description 
of non-interacting and interacting functional groups. 
See text for definitions of symbols. 
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for a fragment A i n  a molecule AB describes the local shapes of interacting 
functional groups within a molecule. This choice for defining interactive FIDCO 
surfaces GA(B)(a) for local shape analysis requires an additional contour cakulation 
and is computationally more expensive than that of the non-interactive FIDCO model 
GA-(a) dwcussed in secton 5.3. 

For both types of FIDCO surfaces, the usual Shape Group method [2] of 
electron density shape analysis is applicable. The additional formal domain boundaries 
AD-l(GAW(a)) and AD.l(GA(B)(a)) introduce one additional index -1, which can 
be treated the same way as relative curvature indices. The one-dimensional homology 
groups obtained by truncations using all possible index combinations are the shape 
groups of FIDCO surfaces. The (a,b)-parameter maps and shape codes are 
generated the same way as for complete molecules [2]. 

6. SHAPE SIMILARITY AND SHAPE COMPLEMENTARITY 
MEASURES OF FUNCTIONAL GROUPS IN DIFFERENT 

MOLECULAR ENVIRONMENTS 

6 . 1  Shape Similarity Measures of Functional Groups Based on Local 
Shapes 

The local shape representations by FIDCO sequences is the key to the 
application of the shape group method for generating shape similarity measures for 
functional groups and other molecular moieties. The shape of each density domain and 
each FIDCO GAU(a) or GA(B)(a) can be described in detail by considering local 
curvature variations and subdividing the surfaces according to various curvature 
domains. An algebraic-topological characterization of these shapes can be given, using 
the Shape Group Method (SGM). The shape group methods [41-441, their physical 
basis, and their mathematical derivation have been extensively reviewed recently [ 2 ]  
and will not be described in detail here. 

With reference to the original derivations [41-441 given for complete molecules, 
it is sufficient to note that the shape groups of functional groups are the 
one-dimensional homology groups of FIDCO surfaces truncated according to local 
curvature criteria and by the boundaries A D - I ( G A \ B ( ~ ) )  and AD.l(GA(B)(a)) of 
non-interacting and interacting FIDCO surfaces, where these boundaries are defined 
by the interpenetration condition between the functional group and the rest of the 
molecule. 

Since for the whole range of FIDCO surfaces of a given functional group there 
are only a finite number of topologically different truncated surfaces, consequently, 
there are only a finite number of shape groups characterizing the shape of a functional 
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group within a given molecule. Each shape group can be characterized by its Betti 
number, and the collection of the finite number of different Betti numbers as well as 
their distribution within an (a,b) parameter plane generate a numerical shape code 
for the functional group. In the (a,b) parameter plane, a is the electron density 
threshold for the FIDCO GAu(a)  or GA(B)(a), whereas parameter b is the 
reference curvature parameter against which the local curvatures of the FIDCOs are 
compared. 

Since the shape group distribution along an (a,b) parameter map of a molecule 
can be characterized by tthe distribution of the Betti numbers of these shape groups, 
the map can be represented by a sequence of numbers ordered into a matrix or a 
vector [2]. The surface truncation involved in the generation of the shape groups may 
lead to several disjoint surface pieces, and in some applications of the shape group 
method these surface pieces are characterized separately. For each given (a,b) pair of 
parameter values, a size-ordering of the surface pieces [33] implies an ordering of 
their one-dimensional Betti numbers (informally called their "first" Betti numbers) 
into a sequence: 

B(l),B(2), ..., B(k), ..., B(m). (1  17) 

An electron density contour surface piece with a larger Betti number usually 
(but not necessarily) has the larger surface area. If this is the case, then the sequence 
of Betti numbers in the above ordering is the same as the decreasing sequence of the 
Betti numbers. 

Since the number of surface pieces obtained after truncation according to a set of 
specified curvature conditions is dependent on the values of parameters a and b, for 
different (a,b) pairs within an (a,b) parameter map, both the number m of Betti 
numbers, and their actual values may be different. This non-uniformity of the 
information representation belonging to different locations within the (a,b)-map can 
be circumvented by applying a coding-decoding method that relies on the prime 
factorization of integers. By a reversible transformation it is possible to convert the 
family of all Betti numbers for each (a,b) location of the parameter map into a single 
integer number. Such an integer number, a shape ID number, can be assigned to each 
molecule as well as to each functional group. The shape ID number can be used as a 
numerical shape code. Since this coding method is uniform for all (a,b) pairs, a 
uniform representation of shape codes for all molecules and all functional groups is 
possible [2,33]. 

Based on this "ID number" approach, the shape similarity of molecules can be 
evaluated by numerical comparisons of shape codes [ 2 ] .  The same technique of 
similarity evaluation, originally developed for complete molecules, can also be 
applied, in identical form, to the shape codes of functional groups as discussed in 
earlier parts of this report. 
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6.2 Local Shape Complementarity Measures for Functional Groups 

In most interactions between two reactants, local shape complementarity of 
functional groups is of importance. A local shape complementarity of molecular 
electron densities represented by FIDCOs implies complementary curvatures for 
complementary values of the charge density threshold parameters a. For various 
curvature domains of a FIDCO, we shall use the notations originally proposed for 
complete molecues [2]. For example, the symbol D2(b),i(a, F1) stands for the i-th 
locally convex domain of a FIDCO G(a) of functional group F1, where local 
convexity, denoted by subscript 2(b), is interpreted relative to a reference curvature 
b. For locally saddle type and locally concave domains relative to curvature b, the 
analogous subscripts l(b) and O(b) are used, respectively. 

In general, a locally convex domain D2(b),,(a, F1) of a functional group Fl, 
relative to a reference curvature b, shows local shape complementarity with a locally 
concave domain Do(-b),,(a', F2) of a complementing functional group F2, relative to 
a reference curvature of -b. The threshold values a and a' are also likely to 
complement each other: the shape complenientarity between the higher electron 
density contours of one functional group and the lower electron density contours of 
the other functional group is relevant. 

For a shape coniplenlentarity analysis of functional groups we shall follow the 
shape complementarity approach described for molecules in ref. [2]. 

The electron densities of interacting functional groups penetrate each other to 
some extent. In stronger interactions one expects greater interpenetration than in 
weaker interactions. For a given pair of interacting functional groups, a common 
electronic density value ao can be chosen for the two isolated functional groups that 
corresponds to the threshold density of two formal "contact" FIDCO's having 
tangential contact i n  the interacting systems. For the purposes of shape 
complementarity analysis, we approximate the electronic density of the interacting 
functional groups FI and F2 by the superposition of the electronic densities of the 
two isolated functional groups. In  this case, a pair of FIDCO surfaces G(a, Fl) and 
G(a,F2) of the same threshold value a must have one of the three possible relative 
arrangements: 

I .  

2. G(a, F1) and G(a,F2) have a finite number of common points (usually, 

3. 

G(a, F1) and G(a,F2) have no coninion points, or 

one coninion point), or 
G(a, F1) and G(a,F2) have a continuum of common points. 

We define the contact density a(, for a given mutual arrangement of two 
functional groups FI  and F2 as the threshold value that corresponds to the unique 
electron density threshold of the FIDCOs of case 2. 
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If a contact density threshold a,, can be chosen for a given interaction between 
two functional groups, then the local shape complementarity between G(%, Fl) and 
G(ao, F2) is clearly of importance. However, complementarity should also manifest 
itself within a whole range of density thresholds. One may consider the local shape 
complementarity of FIDCOs G(a,,-a', F1) and G(k+a', F2) in a density interval 
containing the contact density threshold %. 

[% - Aa, + Aa]. (1 18) 

Note that the complementarity of the local shapes of those FIDCOs are 
important where the thresholds deviate from the contact density value in the 
opposite sense. 

Shape complementarity of functional groups involves matches between locally 
concave and locally convex domains, and also matches between properly aligned 
saddle-type domains, that is, between curvature domain pairs of the following 
combinations: 

and 

In the molecular case, similar relations formed the basis of a simple model [2] 
using an (a,b) parameter map approach for complementarity evaluation in a manner 
analogous to similarity evaluation. The same approach is applicable to fuzzy density 
fragments of functional groups. The local shape complementarity of matching 
curvature domains, for example, Dz(b),i(a, F l )  of functional group FI ,  and 
Dg(-b),j(a', F2) of functional group F2, can be tested by computing complementary 
shape groups. This is achieved by taking complementary truncations for functional 
groups F1 and F2, for example, by truncating the curvature domains Dz(b),i(a, Fl) 

for functional group Fl, and the curvature domains Dg(-b).,(a', F2) for functional 
group F2. Using the homology group notation of ref. [2], such a truncation leads to 
an (a,b) map for the HPp(a,b) shape groups of functional group Fl ,  and to an (a,b) 
map for the complementary HP2+(a,b) shape groups of functional group F2. 
Typical example is the pair of the (a,b) map of the Hlz(a,b) shape groups of 
functional group F I ,  and the (a,b) map of the Hlg(a,b) shape groups of functional 
group F2. 

Complementarity of the curvature types for truncation is not sufficient for a 
direct comparison of the two (a,b)-maps, since one must also take into account the 
required complementarity of density thresholds a and reference curvatures b. This 
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can be accomplished by a simple transformation of one of the two (a,b)-maps. A 
central inversion of the (a,b)-parameter map of functional group F2 with respect to 
the point (ao,O) allows one to use a similarity evaluation method for evaluating 
complementarity. By comparing the centrally inverted (a,b)-map of functional group 
F2 to the original (a,b)-map of functional group Fl ,  and by determining the ratio of 
matches between the corresponding families of Betti numbers, a numerical 
complementarity measure is obtained. The central inversion of one of the 
(a,b)-parameter maps implies a proper match between curvature domain types, density 
thresholds, and curvature parameters, in agreement with the pairing scheme (119) - 
(121) specified for FIDCOs G(ao-a', F1) and G(%+a', F2). The method ensures 
that the locally convex domains of FIDCO G(%-a', F1) relative to the reference 
curvature b are tested for shape complementarity against the locally concave domains 
of FIDCO G(ao+a', F2) relative to a reference curvature - b, and a similar 
complementary match is tested when any of the roles within the pairs of FIDCOs, 
density thresholds, curvature types, or curvature parameters are reversed. 

This generalization of the Centrally Inverted Map Method (CIMM) of molecular 
shape complementarity analysis [2] to FIDCOs of functional groups replaces the 
problem of complementarity evaluation with a conceptually and computationally 
simpler similarity evaluation. 

7. ENERGY RELATIONS FOR FUNCTIONAL GROUPS AND 
THEIR INTERACTIONS 

7.1 The Fragment Energy Concept and Fragment Interaction Energies 

Fundamental relations of density functional theory, the Hohenberg-Kohn 
theorem [114], the advances made by Kohn and Sham [ 1151, Pan [87,116,117], Levy 
[118,119], Ludena [88,120], Kryachko [88],, March [89], Becke [ 121-1241, Perdew 
[125], Ziegler [126], Salahub [127,128], Andzelm [129,1301, Politzer [131,132], 
Tachibana [ 133,1341, van Leuven, a id  Baerends [ 1351, Koch [136], and others have 
provided both a detailed theoretical foundation and a variety of approximate methods 
for the computation of relations between electronic density and energy. Whereas most 
efforts have been focused on complete molecules, the fuzzy fragmentation scheme for 
the electron density of functional groups imply that the same methodology of density - 
energy relations is applicable for fuzzy density fragments and for density 
representations of functional groups. 

Density functional theory provides the means for defining fragment energies, 
based on the following, simple principle: the fuzzy electron density fragment of a 
functional group, together with the associated set of nuclei, is treated as a complete 
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molecule. The molecular approximations to the E(p) electron density - energy 
functional are equally applicable to functional groups represented by the fuzzy 
electron density fragments. 

Based on this model, the molecular total energy is decomposed into two parts: 
fragment energies, obtained by a density functional approximation, and interfragment 
energies describing the interaction energies among the fragments. One area of current 
research is the development of approximate methods for the computation of the 
interfragment contributions to the molecular energy, where the consistency of the 
model is tested by considering alternative fragmentations within a 3D tiling scheme 
described earlier [66]. A method that is capable of utilizing the fuzzy fragmentation 
scheme for energy computation is expected to provide a new approach to the 
description of intermolecular interactions, nonbonding interactions and hydrogen 
bonds [ 1371, important in the prediction of reactivities. 

7 .2  Approximate Conformation Optimization from Fragment Models 

Whereas density functional theory guaranties that for the ground electronic state 
of molecules the electron density determines the energy, the actual construction of 
such energy functions from first principles is a problem of considerable complexity. 
The electron densities computed by the MEDLA method suggest various 
approximations to the molecular energy of large systems. 

A simple, approximate conformational energy function can be based on a 
reward-and-penalty function associated with the mergers of fuzzy electron density 
fragments forming the molecule. According to one alternative, this 
reward-and-penalty function can be calibrated using conventional ab inirio 
computations. A formal density threshold potential function of shape analogous to a 
Morse potential can be constructed where the distance variable is replaced by the value 
of the density threshold where the merger of fuzzy fragments occurs. A 
minimization of the sum of the pairwise interfragment potentials can be used for 
geometry optimization where the conformational motions introduce only minor 
deformations within the fragments selected as functional groups, and the nioton is 
primarily a rearrangement of the mutual positions of the functional groups. 

The formal space filling characteristics of molecules are influenced by a merger 
of electronic density clouds between parts of the molecule not linked directly by 
formal bonds. The computational experience with protein MEDLA electron densities 
indicates that these "nonbonded" mergers of MIDCOs tend to occur simultaneously 
at about the same density threshold a,, at many locations within the molecule. This 
trend, pointed out in [66,71 I ,  is likely to help the search for favored conformations of 
proteins, advantageous mutual side chain arrangements and folding patterns. 

Based on this observation, the Self-Avoiding MIDCO approach has been 

a 
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proposed as a simple, approximate method for macromolecular conformation analysis 
[66]. If the threshold value a, corresponds to the onset of "nonbonded" mergers of 
MIDCOs G(K, a,), then the MEDLA method can be applied to generate a large 
number of MIDCOs G(K, a,) for a family R of nuclear configurations K. The 
self-avoiding MIDCO method is used to select from this family R of nuclear 
configurations those which show favorable "nonbonding" interactions. According to 
early experience, the optimum value of a,, falls within the range [0.003au, 0.005au] 
of density thresholds, and a small tolerance limit, Aa - 0.001au, is used for the actual 
mergers. 

For a suitable density tolerance Aa, a simple contact principle (661 can be used 
for accepting and rejecting nuclear configurations from the family R: 

A given configuartion K is accepted if  all nonbonded mergers which appear 
for the MEDLA MIDCO G(K, a,, -Aa) are not yet merged in the MEDLA 
MIDCO G(K, a,, +Aa). 

If the above criterion is tested for the family R of nuclear configurations K, a 
nuclear arrangement K,, with the maximum number of proper mergers can be 
identified. This configuration K,, is expected to provide a good approximation to a 
preferred nuclear arrangement of the molecule. 

It has been pointed out [66] that the Self-Avoiding MIDCO approach is not a 
MIDCO version of a hard surface contact model. Parts of a macromolecular 
electronic density folding back upon itself readjust, that changes the actual local shape 
of the MIDCO, a feature not present in  simple, hard-sphere contact models, such as 
VdW surfaces. Since the electron densities of molecular parts placed side by side 
increase due to the mutual interpenetration ("overlap"), the corresponding MIDCO 
G(K,a) of the given threshold a shows a significant "swelling" near the site of 
merger. This feature is i n  fact a manifestation of nonbonded interactions. The 
Self-Avoiding MIDCO method incorporates some aspects of these interactions into a 
simple conformation analysis approach, without actually calculating interaction 
energies [66]. 

8. SUMMARY 

A quantum chemical approach is proposed for the representation of functional 
groups in chemistry. The approach is based on a simple density domain condition and 
on the additive, fuzzy electron density fragmenation method that also serves for the 
rapid caculation of ah inirio quality electron densities of large molecules. Several 
aspects of the approach are described, including methods for similarity and 
complementarity analysis of functional groups. 
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1 Introduction 

Ionization energy and electron affinity are critical discriminants of systemic 
reactivity and the one electron propagator theory /1,2/ has provided an ef- 
fective route to their accurate calculation. The spectral representation of the 
matrix electron propagator 

allows for the simultaneous and direct calculation of the 

(1) 

ionization energy 
(Et  - EZ-') and electron affinities (E!+' - Et )  from its appropriate poles. 
Varied formal and numerical developments have enriched the electron propa- 
gator method and its effectiveness as a powerful and economic tool for the cor- 
related treatment of electronic structure and dynamics is well established.The 
methodology and applications of the real one electron propagator theory have 
been reviewed by many authors /3-10/ and newer developments / l l -15 /  con- 
tinue to extend the scope of utility of this extensively applied technique. 

The energy and the width of resonances in scattering of an electron by 
an N electron target A may be associated with electron attachment involv- 
ing a metastable state /16-19/. Schematically, the energetics of the electron 
scattering resonances may be envisaged as 

e- + A + (A-)* + e- + A (2) 

whereby, the resonance energy (E,,,), i.e., the kinetic energy of the incident 
electron for which resonance is observed is given by 

Ere, = E(A-)* - EA = E;+' - E i  (3) 

where n denotes the resonance state of the target anion and E& is the to- 
tal ground state energy of the N electron target /20-22/. Similarly, Auger 
resonances may be depicted as 

hv + A + (A+)* + e- 

A++ + e- 
I 

with 
E,,, = EA - E ( A t ) *  = E i  - E;-' (4) 

and here, the Auger resonance may be viewed as electron detachment from 
the n-th metastable state of the target cation /23-26/. 
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This association of resonance energies with electron affinity/ionization en- 
ergy involving metastable Nfl states immediately suggests the use of electron 
propagator formalism for their direct calculation in conjunction with a scheme 
which allows for the easy differentiation of these quasi-bound states from other 
states in the continuum part of the spectrum of the A* Hamiltonian. Such 
an identification of metastable states using routine bound state methods is 
facilitated by the theorems of Aguilar, Balslev and Combes /27-30/. These 
theorems (to be referred as the ABC Theorems) characterize the pole structure 
of the dilated resolvent (Z  - HV)-l. The dilatation transformation (or complex 
scaling) involves the replacement of all the electronic coordinates ?i in the 
Hamiltonian by T G ,  where 7 = aeie (0 < 8 < 5) and the ABC theorems pre- 
scribe that resonances may be associated with discrete complex poles of the 
resolvent which once uncovered are invariant to further changes in 8. 

The method of complex scaling /31-35/ has been found to be quite effective 
in the description of resonances and continues to generate novel applications 
/36-38/. We have attempted to combine the methods of complex scaling and 
the one particle electron propagator in a manner whereby the developments 
of the complex scaled electron propagator emerge as a natural and rigorous 
extensien of the more established real unscaled electron propagator theory 
/22/. These complex scaled extensions of the electron propagator have been 
applied to many atomic and molecular resonances /21,24-26,39-50/ and our 
purpose in this review is to present some of the more important results obtained 
from these applications and sketch the emerging extensions for broadening the 
scope of utility of the dilated electron propagator method. 

The formal and computational considerations are summarized in section 
2 and in section 3 we discuss some results for atomic and molecular shape 
resonances and evaluate the effectiveness of different decouplings. Various 
decouplings of the dilated electron propagator have also been applied to the 
Bet (1s-') 'S Auger resonance and these results are discussed in section 4. 
While the poles of the dilated electron propagator furnish the resonance ener- 
gies and the widths, the corresponding Feynman-Dyson Amplitudes (FDAs) 

( ~ l a , l N ~ ' )  and (N~'la!l~) provide a correlated orbital picture /51/ of the 
atomic/molecular electron attachment /detachment respectively. The energet- 
ics of molecular shape resonances has been analyzed on the basis of the at- 
tributes of the target LUMO /18,19/ and in section 5 we examine the results 
from the use of the FDAs in the investigation of the orbital picture of reso- 
nances. Finally, some concluding remarks summarizing the salient results and 
avenues for further research in this area are collected in section 6. 
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2 The General Theoretical Framework 
Ordinarily, in quantum chemistry we concern ourselves with the solution of 
the Schrodinger equation 

where the Hamiltonian operator H is hermitian (Ht = H) and consequently E 
is real. The discrete E values correspond to wavefunctions $J which are square 
integrable. The wave functions corresponding to the continua of E values are 
not square integrable and describe the free particle, continuum or scattering 
states. 

For the metastable states in which the decaying electron spends some time 
in the vicinity of the target, Gamow 1521 and Dirac 1531 suggested that 
the width of these resonances r is related to the lifetime by the uncertainty 
relation I? = h/T where T is the lifetime of the metastable state and that the 
time development of these decaying states be described by 

H$ = E$J (5) 

$J(r',t) = $J(r')exp(-iEt), E = Er - i r / 2  (6) 

where the provision of complex E leads to finite lifetime. Using (6) in the time 
dependent Schrodinger equation 

iIi a$/& = H$J (7) 

leads to an ordinary time independent Schrodinger equation for the spatial 
part 

H$J = E$J (8) 

except now E is complex and consequently H must be non-hermitian. Siegert 
/54/ showed that solution of eqn. (5) with complex E did indeed lead to 
resonances, i.e., the amplitude B(E) in the scattering boundary condition 

$J.catt(r)rzmA(E)eih + B(E)eWih (9) 

did vanish for certain complex values of E. This is in tune with the heuristic 
picture of resonances resulting from fragmentation of a point leading to only 
outgoing waves in all channels, i.e., 

However, the Siegert function of eqn. (10) is divergent: J I?,$,,,ladT rz 00 and 
the number of particles is not conserved. This non-L2 nature of has given 
rise to difficulties in the direct application of Siegert's method to  resonant 
scattering 
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In order to conserve the number of particles and to be able to apply the 
usual bound state methods to the treatment of resonances, the following trans- 
formations are called for 1561 : 

(12) 
- and 

[SHS-'1 S&. = H4 = [E, - iI'/2] S&& 

so that calculation of resonances may be recast as the familiar eigenvalue 
problem 

except that H is non-Hermitian and new algebraic considerations become nec- 
essary for the extension of routine bound-state methods in the treatment of 
resonances 157-631. The basic underpinning of all these extensions is the 
modification of the spectrum of H induced by S as described by Aguilar, Bal- 
slev, Combes (ABC) and Simon /27-291. Excellent pedagogical treatments of 
these modifications already exist /30-34,56,57/ and we merely outline some 
pertinent results in the following subsections. 

- 
H4 = E# (13) 

2.1 The ABC Theorem 
The theorems of Aguilar, Balslev and Combes /27-301 prescribe that the com- 
plex scaling of all the electronic coordinates in the Hamiltonian modifies its 
spectrum as depicted in fig. 1. 

The real discrete eigenvalues corresponding to the bound states are per- 
sistent and remain unchanged. The various ionization and excitation thresh- 
olds are also left unmodified. The continua belonging to these thresholds 
are however rotated by an angle 28 where the complex scaling parameter 
71 = aeie. Resonances appear as complex discrete eigenvalues of the complex 
scaled Hamiltonian H(v) and the corresponding wave functions are square in- 
tegrable 131-351. 
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Figure 1 .  

nian. 
The spectrum u(H) of the unscaled and u(H(q)) of the complez scaled Hamilto- 

2.2 The Bi-variational SCF 

The complex scaled Hamiltonian n(7) = SHS-' # (n(7) ) t l  e.g., for the dilated 
atomic Hamiltonian (in a.u.) 

Ht(r]) = H(r]*) = H*(r]) # H(r]) for complex values of the dilatation parameter 
7, i e . ,  H(g) is non-Hermitian and as such, tAe variational theorem does not ap- 
ply. However, there exists a bi-variational theorem /57,58/ for non-Hermitian 
operators. The bi-variational SCF equations for the dilated Hamiltonians are 
derived by extremizing the generalized functional 

under the constraint that the solutions a0 and Qo be of the single determi- 
nantal type and the constituent one-electron orbitals be bi-orthogonal. 
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(hl+j) = 4i (18) 

This has been shown /59-62/ to result in a canonical bi-variational SCF pro- 
cedure leading to the effective Fock operators 

occ 
where 

P = cIcli4: (21) 
1 

Extremization of the functional in eqn. (15) defines the necessary and sufficient 
condition /61,62/ 

and the following SCF equations result 

Rp = pQ (22) 

n+; = €;& (23) 

Qt4j = €;4; (24) 

The N lowest real orbital energies E determine the occupied spin orbitals which 
define p ,  R, @o, Rt and @ o .  The procedure followed by us uses a finite real basic 
set u = (u;>E,, M > N, such that 

- 

$=  uc 4 = ud (25) 

(the bars on top of $ and 7 denote their approximate nature), and by applying 
the bi-variational theorem again /59/ to the functional 

and its complex conjugate, one obtains the matrix equations 

slc = Ace (27) 

sltd = Ad€* (28) 

and the bi-orthogonality relation 
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where A = (ulu) is the real and symmetric matrix and Sl = (ulnu) is sym- 
metric but complex. 
The fact that Ht(7) = H(v*) = H*(q) suggests the assumption Go = i& and 
the consequent association {q5i} = {$:} 159,631. With these assumptions the 
following relations hold: 

pt = p* (30) 

Slt = (Ulntlu) = (U*1Q*lU*) = Sl* (for real u) (31) 

which leads to d t  = ct, and the modified bi-orthonormality condition ctAc = 1 
holds. We note that if u were complex, then Slt # Sl*, d t  # c', and (4;) = 
{+:} and {h} are not bi-orthogonal any more. Some other approaches favor 
a physically motivated complex basic set u 163,641 but complex basic sets 
do not preserve bi-orthonormality and we have therefore employed only real 
primitive u in all our calculations. 

The assumption {q5i} = {+:} makes the approximate many-electron wave- 
function satisfy the same relations as the exact one. This choice permits the 
construction of a bi-variational SCF program driven by supermatrices 159,651 
requiring a symmetric density matrix and preserves the associated storage and 
I 0  advantages. In all our numerical investigations we have used a real basic 
set of symmetry adapted CGTO's and have assumed {di} = {$:}. With this 
assumption p = occ.~+)(q5~occ. = luc)(uc*l = lu)cS(ul. The convergence crite- 
rion bp = 0 demands 6(cE) = 0 and agreement of the absolute magnitude of 
the density elements from successive cycles within 1.0 x is enforced as the 
convergence criterion. The results have been analyzed in some detail earlier 
144,591 and will be discussed further in the following sections. 

_ -  

2.3 The Dilated Electron Propagator 

The bi-variational SCF furnishes the bi-orthonormal sets ( 4 )  and {h}, and 
N occupied orbitals determine a0 and Q0. For the ideal case of complete spin- 
orbital bases {Oi} and {$i} the closure relation becomes 

x being a compound space-spin coordinate. We can write the appropriate 
zeroth order density operator as po = lQo) (@ol  with Tr po = 1 and E(7) = 
(H) = Tr {H(q)pO(v)} is stationary. The exact ground state solution can be 
represented by the density operator p = po + ( p  - p o )  1661. The space of all 
antisymmetric tensors of different ranks corresponding to state-vectors repre- 
senting different numbers of particles generated by the set {$i}, under natural 
linear operations and exterior multiplications A which increase the rank of 
the tensors, constitutes a Grassmann Algebra G 1671. We also introduce the 
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adjoint algebra G' associated with {&}, and in terms of the duality <, > be- 
tween G and G', the interior multiplication of the left J , and of the right 1, are 
defined as follows: 

(x, ai A = ( x ( a i ~ ) t ,  o = (XI ai o 

(x A a',O = (x, ( A a ' ) t O  = (x,a ' lO 

(33) 

with x, xJa; E G' and [, a+ A E G. Similarly, we have 

(34) 

x, XAa' E G' and (, a'[,$ E G. The interior multiplications a' 1 and la; decrease 
the rank of tensors in G and G', respectively. It is obvious that the exterior 
multiplications a; A and A a' and the interior multiplications a' 1 and J a; may 
be formalized as the familiar creation and annihilation operators on the direct 
{$;} and adjoint {&} spaces, respectively, except that now the operators and 
their adjoints do not have the same domain. Specifically (a;A)t =la+. These 
concepts are part of the general theory of Dual Grassmann Algebras /67/. 
Some other relevant results are: 

(a;A)t  =Ja; (a'1)t = Aa' (35) 

[ a' 1, a' 1 ]+ = 0 = [ a; A,  aj A ]+ ; [ aiA, a' 1 ]+ = 6, (36) 

The electron field operator &x) for the direct space is given by 

4(4 = CIlr*(4ai1 
i 

= ~ $ ~ i ( z ) ( A a ' ) t  
i 

and the electron field operator $(x) for the adjoint space is defined as 

d t ( 4  = c 4l(.)(J .'It 
i 

= C~;(Z)~,A 
i 

and in terms of the duality between G and G', the regular second quantized 
representation of the physical operators is easily generalized /22/, e.g., for the 
dilated Hamiltonian from eqn. (14) written as 

N 

H(~I )  = C h i ( v )  + 1/2 C C gij(7) (37) 
i= l  i j#i 
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No, = c.r A a'[= c n, 
r r 

and the occupation numbers are 

(40) 
1 
0 otherwise 

if $, is occupied in Q0 
Tr {pea, A a'[} = (n,) = 

Partitioning the Hamiltonian in eqn. (37) as 

where 

and 

V(T) = C C C Z(didj II A+l)[1/4 ai A aj A a' LakL-ajt(nt)ai A I (43) 

(didj 1 1  d'k$f) (hdjldT)l$k$f) - (hdj ldT)l$fh)  (44) 

i j k f  

with 

The linear space of fermionlike creation and annihilation operators intro- 
duced in the superoperator formulation /68/ of the propagator equations is 
now to be replaced by bi-orthonormal operator spaces /22/ 

h = {aiL,iL;AajLakLI...} j < k  (45) 

i; = {JqIJakJaj  ~ a ' ; . . }  j > k  (46) 

(47) 

(48) 

with scalar product 
(GiJhj) =TI {[hj,hi]+p}. - t  

H(d = H O ( d  + +(TI 

The superoperator Hamiltonian may be partitioned as 
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and the superoperator H0(7), Q(7)  and the identity superoperator i 168,691 
satisfy the relations 

HOX = [X,Ho(7)]-, QX = [X,V(7)]-, iX = X, V X E h (49) 

Analogous to the previous treatments 1691 the Fourier transformed equation 
of motion of the dilated electron propagator may now be written as 

~ ( 7 )  = ( i i l ( ~ i  - fi(v))-'a) 

Gij(7) = (&[(El - H(q))-'laj) 

(50) 

with matrix elements 

(51) 

where & =J a;, and aj = aj 1 and approximation schemes can now be developed 
exactly as in the earlier work /3/ for the real electron propagator method and 
instead of the expression in eqn. (50) we study 

G(7) = (Hlh)(hl(Ei - H(7))Ih)-'(&la) (52) 

obtained by inner projection 1701. 
The zeroth order expression for the electron propagator is obtained by 

using po from eqn. (21) as the density operator and using the inner projection 
manifolds - -  

h = h' = {ai[), and h = h' = (1%) 

~ ~ ( 7 )  = ( i i ~ ( ~ i  - fio(7))a)-' 

(53) 

(54) 
in eqn. (52) we get 

with 
GE(7) = 6ij/(E - ~ i )  (55) 

This demonstrates the equivalence of this development to that of the undi- 
lated electron propagator. The structural equivalence at any order of pertur- 
bation theory between the dilated propagator G(7) and the unrotated case, 
demonstrated by the corresponding choice of projection manifolds and density 
operators, guarantees the ease with which the dilated propagator coalesces 
into the undilated one for B = 0 at any level of approximation. For example, 
choosing p = po, h = h' @ h3, and h = h' @ h3 with 

h3 = {,Aap[aq[,%Aa"[aB[) and h3 = { ] ~ ~ ~ A a P , J a ~ ~ a a A a p }  (56) 

(a < p labeling occupied, p < q labeling unoccupied orbitals, and i j  labeling 
unspecified orbitals) we can write 1221 

G-'(v,E) = (alEi - H,Ja) - (alHqlh3)(h31Ei - H,lh3)-'(h31H71a) (57) 
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or 
G-'(q, E) = El - [A -t BM-'C] 

G-l(q,  E) = El - A(q) - C ( q ,  E) = El - L(q, E) 

(58) 

(59) 

L = A + C  and C = BM-'C (60) 

which may be recast as 

where 

Particular choices for p and alternative partitionings of H lead to various de- 
couplings of the dilated electron propagator with different actualizations for 
A and C 1711 and in the following subsections we briefly categorize these 
different approaches to the construction of G(q, E). 

2.3.1 

The bi-orthogonal dilated matrix electron propagator G(q, E) may be ex- 
pressed as 1221 

where Go(q,E) is the zeroth order propagator for the uncorrelated electron 
motion, in this approach chosen as given by the bi-variational SCF approxi- 
mation 159-621 and q = aeie is the complex scaling (dilation) parameter. The 
self-energy matrix 

The Bi-orthogonal Dilated Electron Propagator 

G - ' h  E) = Gi'(7,  E) - q.11, El, (61) 

E(q, E) = (ii1H(q)hs)(i3((Ei - H ( ~ ) ) h s ) - ' ( i s ( H ( ~ ) a )  (62) 

contains the relaxation and correlation effects and may be determined through 
perturbative or renormalized decouplings 122,401. 

Solution of the bi-variational SCF equations 1591 for the N-electron ground 
state yields a set of occupied and unoccupied spin orbitals. In terms of these 
spin orbitals the matrix elements of G,'(q, E) are 

(Gi'(7,E))ij = (E - Ei)bij, (63) 

where ei is the orbital energy corresponding to spin orbital i, i.e.; the i-th eigen- 
value of the diagonal matrix e of the eigenvalues of the one-electron Hamilto- 
nian in eqn (5). 

Approximation of H by H, in eqn. (62) results in the second order approx- 
imation to the dilated electron propagator 126,391 with 

(64) 

>< n, > (65) 
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If H in eqn. (62) is retained in entirety, we obtain the full 2ph-TDA decoupling 
172-741 with 

Zph-TDA 1 112 N1/z 
cij ( 7 1 ~ )  = 5 c c Nkfm ktftml(ik 11 em) 

kJ,m k',L',m' 

x {(LI(Ei - Ho(v))h) - ( ~ l ~ ( ~ ) h ) } ~ , k l f l m f ( ~ ' m '  II jk'), (66) 

where 

and 

l / z N - l / 2  1 

- (k'l 1 1  k.!?')b-t(< nk > - < nt >)} 

(~k~t lm~l(V(v))hb)  = N, k t p , t { ~ ( d  1 1  rn ' t ' )b(1- < n, > 

- < nt >) - (k'm 11 km')6ul(< nk > - < nm >) 

(68) 

As a result of the large dimension of the { h b )  operator manifold the full 
2ph-TDA technique is computationally not very attractive and its diagonal 
approximation which restricts the summation over the spin orbitals to k = 

k',e = l' and m = m' affords considerable computational savings. Applying 
this approximation to eqn. (66)' the diagonal 2ph-TDA self-energy expression 
for the dilated electron propagator is given by 

where A = ;(me 1 1  ml)(l-  < n, > - < nt >) - (km ( 1  km)(< nk > 

- < n, >) - (kl  1 1  kl)(< nk > - < nt >) (70) 

The results obtained from diagonal and full 2ph-TDA decouplings for the 
valence electrons are almost indistinguishable 1751 and this has been our pre- 
ferred decoupling for the treatment of shape resonances 1401. 

In addition to the usual computational demands of iterative pole search 
necessitating multiple passes through large self energy lists that beset all prop- 
agator calculations, resonances are identified through search for regions of 
quasi-stability in LY and B trajectories of complex poles of the dilated electron 
propagator 121,221 making these calculations approximately 100 times more 
exacting in comparison to their real counterparts. The need for effective and 
economic approximations that preserve the accuracy of original decouplings, 
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therefore, assumes added significance in the case of dilated electron propagator 
calculations. 

The quasiparticle approximation /76,77/ to the electron propagator and 
the related Outer Valence Green's Function (OVGF) method /6,9,77/ has 
emerged as an economic and remarkably accurate method and is used rou- 
tinely for most of the real electron propagator calculations /6,9,77,78/. The 
quasiparticle approximation /48-50/ for dilated electron propagator results 
from an identical diagonal approximation to the self-energy matrix E(7) with 
poles of the dilated electron propagator being given by 

E(7) = Ei t Zii(7, E) (71) 

which is solved iteratively beginning with E = e; and Cii may correspond to any 
perturbative or renormalized decoupling or geometric approximation scheme 
such as the OVGF method. We have utilized both second order (Zf) and di- 
agonal2ph-TDA (Cii 2ph-TDA ) decouplings, for the quasiparticle approximation 
141-46/. 

The computational considerations in the calculation of poles and corre- 
sponding FDAs may be outlined by rewriting the propagator eqn. (61) as 

G-'(7, E) = E l  - L(7, E); L = E t E ( 72) 

whereby the poles of the dilated electron propagator are the energy dependent 
eigenvalues of L(7, E) given by 

L(T, El~n(71i E) = En(T,E)Xn(T, El1 (73) 

which satisfy the relation 
En(71, E) = E (74) 

Finally, in terms of the eigenfunctions and eigenvalues of L, the spectral rep- 
resentation of the dilated electron propagator is 

and the requisite poles of G are searched by iterative diagonalisation of L as 
detailed elsewhere /21/. The Feynman-Dyson Amplitude xn corresponding to 
the n-th N+1 electron state is given by 

xn = J Q;+'*(l, 2,3, .. . , N , N  +- l,n)Q;(l, 2,3, .  . . ,N)d(l)d(2)d(3). . .d(N) 

where Qy is the optimal single determinantal description of the N-electron 
target based on the bi-variationally determined SCF orbitals {$i} and Q:+' is 
the n-th N+1 state generated by the creation operator manifold {%A, ai A aj A 

(76) 
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41 ;  j > i} 122,401. In the bi-variationally obtained bi-orthogonal orbital basis 
{&} , xn is a linear combination 

where the mixing of the canonical orbitals allows for the incorporation of corre- 
lation and relaxation effects. In the zeroth (C = 0 )  and quasiparticle approxi- 
mations (diagonal X), there is no mixing. The difference between perturbative 
second order (C') or renormalized diagonal 2ph-TDA ( CZph-TDA) decouplings 
manifests itself through differences between the mixing coefficients C~ from 
these approximations 13,401. 

2.3.2 

In this scheme introduced by Donnelly and Simons /21,47-501, the complex 
scaled Hamiltonian is partitioned as 

Dilated Electron Propagator based on a real SCF 

H(v) = Ho(HF;v = 1) + H'(v) ( 78) 

where HF stands for Hartree-Fock and hence 

H'(v) = [V(v) - V(HF;v = I)] + [ ~ H F ( v )  - ~ H F ( V  = 111 (79) 

The reference state 1;) in this scheme is approximated by 

N 
1 0 

) = \E(q) = \E(HF;v = 1) + RSPT correction to first order (80) 

and 
G-'(v,E) = E l  - (A -+ BM-'C) = E l  - L(v,E) (81) 

where the detailed expressions for A, B, M and C are tabulated in reference 
21. 

The differences between the two approaches to the construction of the 
dilated electron propagator discussed so far, become obvious at this stage. 
The bi-orthogonal approach preserves the formal simplicity and utilizes opti- 
mal orbitals with the effect of complex scaling built into the state function 
1;) = \ko(v) through a separate bi-variational SCF for each 17 (eqn. (19)). 
This, however, necessitates that a fresh set of orbitals be obtained and a com- 
plex two electron integral transformation over these orbitals be done for each 
new value of v. Since resonances are searched through Q and 6 trajectories 
(7 = aeie) of the corresponding poles, the bi-orthogonal procedure is compu- 
tationally demanding. The approach of Donnelly and Simons 1211 bypasses 
these difficulties by basing its scheme on a real SCF. The accommodation 
of complex scaling effects through a low order perturbative analysis however, 
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leads to complicated formulae for Cij and somewhat more cumbersome algo- 
rithms become necessary 1211. This approach also does not provide for easy 
extensions and has been restricted to only a second order decoupling. Also, 
one may be able to glean valuable insight by examining the bi-variational SCF 
orbital energies as the poles of the zeroth order dilated electron propagator 
1251 and use this for economical and predictive construction and pole search 
of the full propagator. Such a possibility is precluded by the Donnelly-Simons 
approach based on real SCF. Even with these differences of approach, the 
results obtained from both these methods have been comparable for second 
order decouplings and will be discussed later in section 4. 

2.3.3 Electron Propagator  with Siegert Boundary Condition 

The construction of the dilated electron propagator for many different values of 
the complex scaling parameter is computationally demanding. The advantages 
of complex scaling ensue from the conversion of the resonant scattering func- 
tion into a square integrable function due to the Siegert boundary condition 
/54/. This has led to the construction of the Layzer operator L 

L(E) = -fV' + V(HF) + C(E) (82) 

in a basis of real Hartree-Fock orbitals ( 4 ; )  augmented by a Siegert Orbital 
c j S  with a cutoff factor to take care of the divergence problems 123,241 

q5s(r) = [l - exp(-pr)]exp(ikr - 17r/2)/r (83) 

where k is complex with ik' = E where E is chosen in the vicinity of known 
resonance energies (E CY E, - iI'f2). The pole search of the propagator once 
again involves the iterative solution of the Layzer eqn. (73) 

with 
1 1 

&(-k') = -k2; 
2 2 

E, = f[Er*'  - E,N] 

once again being the convergence criterion in an iterative pole search (see 
eqn. (74)). This has not been applied widely. The results obtained from this 
method for the (ls)-' 'S Auger resonance of Be and its satellites are plausible 
but that for the 'P e-Be shape resonance is not so 1241 and will be discussed 
along with those from other approaches to the construction of complex scaled 
electron propagator in the following section. The major recent contribution of 
this approach is in the calculation of energy and width of Feshbach resonances 
in He 1791. 
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2.3.4 

The spectral representation of the dilated electron propagator in strict analogy 
to eqn. (1) is given by 120-231 : 

The Trajectory Method for Resonant Pole Search 

and the pole structure of the dilated electron propagator may be deduced by 
examining the poles of eqn. (86) as a function of the scaling parameter q. Since 
E l  is a persistent real eigenvalue, the imaginary part of the pole will come from 
E:+'(q) and it becomes obvious that the electron attachment poles E:+'(q) - 
E t  of the complex scaled electron propagator as per the modifications in the 
spectrum of H(q) may be classified as follows: 

1. If n denotes a bound state of the ( N + l )  anion, E:+'(q) is real and 
persistent. Therefore, E?+'(q) - E: is a persistent real negative pole. 

2. If n denotes a resonant (metastable state) of the anion, E?+l(q) = E:+'- 
i r /2  and the corresponding pole (E:+'(q)-E!) = (Er+'-Ef)-iI'/2 and 
from the real part one may directly determine the kinetic energy of the 
incident electron for which resonance occurs and the imaginary part pro- 
vides the half width. These poles are persistent once uncovered. 

3. If n denotes a continuum state of the anion, E:+'(q) = Et+Ee(q),  where 
Ee(q) = q-'Ee (see fig. 1) or E:+'(q) = Er+E,(q) etc. depending on the 
state of the target left behind and the corresponding poles (E;+'(q) - 
E l )  = q-'Ee (branch cut at 0) or (Er  - E t )  + q-'E. (branch cut at the 
first threshold etc.), i.e., these poles get rotated in the fourth quadrant 
just as the eigenvalues of fig. 1 except here we are dealing with energy 
differences unlike state energies in that figure. 

A similar analysis may be carried out for the electron detachment poles as well 
and the Auger poles (E; - E:-'(q)) will obviously be found in the first quad- 
rant of the complex E-plane. With this brief discussion of the pole structure 
of the complex scaled electron propagator aa a common background, its utility 
in direct and simultaneous treatment of resonances of N + l  electron and N-1 
electron systems becomes manifest e.g. ,  for Be both Be+ (1s-') 'S Auger and 
'P Be- shape resonances have been calculated simultaneowly from a single 
calculation on Be/25,26/. 

While the resonant pole of the dilated electron propagator is persistent 
once uncovered and should be invariant to further changes in the complex 
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Figure 2. 

from the second order decoupling of the dilated electron propagator /26/. 

Theta tmjectories for the e-Be 'P shape resonance and a nearby scaitering root 

scaling parameter, applications employing manageable basis sets do not fulfill 
the condition: 

dkE/dqk = 0 V k =  1,2,3,... (87) 

This condition for total stability is instead seen to manifest itself as quasi- 
stability in a short range of 7. The stability of resonances is then examined 
through the following relation: 

and for q = aeie one has the reciprocity relations: 

(aE/aa)e = ( q / a ) ( a E / a ~ )  = 0 

(aE/ae), = iq(aE/dq) = 0 

(89) 

(90) 

which lead to loops/kinks in the plot of the poles as a function of the scaling 
parameter (trajectories) in fourth quadrant of the complex energy plane for 
electron attachment and in the first quadrant for the electron detachment 
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decoupling of the dilated electron propagator /39/. 

Theta trujectories for the e-Mg a P  rhape resonance from the second order pa) 

resonances. Fig. 2 shows the theta trajectories for the resonant and the nearest 
scattering poles of the dilated electron propagator for Be /25/. The complex 
scaling transformation is an unbounded similarity transformation and while 
new roots appear (resonances) old roots may also be lost. This feature is seen 
in fig. 3 for the case of multi-orbital zP shape resonance in e-Mg scattering 
139,401. 

2.4 Molecular resonances 

The Born-Oppenheimer Hamiltonian is not+ dilatation analytic if only the elec- 
tronic co-ordinates are scaled since lF'ei6 - RI vanishes for a continuous range of 
8 3 Iq = 121 and S.2 = cos(8) 1801. The conceptual and numerical difficulties 
associated with complex scaling of both the nuclear and electronic coordinates 
and solution of the combined problem with a plethora of rotational, vibrational 
and electronic thresholds have prompted the formulation of (see ref. 22) two 
different schemes by McCurdy and Rescigno 1811 and Moiseyev and Corcoran 
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1821. Both utilize the equivalence: 

and since basis functions are analytic for all values of the complex scaling pa- 
rameter, the non-dilatation analyticity of the Born-Oppenheimer Hamiltonian 
is disregarded 1831. While the McCurdy-Rescigno approach advocates the use 
of basis functions with exponents scaled by a complex scale parameter where 
only the diffuse functions are scaled, the Moiseyev-Corcoran approach uses 
unscaled basis functions with scaled Hamiltonian. 

Since the complex scaling of the exponents of the primitive basis set 
will lead to a complex primitive basic set u and hence to the loss of bi- 
orthogonality central to our constructions, the Moiseyev-Corcoran approach 
has been adopted by us /44-461 and Donnelly /21,47-501 in the construction 
of the molecular dilated electron propagator. 

Before concluding this section on general theoretical considerations we 
summarize that the bi-orthogonal approach outlined earlier provides a general 
and rigorous theoretical format for the construction of the infinite order or the 
renormalized dilated electron propagator and allows for simple, systematic 
and easily cognizable approximation schemes. No assumptions about the suf- 
ficiency of the first order correction to the variational ground state, as a means 
of accommodating complex rotation effects or the applicability of the pertur- 
bation theory to the perturbation Hamiltonian V(6) = H(6) - F(6 = 0), where 
F is the Fock operator 1211 need be made. The second order and other ap- 
proximations of t he real electron propagator theory are recovered easily and 
without invoking other supplementary concepts like the c-product 1841. The 
scheme is comprehensive and permits the treatment of cases where & = 4: may 
not be a good approximation. All the standard decoupling procedures for the 
unrotated propagator may be easily incorporated and is the approach utilized 
by us in all our resonance calculations. Results from these applications are 
discussed in the following sections. 

3 Shape Resonances in e-Atom and e-Molecule 
Scattering 

The shape resonances are believed to result from a simple trapping of the 
impinging electron in the unoccupied orbitals of the target made metastable 
by the centrifugal barrier /17,18/. These belong to the continua attached to 
the first threshold of the target and are easiest to analyze. The multi-orbital 
Feshbach resonances require rearrangement of core electrons and low order de- 
couplings with limited incorporation of correlation and relaxation effects may 
not be adequate for their description. Most of the application of the complex 
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scaled electron propagator method have therefore focused on the investigation 
of atomic and molecular shape resonances. In the following subsections we 
collect the major findings from these applications. 

3.1 

The alkaline earth elements Be, Mg and Ca have p-type orbitals as the lowest 
unoccupied orbital. These p-orbitals are ideally suited for providing centrifu- 
gal angular momentum barrier of adequate width and depth to temporarily 
trap the impinging electron, and the 'P shape resonances in e-Be, e-Mg and 
e-Ca scattering have been studied most extensively. The dilated electron prop- 
agator has been applied to investigate both the energetics and mechanism of 
shape resonance formation in electron scattering off these alkaline earth ele- 
ments. In the following subsections we deal with the energetics. Mechanistic 
insights gleaned from the application of the dilated electron propagator to 
these systems are discussed in section 5. 

Shape Resonances in e-Atom Scattering 

3.1.1 e-Be 'P Shape Resonance 

The 'P shape resonance in e-Be scattering has served as the test case for 
almost all the theoretical approaches to the treatment of electron scattering 
resonances and the earliest applications of the dilated electron propagator have 
also focused on this system /21,26,40/. Theta trajectories from different de- 
couplings of the bi-orthogonal dilated electron propagator are displayed in fig. 
4. The optimal value of a = 0.75 has been determined through a separate a- 
trajectory 1261. 

Improvements affected by the incorporation of the correlation and the re- 
laxation effects are quite transparent in fig. 4. The lowering of both the 
energy and the width of the resonance for the C' decoupling seems to  indicate 
that relaxation of the target helps the impinging electron to see more nuclear 
attraction (lower energy), whereby it spends more time in the vicinity of the 
target (has smaller width). Just as in the real electron propagator calculations 
the inclusion of self-energy corrections should lead to a better description of 
the (N+1) state. This is reflected in the dilated electron propagator calcu- 
lations by the clear cusp in the 6 trajectory for the propagator pole. Only 
a faint tendency is discernible at the level of the bi-variational SCF or the 
zeroth order propagator. The results from our application of the quasiparticle 
approximation of the shape resonances in e-Be for both second order and di- 
agonal 2ph-TDA decouplings are also displayed in fig. 4 and the effectiveness 
of the quasiparticle approximation lends credence to the single orbital picture 
of shape resonances. 

The Siegert orbital approach to the electron propagator has not been effec- 
tive in the treatment of the e-Be 'P shape resonance. Both our bi-orthogonal 
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Figure 4 .  Theta tmjectories for the e-Be zP shape resonance fmm the zeroth (bi-variational 

and quasiparticle diagonal 2ph- TDA (C:ph-TDA) decouplings of the dilated electron propa- 
gator. A magnified version of the quasiparticle diagonal 2ph- TDA (Etph-TDA) and diagonal 
2ph-TDA (Ezph-TDA) tmjectories w displayed in the inset. 

SCF), second order (I?), quasiparticle second order (Xi), diagonal 2ph-TDA (Czph-TDA 1 

approach based on complex bi-variational SCF and the Donnelly-Simons con- 
struction based on real SCF find the 'P shape resonance in e-Be scattering to 
be much wider when compared with the results from other techniques collected 
in table I. 

The bi-orthogonal approach uncovers it for different a and larger B and 
the two techniques give different values. Though our bi-variational SCF based 
method needs larger rotation to uncover this resonance (Bop ,  = 0.36 as com- 
pared to Bop, = 0.25 from ref. 21), the width obtained is only 0.7 of that. in ref. 
21. This feature, where a larger width is obtained with less rotation seems to 
indicate that the real SCF based method of ref. 21 may not be suitable for 
the characterization of wider resonances. 
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Table I 

Energy and Width of the a P  shape resonances in e-Be scattering 

Method/Reference 

~ 

Static Exchange Phase Shift 1851 

Static Exchange plus Polarizability 1851 
Phase Shift 

Static Exchange Phase Shift 1861 

Static Exchange plus Polarizability 1861 
Phase Shift 

Static Exchange Cross Section 1861 

Static Exchange plus Polarizability 1861 
Cross Section 

Complex ASCF /63/ 

Singles and Doubles Complex CI 1871 

Singles Doubles and Triples Complex CI 1871 

S-Matrix pole (X,) 1127,1281 

Second order Dilated Electron 
Propagator based on real SCF 1211 
Zeroth order Bi-orthogonal Dilated 
Electron Propagator 1401 
Second order Bi-orthogonal Dilated 
Electron Propagator /40/ 

Diagonal 2ph-TDA Bi-orthogonal 
Dilated Electron Propagator 1401 

Energy (eV) 

0.77 

0.20 

0.75 

0.14 

1.20 

0.16 

0.70 

0.58 

0.32 

0.10 

0.57 

0.67 

0.64 

0.67 

Width (eV) 

1.61 

0.28 

1.64 

0.13 

2.6 

0.14 

0.51 

0.38 

0.30 

0.15 

0.99 

0.88 

0.60 

0.66 
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3.1.2 e-Mg 'P Shape Resonance 

While the 'P Be- shape resonance has served as the most popular test case, 
due to the toxic nature of Be, there are no experimental results for this system. 
The 'P shape resonance in e-Mg scattering is well characterized 1881 and 
the extensive literature on this resonance utilizing many different theoretical 
techniques /47,64,85,86,89,90/ makes it an excellent arbiter of the efficacy of 
different theoretical techniques for the treatment of resonances. 

The results obtained for e-Mg scattering are presented in table 11. It is 
obvious that the perturbation theoretic accommodation of rotation effects for 
small B in the Donnelly-Simons approach is quite adequate and the results 
obtained with or without the use of bi-variational SCF to determine the ap- 
propriate zeroth order density for the dilated electron propagator calculations 
are in remarkable agreement. Since the narrow resonances are uncovered with 
small rotations, the technique of refs. 21 and 47 is more economical and per- 
haps equally effective as our own. 

The real merit of our work stems from the light it sheds on the paral- 
lelisms /47,91-941 between the complex scaling and the stabilization method 
/17,93,126/ for the treatment of resonances. A notable feature of the stabi- 
lization method is that at the point of optimal stabilization of the resonant 
root there is an avoided crossing with another nearly degenerate root which 
descends from above and replaces the stabilized root when further changes 
in the stabilization parameter (no. of configurations as in ref. 22 or scale 
parameter a as in ref. 87-92) is affected. 

The details of the stabilization method, especially, the superseding of a 
previously resonant root by a nonresonant root may be likened to the behavior 
of rotated scattering roots neighboring a resonance in the complex E plane. 
If through enough rotation, a scattering root passes by the resonance, it will 
uncover the neighboring resonance and lose its previous scattering character. 
Our trajectories from figs. 3 and 5 demonstrate this feature. It is worthwhile to 
note that the roots portrayed in figs. 3 and 5 approach the same resonance from 
the opposite directions and that the root I1 starts out as a typical scattering 
root. Similar behavior is displayed by the pair of roots displayed in other 
figs. 3 have 
entirely different orbital genealogy initially and are described by different linear 
combination of the SCF orbitals. This feature persists till the root I1 of fig 3, 
for example, has been rotated through 6 = 0.16 radians at which stage this 
root changes to one portrayed by root I. Thereafter the two are identical. The 
presence of more than one resonant root is a basic feature of all bi-orthogonal 
dilated electron propagator calculations for e-Mg scattering with different basis 
sets 126,401. All of these roots show substantial contributions from more than 
one orbital (even for e = 0.0 radians). This is understandable, since if the 

1,2 and 5 of reference 26. The pair of roots depicted in fig. 
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Table I1 

Energy and Width of the 'P shape resonances in e-Mg scattering 

Met hod/ Reference Energy (eV) 

Experiment /88/ 

Static Exchange Phase Shift /85/ 

Static Exchange plus Polarizability /85/ 
Phase Shift 

Static Exchange Phase Shift /86/ 

Static Exchange plus Polarizability /86/ 
Phase Shift 

Static Exchange Cross Section /86/ 

Static Exchange plus Polarizability /86/ 
Cross Section 

CI /89/ 

S-Matrix pole (X,) /127,128/ 

Complex ASCF /64/ 

Dilated Electron Propagator based 
on real SCF 1471 

Second order Bi-orthogonal Dilated 
Electron Propagator 1401 

Diagonal 2ph-TDA Bi-orthogonal 
Dilated Electron Propagator /40/ 

0.15 

0.46 

0.16 

0.46 

0.14 

0.91 

0.19 

0.20 

0.08 

0.51 

0.14 

0.15 

0.15 

Width (eV) 

0.13 

1.37 

0.24 

1.53 

0.24 

2.30 

0.30 

0.23 

0.17 

0.54 

0.13 

0.13 

0.13 

resonance is to be described as a wave packet localized by the polarization 
and centrifugal potentials induced in the target, the packet is made up of not 
just one wave but from all those with energies falling within the width of the 
so-called packet center /93,95/. As such, orbital bases of the kind employed 
here with nearly degenerate orbital energies in close proximity to the resonance 
energy will give rise to different roots describing different parts of the wave 
packet whose width is determined by the width of the widest root. Normal 
scattering roots a la complex scaling will emerge only when the poles of G are 
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Figure 5. 

and diagonal 2ph-TDA (Ea*h-TDA) decouphgs of the dilated electron propagator. 
Theta trajectories for the e-Mg 'P shape resonance from the second order @') 

sought outside this energy region. The 'P shape resonance in e-Be scattering 
is described by a single root in figs. 2 and 4 since other roots obtained are 
farther than the half-width of this resonance for the basis sets used in these 
calculations /26,40/. The optimal results from different bases for the e-Mg 'P 
shape resonances are in excellent agreement with the experimental results for 
the 'P shape resonance in e-Mg scattering] which along with the results from 
other calculations are collected in table 11. 

3.1.3 e-Ca 'P Shape  Resonance 

The low energy resonances are difficult to measure experimentally and there 
is some controversy about the energy assignment for the 'P shape resonance 
in e-Ca scattering /96/. While the experimental results of Romanyuk et. 
al. /96/ and those from other theoretical calculations classify the 'P Ca- 
as being metastable, more recent experimental results of Pegg et. al. /97/ 
and calculations of Froese-Fischer et. al. /98,129/ have found it to be stable 
by 0.0453 eV vis-a-vis the neutral Ca atom. Our results from both second 
order and diagonal 2ph-TDA calculations /40/ employing a fairly extensive 
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(lls/19p) basis used earlier by McCurdy et. al. /64/ identify only one of 
the 17 virtual orbitals to be resonant and the corresponding 'P Ca- anion 
to be metastable. The level of correlation and relaxation provided by second 
order/diagonal 2ph-TDA decouplings of the dilated electron propagator is, 
however, not decisive and our results are probably not accurate enough to 
discriminate between stability/metastability of the 'P Ca- anion, still, less 
than 0.1 eV separates stability/metastability and hopefully, our results from a 
fairly accurate calculation displaying comparative independence from complex 
scaling (aopt = 1.0, Bopt = 0.29radians) will spur further investigations in this 
area. 

Theta trajectories of the resonant root for the Ca 'P shape resonance 
from the various self-energy approximants are plotted in fig. 6. The results 
for resonance energy and width of the 'P shape resonance in e-Ca scattering 
are collected in table 111. 

-0.125 ! 
0.160 0.163 0.166 0169 0172 0 

R e ( € )  in O V  

5 

Figure. 6 .  Theta trajectoriea for the e-Ca IP ahape resonance from the zeroth (inaet), 

aecond order (I?), quasiparticle aecond order (E:), diagonal 2ph- T D A  and 

quasiparticle diagonal 2ph-TDA (Cyh-TDA) decouplinga of the dilaied electron propagator. 
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Table I11 

Energy and Width of the 'P shape resonances in e-Ca scattering 

MethodlReference 

St atic-Exchange Phase Shift / 86 / 
Static-Exchange plus Polarizability 1861 
Phase Shift 

Static-Exchange Cross Section 1861 

Static-Exchange plus Polarizability 1861 
Cross Section 

Static-Exchange Total Cross Section 1961 

Static-Exchange plus Polarizability /96/ 
Total Cross Section 

Complex ASCF 1641 

Zeroth order Bi-orthogonal Dilated 
Electron Propagator /40/ 

Second order Bi-orthogonal Dilated 
Electron Propagator /40/ 

Diagonal 2ph-TDA Bi-orthogonal 
Dilated Electron Propagator 1401 

Energy (eV) 

0.24 

0.06 

0.40 

0.08 

0.45 

0.10 

0.23 

0.34 

0.16 

0.17 

Width (eV) 

0.54 

0.10 

0.70 

0.10 

0.65 

0.14 

0.16 

0.32 

0.14 

0.19 

3.1.4 Role of Correlation and Relaxation in atomic shape reso- 
nances 

Even though the diagonal 2ph-TDA sums diagonal ring and ladder diagrams 
to all orders, from tables 1-111, it is obvious that unlike in other studies where 
increased correlation leads to lower values for resonance energy and width, the 
main effect of correlation in our study seems not so much on the resonance 
energies as on the width. Greater correlation provides for the incorporation of 
higher level of polarization and relaxation effects leading to a longer life time 
for the resonance but the resonance energies remain close to values obtained 
from the lower order approximations. For all the three systems, we find that 
the results obtained from the second order and the diagonal 2ph-TDA are 
more or less indistinguishable from each other. There is however, considerable 
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difference in results obtained from the uncorrelated zeroth order (bi-variational 
SCF), and the correlated second order and diagonal 2ph-TDA approximants. 
At the zeroth order, there is no resonant root for Mg and the resonance energy 
and width for the 'P shape resonance in e-Ca scattering at the zeroth order 
level is twice as large as that for the second order and diagonal 2ph-TDA 
approximant s. 

Relaxation effects seem to be the most important in the formation and 
decay of shape resonances, since there is no resonant root for Mg at the bi- 
variational SCF level and the values obtained for Be and Ca from the zeroth 
order approximation (bi-variational SCF) are much larger than that from sec- 
ond order and diagonal 2ph-TDA self energy approximations. In the complex 
ASCF calculations /64/ for the 'P shape resonance in e-Ca scattering, the 
resonance energy and width have been calculated from E(c,-)*(B,,t) - EcJB = 
0), where the star denotes the resonant state. Our propagator calculations 
evaluate E(Ca-)+(Bopt) - ECa(Bopt). Since the basis set used for both the cal- 
culations is same and exhaustive, the B dependence of Ec. is expected to be 
negligibly small as assumed in the ASCF calculation /64/. We have utilized 
the same basis, and since ASCF provides full relaxation permitted by the basis 
set, the difference in calculated resonance energy and width between ASCF 
values and those from our own C2 and C'ph-TDA calculations must be due to 
polarization effects. We may thus surmise that the polarization has consider- 
able effect on the resonance energy but has little impact on the width of the 
resonance. The results from the more demanding diagonal 2ph-TDA approxi- 
mation however, offer only a marginal improvement over those obtained with 
the second order approximation. 

3.2 Shape Resonances in e-Molecule Scattering 

The basic computational difference between the use of complex scaling for 
the treatment of atomic and the molecular resonances stems from the non 
dilatation-analyticity of the Born-Oppenheimer Hamiltonian /80-83/ when 
only the electronic coordinates are subjected to complex scaling. As noted 
earlier in section 2.4 a computationally tractable solution which preserves the 
bi-orthogonality of the orbital basis thereby permitting the use of the same 
atomic bi-orthogonal dilated electron propagator apparatus is offered by the 
Moiseyev-Corcoran method of treating nuclear attraction integrals for the di- 
lated Hamiltonian /82/. We have followed this modified procedure in the 
solution of our molecular bi-variational SCF equations /21,44-46,48-50/ and 
the construction of molecular bi-orthogonal dilated electron propagator rigor- 
ously follows the rules of non self-dual Grassmann algebra outlined in section 
2.3. The results obtained are quite encouraging and for some representative 
systems we discuss them in the following subsections. 
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3.2.1 

The resonances in scattering of electrons off diatomic molecules have a long 
history /16/ and the initial application of the dilated electron propagator to the 
'lls shape resonance in e-Nz and 'II shape resonance in e-CO scattering is due 
to their appeal as representative homo and hetero-nuclear diatomic systems 
which are also isoelectronic and therefore lend themselves to a comparative 
study /18,19/. 

Resonances in electron scattering by diatomic molecules 

'lie e-Nz Shape Resonance 

Many body treatments of the 'He e-Nz shape resonance have been done using 
second order self energy in complex electron propagator calculations /48/ and 
scattering calculations that employ many different self energy approximants as 
the scattering potential /13/. The scattering calculations /13/ have employed 
a (5s  4p 2d) basis and this same basis has been employed in bi-orthogonal 
dilated electrdn propagator calculation /99/ to compare results from complex 
scaling with those from scattering calculations. The role of basis set effects 
in bi-orthogonal dilated electron propagator calculations has been examined 
by calculating the 'IIs e-Nz shape resonance attributes with the (4s 9p) basis 
employed in an earlier second order complex scaled electron propagator calcu- 
lation based on real SCF /48/. The results obtained from the application of 
the different decouplings of the bi-orthogonal dilated molecular electron prop- 
agator employing the (5s 4p 2d) and the (4s 9p) bases are shown in figures 
7a and 7b respectively. The values of the energy and width of this resonance 
from the different decouplings and the two different bases along with those 
from experiment and other theoretical methods are collected in table IV. For 
both the bases, the value of the width from different decouplings is almost 
same and the resonant trajectories for the zeroth order and the two quasi- 
particle (C,) approximations come close at the point of quasi-stability in fig. 
7. The resonance energy from the decouplings devoid of orbital relaxation 
(Co ' 9  C2, C2ph-TDA) 9 is almost same but markedly different from that given by 
the second order (I?) and the diagonal 2ph-TDA (C2ph-TDA) approximations. 
This indicates that orbital relaxation has a prominent role in metastable elec- 
tron attachment. The second order resonance energy is lower compared to that 
from the diagonal 2ph-TDA decouplings for both the bases and this behavior 
of the diagonal 2ph-TDA will be seen to persist for other systems as well. 

The results from the dilated electron propagator calculations using the (5s 
4p 2d) basis are close to those from scattering calculations employing same 
decouplings (table IV) and inspire confidence in the complex scaling results. 
The acute basis set dependence is brought out by the considerable disparity 
in results from the (4s 9p) and the (5s 4p 2d) bases. The large difference 
between results from the two bases underscore the need for independent study 
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of basis set effects in resonance calculations. An attempt to understand these 
differences by examining the corresponding FDAs is made later in section 5.2. 
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Figure 7.  Resonant trajectories from different decouplings for  N' using the (a) (5s d p  

2d) and ( b )  (da g p )  bases. The resonance energy from the decouplinga devoid of orbital 
nlazat ion (Co, C:, C p h - T D A )  is almoat same but markedly different from that given by the 
aecond order (C') and the diagonal 2ph-TDA (l?'ph-TDA) approtimations. 
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Method f Reference 

Experiment / 16,100/ 

Static Exchange / 101 1 /St  at ic 
Exchange R-Matrix 1102 f 

Stabilization Method /lo31 

R-Matrix 11041 

Stieltjes Imaging Technique /105/ 

Many- Body Optical potential / 12,131 

Complex SCF 11061 

Second Order Dilated Electron 
Propagator (real SCF) 1481 

Bi-orthogonal Dilated Electron 
Propagator using (4s 9p) basis 1441 

Bi-orthogonal Dilated Electron 
Propagator using (5s 4p 2d) 
basis /this work/ 

255 

Energy (eV) 

2.20 

3.7012.15 

2.44 

3.26 

4.13" /2.23b 

3.80" 12.61 d/2.54' 

3.19 

2.14 

2.19' lgih 12.18' /2.1@ 

3 .72 '~~ /3.61g/2.83'/3.07j 

a Frozen Core 
Configuration Interaction 
Static Exchange 
Second order 
ADC(3) 
Zeroth order 

Quasiparticle diagonal 2ph-TDA 
Second order 

g Quasiparticle Second order 

j Diagonal 2ph-TDA 

Width (eV) 

0.57 

1.1610.34 

0.32 

0.80 

1.14 f0.40 

1.23/0.58/0.54 

0.44 

0.26 

0.23/0.21/0.22 

0.32/0.33/0.35 f0.35 
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'll e-CO Shape Resonance 

The resonant 6'-trajectories from different decouplings are displayed in figs. 8a 
and 8b where it is seen that optimal value of the radial scale factor a is different 
for the methods with (Ca  and C2*h-TDA) and without (Co, C:, CTh-TDA) orbital 
relaxation. 

Re (E) eV 

+--t-- ~ +-- < 

-5.OE-4 -3.OE-4 - 1 . 0 - 4  1 .OE-4 3.( 

' - 4  

. -4  

Figure 8.  Resonant tmjectorier from different decouplings for GO. The radial scale factor 
required lo unmask the resonance wing the E", Ei and C:ph-TDA decouplings (a) is different 
from that at the C' and C'ph-TDA levela, (b) .  l k n d s  from f i g .  7 persist. 
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Table V 

Energy and Width of the 'll CO- Shape Resonance 

Method/Reference 

Experiment /loo/ 

Boomerang Model /107/ 

T Matrix Method /108/ 

Close Coupling Method / log /  

Second Order Dilated Electron Propagator 
(real SCF) /49/ 

Zeroth order, Quasiparticle Second order and 
Quasiparticle Diagonal 2ph-TDA Bi-orthogonal 
Dilated Electron Propagator /45/ 

Second order Bi-orthogonal Dilated 
Electron Propagator /45/ 

Diagonal 2ph-TDA Bi-orthogonal Dilated 
Electron Propagator /45/ 

Energy (eV) 

1.50 

1.52 

3.40 

1.75 

1.71 

1.71 

1.68 

1.69 

Width (eV) 

0.40 

0.80 

1.65 

0.28 

0.08 

0.10 

0.09 

0.08 

Table V has the values for the resonant energy and the width for this 
resonance obtained by the different decouplings along with those from other 
methods as well as experiments. The radial scale factors required to un- 
cover the 'II CO- resonance using the methods without orbital relaxation 
(Co, C2, CZph-TDA) and those with orbital relaxation and correlation (C2 and 
C'ph-;aArare different but the energies and the widths computed by all these 
decouplings are close to each other (table V). The extreme sensitivity to a- 
values seen in figs. 8a and 8b denotes the delicate nature of the resonance 
characterization and its acute dependence on both the primitive and the or- 
bital bases. It is somewhat reassuring that though the resonant pole is ap- 
proached from opposite sides by the Co, C i ,  CTh-TDA decouplings (fig. 8a) and 
the C2 and C'ph-TDA decouplings (fig. 8b), these become resonant at almost 
the same point in the complex E-plane. 

The value for resonance energy calculated using the bi-orthogonal dilated 
electron propagator is quite reasonable but the width of the 'll CO- using 
different decouplings is close only to that from the boomerang model. The 
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calculated width from all decouplings is much narrower than the experimen- 
tal value. Narrowness of the width implies under-representation of the inter- 
nuclear and interelectronic repulsion and could be due to inadequacy of the 
primitive basis and level of correlation employed here and indicates the need 
for calculations employing higher order (C3, Xi ,  ADC(3)) decouplings as well 
as more flexible and extensive basis sets. 

3.2.2 

The HOMO-LUMO based reactivity theories are at the heart of mechanistic 
pictures in organic chemistry / l l O /  and the simplest prototypical represen- 
tative with well established pictures of HOMO and LUMO is the ethylene 
molecule for which Huckel theory calculations are routine in characterizing its 
frontier orbitals. While qualitative correlations abound /18,19/, a rigorous 
quantitative investigation of this simple prototypical polyatomic molecule is 
specially significant /45,46/ and results from our own calculations are discussed 
below. 

Resonances in electron scattering by polyatomic molecules 

'Bag e-CzH4 Shape Resonance 

-0.20 4 I 
I 

1.725 1.775 1.825 1 .8 75 1.925 1.975 2.025 

Re (E) eV 

Figure 9. 

LUMO energy by  the decouplings incorponrling orbital relazdion (T? and Caph-TDA 

seen for this system od well. 

Resonant tmjectoriea from different decouplings for CaH4. The lowering of 
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The resonant &trajectories from different decouplings are plotted in fig. 
9. The energy and the width for this resonance from different decouplings 
and those obtained by experiment and other methods are collected in table 
VI. That there is a cross-systemic validity to our explanations is made clear 
by fig. 9 where just like in the case of Nz and CO, the decouplings devoid of 
orbital relaxation (Eo, Ei, E$h-TDA) clump together and once again maximum 
lowering of the HOMO-LUMO gap is offered by the second order self energy 
approximant. The resonance energy from different decouplings are quite rea- 
sonable but the calculated widths are once again much narrower, perhaps for 
the reasons cited earlier. 

Table VI 

Energy and Width of the 'BZg C2H; Shape Resonance 

Met hod /Reference 

Experiment / 1 1 1 / 
Complex Kohn 11121 

Second Order Dilated Electron Propagator 
(real SCF) /50/ 

Zeroth order, Quasiparticle Second order and 
Quasiparticle Diagonal 2ph-TDA Bi-orthogonal 
Dilated Electron Propagator /45/ 

Second order Bi-orthogonal Dilated 
Electron Propagator 1451 

Diagonal 2ph-TDA Bi-orthogonal Dilated 
Electron Propagator /45/ 

Energy (eV) 

1.78 

1.84 

1.71 

1.93 

1.86 

1.89 

Width (eV) 

0.70 

0.46 

0.08 

0.19 

0.18 

0.18 
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4 The Auger Resonances 

As discussed earlier the spectral representation of the matrix dilated electron 

provides for the simultaneous calculation of both the energy (real part) and 
the width (twice the imaginary part) of electron detachment Auger (Er  - 
E;-'(q)) and electron attachment shape resonances (E:+l(v) - E r )  from its 
appropriate poles. The pole structure of the dilated electron propagator has 
been discussed in some detail in section 2.3 and it is obvious from eqn. (92) 
that since resonant eigenvalues (E, - i i )  have a negative imaginary part to 
account for their finite life time /52,53,113/, and the target ground state en- 
ergy EON is completely real, the poles corresponding to the Auger resonances 
will have a positive imaginary part and their trajectory as a function of vari- 
ations in the scaling parameter a or 6 will move in the first quadrant of the 
complex Energy plane and the complex poles in the first quadrant displaying 
quasi-stability with respect to variations in 71 may be associated with Auger 
resonances /24,26/. Application of the second order, diagonal 2ph-TDA and 
quasiparticle decouplings to the treatment of electron detachment (1s-l) Auger 
resonance in Be+ therefore offers a complementary test for the comparative 
effectiveness of these decouplings of the dilated electron propagator. Recent 
applications /42/ have also revived the issue of balance in various self-energy 
approximations and these receive attention in the following subsections. 

4.1 Energy and width of the Be+ (Is-') 2S resonance 

Results from our calculations /42/ using various decouplings of the dilated 
electron propagator discussed earlier are portrayed in figs. 10 and 11. The 
marked disparity between the theta trajectories for the uncorrelated SCF and 
propagator poles makes apparent the magnitude of correlation and relaxation 
effects attending the Auger resonance formation. 11 it is seen 
that the diagonal 2ph-TDA approximation predicts higher energy and smaller 
width (longer life time) for the Be+ (1s-') 'S Auger resonance. The choice 
of basis set and the optimal a value (0.85) are those from an earlier study 
/26/. The theta trajectories for the quasiparticle diagonal 2ph-TDA for this 
optimal alpha shows multiple inflection points and cusps and therefore theta 
trajectories for other nearby alpha values have also been plotted in fig. 12. 

From fig. 
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Figure 10.  Theta tmjectoriea for  the Be+ ( l a - ' )  Auger pole f rom the zeroth (bi-variational 

and quasaparticle diagonal 2ph- T D A  ( C?h-TDA) decouplinga of the dilated electron propa- 

gator. The disparity between the theta tmjectoriea for  the SCF and propagator poles makes 

apparent the magnitude of correlation and relazation effects attending the Auger resonance 
formation. 

SCF), second order (Z'), quasiparticle second order (Xi), diagonal 2ph-TDA 1 

2 7  t 
? I  2 4 1  
9 
0 9 t  "'_ 
0 0  i; rZph-TDA I 
-12550 - 1 2 5 4 0  - 1 2 5 3 0  - 1 2 5 2 0  - 1 2 5 1 0  - 1 2 5 0 0  - 1 2 4 9 0  

W E )  eV 

Figure 11. Same as f i g .  10 but without the zeroth order decoupling. The diagonal 2ph-TDA 

results predict higher energy and smaller width f o r  the Auger resonance. A magnified version 

of the second order (C'), and the quasiparticle second order (C: tmjectories i s  displayed in 
the inset .  
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Because of multiple regions of quasi-stability in many of these trajectories, 
the quasi-stable value of the Auger pole for this decoupling has been elicited 
from the alpha trajectory for 0 = 0.17 radians, the angle for which there is a 
clear stability in the only regular trajectory (a = 0.75) from this decoupling. 
The theta trajectories for other Q values also display some stability for Bopt = 
0.17 radians in the sense of more rapid decrease in AE as a function of the 
same uniform A0 stepsize (i.e. numerical stability at least to first order). This 
alpha trajectory for the quasi-particle Pph-TDA decoupling is displayed in fig. 

- 2 5  

2 0  

1 5  

1 0  

0 5  

0 0  

i 
-1290 - 1 2 8 5  - 1 2 8 0  - 1 2 7 5  - 1 2 7 0  - 1 2 6 5  - 1 2 6 0  

Re (E) eV 

Figure 12. B trajectories f o r  different values of (I f o r  the quasiparticle diagonal 2ph-TDA 
(C:ph-TDA) decoupling. Because of multiple points of quasi-stability for many tmjectories, 
the quasi-stable value of the resonant pole is  elicited from the corresponding (I trajectory in  
fig. 19. 

13 where the distances narrow as we approach a = 0.85 and then increase 
again. This quasi-stable value in the alpha trajectory has been taken as the 
best estimate of the resonant Auger pole form this decoupling 1421. The values 
for the energies and widths of the Be+ (1s-l) Auger resonance from these 
calculations along with experimental and other theoretical results are collected 
in table VII. 
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1.75 I 
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19 = 0 17 radians 
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Re(E) eV 

Figure 1.9. Q trajectory for 8 = 0.17 radians for the quasiparticle diagonal 2ph-TDA 

( C p h - T D A )  decoupling. The distances narrow as Q = 0.85 is approached and then increase 
again. The quasi-stable value of the pole at this alpha value is therefore taken to be the best 
estimate of the energy and width of the Auger resonance from this decoupling. 

4.2 Auger resonances and the need for consistent de- 
couplings 

It is clear from figs. 10-13 and table VII that, results from both the the diag- 
onal 2ph-TDA and quasiparticle diagonal 2ph-TDA seem to move away from 
the second order results towards those from the uncorrelated zeroth order bi- 
variational SCF calculations. Instead of being an improvement on the second 
order results, they deviate even more from the experimental /114,115/ and 
other more reliable theoretical calculations /116/. This behavior of the diag- 
onal 2ph-TDA where they offer little or no improvement on the second order 
results has also been observed in our molecular shape resonance calculations 
/40,41,44,45/. The Auger decay is a correlated event and its description at the 
SCF level is not meaningful, and the energy and widths from bi-variational 
SCF are included only to  assist in assessing the role of correlation and relax- 
ation in the characterization of the Auger resonance, as also to highlight the 
relatively poor quality of diagonal and quasiparticle diagonal 2ph-TDA results 
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Table VII 

Energy and Width of the Be+ (1s-') 'S Auger resonance. 

Met hod/ Reference 

Experiment /114,115/ 

Many Body Perturbation Theory /117/ 

Electron Propagator with 
Siegert Boundary condition 124 / 
Second Order Dilated 
Electron Propagator /26/ 

Quasiparticle Second order 
Dilated Electron Propagator /42/ 

Diagonal 2ph-TDA Dilated 
Electron Propagator /42/ 

Quasiparticle Diagonal 2ph-TDA 
Dilated Electron Propagator /42/ 

Zeroth order Dilated 
Electron Propagator 1421 

Energy (eV) 

123.63 

. . .  

125.47 

124.98 

124.98 

125.43 

127.90 

128.80 

Width (eV) 

... 

0.09 

0.02 

0.05 

0.05 

0.02 

0.54 

0.24 

The diagonal 2ph-TDA is an appealing approximation for reasons men- 
tioned earlier and discussed in much greater detail elsewhere /3,6/. However, 
it is also well known that though it is consistent upto second order, it is in- 
complete in third and higher orders. This has led to a somewhat mixed result 
where the diagonal 2ph-TDA does not always offer an improvement over sec- 
ond order results. The imbalance is compounded by the use of an uncorrelated 
reference state since many important third and higher order diagrams which 
should have been non-zero become zero in such calculations /9/. This imbal- 
ance has been noted by von Niessen et. al. /6/ and Ohrn and Born /3/ have 
reviewed this with many numerical examples. A similar imbalance in the diag- 
onal 2ph-TDA approximation even in the case of dilated electron propagator 
calculations is also seen and therefore care must be exercised in its use. 
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As seen from the results discussed earlier, the imbalance in the diagonal 
2ph-TDA approximation seems to be aggravated by the quasiparticle approxi- 
mation to this decoupling. The problem with quasiparticle diagonal 2ph-TDA 
could be again due to the inconsistent way in which non-diagonal diagrams 
which contribute to both the initial (2p-h term) and final (2h-p term) state 
correlations are excluded. This seems to lead, in this case, to a requirement 
of large rotation pushing the resonant pole higher into the complex energy 
plane thereby increasing its width in this approximation. The ADC(3) type 
consistent extended 2ph-TDA decouplings offer obvious advantages but are 
much more computationally demanding. 

A comparison of equations 66, 69 and 70 makes obvious the somewhat more 
complicated and expensive nature of the diagonal 2ph-TDA implementation, 
since the calculation of the denominator shift in eqn. 69 necessitates extra 
calls for recovery of the transformed two electron integrals needed to compute 
A. On the other hand, as evidenced in both figs. 10 and 11, as also in table 
VII, the diagonal quasiparticle approximation which obviates the need for 
construction of the full non-diagonal self energy matrix (and thereby repeated 
diagonalizations as well) offers results for the second order decoupling which is 
more or less indistinguishable from its much more expensive full non-diagonal 
counterpart. 

Our results therefore seem to indicate that the extra effort in implement- 
ing the diagonal 2ph-TDA approximation for the dilated electron propagator 
calculations is unwarranted, at least from the experience gained in this and 
some other investigations /40,41,44,45/. 

Finally, our investigations do seem to indicate that the dilated electron 
propagator technique may be profitably employed in the investigation of Auger 
resonances. There is a need for employing consistent 2ph-TDA approximations 
like the ADC(3) decouplings and while the simplicity of the diagonal 2ph- 
TDA/ diagonal quasiparticle 2ph-TDA decouplings retain the same appeal as 
in the case of real electron propagator, our results in this case seem to imply 
that these approximations should be employed with care. The effectiveness 
of the quasiparticle second order approximation even for a core Auger hole 
calculation, however, is a pleasant surprise and we recommend this welcome 
economy in all dilated electron propagator calculations but with an additional 
caveat that such approximations are known to break down for systems with 
low symmetry and large number of electrons /6/ and there is a need to exercise 
due caution in their use. Some of this has been already evident in the case of 
our molecular calculations. It is also useful to recall that all quantum chemical 
calculations are only as good as the quality of the primitive basis set employed. 
The coordinate space span of the primitive basic set is critical to the description 
of resonances /43/. The basis set used for the Be+ Auger calculations is same 
as that used for the 'P Be- shape resonance calculations /25,26,39-41,43/ 
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and while it demonstrates the ability of the dilated electron propagator to 
simultaneously treat both the electron attachment and detachment resonances 
from a single calculation, the basis set requirements for the two are bound to 
be different and an exhaustive study of the basis set effects needs attention. 

4.3 Numerical considerat ions for the treatment of 
Auger Sat ellit es 

While the diagonal 2ph-TDA has been indicted quite severely in the previous 
subsections, we should mention that results presented here are not sufficient 
by themselves to draw definitive conclusions regarding the techniques used and 
based on earlier experience /118,119/ the dilated diagonal 2ph-TDA could be 
quite effective in the treatment of Auger satellites. These Auger satellites 
however cannot be investigated using the pole search procedures currently 
employed in the dilated electron propagator calculations /21,47,39/. Iterative 
diagonalization of the L(E) matrix where En+l is selected as the E, nearest 
to En automatically locks on to the principal poles and does not permit the 
treatment of inner valence Auger satellites. The poles may also be searched 
as complex E values for which detlG-'(E)I = detIEl - L(E)I = 0 but ef- 
fective algorithms to find zeros of a complex function of complex argument 
are known to be demanding. Perhaps bi-variate interpolations coupled with 
two-dimensional Newton-Raphson type procedure in both variables (Re( E), 
Im(E)) could be a fruitful avenue for further investigations and this promise 
of extending the domain of applications of the dilated electron propagator to 
the treatment of Auger satellites merits consideration. 

5 The Orbital Picture of Resonances from 
different Decouplings of the Dilated Elec- 
tron Propagator 

The shape resonances are believed to result when the impinging electron is 
temporarily captured in an unoccupied orbital of the target /17-19/. While 
qualitative correlation between orbital shapes and electron-scattering reso- 
nances has been attempted earlier /17,18,64/, a quantitative investigation of 
the resonant orbital(s) has not been undertaken so far since any study of this 
nature first and foremost, requires a reliable mechanism for an unequivocal 
identification of the resonant orbital from other unoccupied (virtual) orbitals 
of the target. We have shown that the dilated electron propagator based on 
the bi-variational SCF may be successfully used to isolate the resonant or- 
bital/Feynman Dyson amplitudes which characterize the aP  shape resonances 
in e-Be, e-Mg and e-Ca scattering /25,26,39-41/. 
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In this section, we examine the orbital/FD amplitudes for the resonant 
poles with a view to ascertain characteristics like the radial extent, nodal 
pattern and region of maximum localization of the captured electron in the 
resonant orbital. The resonant behavior of the poles is limited to  a certain 
interval of quasi-stability with respect to variations in 71 and the complex scale 
factor plays a critical role in turning a scattering type orbital on the real line 
(7 = 1.0) into a resonant orbital for qOpt(= aopteieoP') . As seen earlier in 
section 3.1, in e-Be and e-Ca scattering /26,40/ the 'P shape resonance is 
described by a single orbital/FD amplitude. The 'P shape resonance in e-Mg 
scattering /39/ however, is found to be multi-orbital. A pertinent issue here 
is the role of the additional orbitals whose energies fall within the width of 
the 'P shape resonance in e-Mg scattering and the deciphering of the role of 
this mixing of orbital/FD amplitudes in the stabilization of resonances, has 
provided important insights /43/. 

SCF orbitals and Feynman-Dyson amplitudes are different linear combina- 
tions of the same primitive Gaussian Type Orbitals (GTOs) and the ultimate 
limitation in the orbital description of these resonances is the coordinate space 
span of these primitive GTOs. A plot of the resonant orbital/FD amplitude 
is, therefore, also useful in identifying the features in the primitive basis which 
will provide the requisite attributes for adequate description of shape reso- 
nances and thereby shed some light on extreme sensitivity to basis sets seen in 
resonance calculations. The difference between the radial density distribution 
given by the resonant orbital (zeroth order FD amplitude) and the correspond- 
ing FD amplitude from second order/diagonal 2ph-TDA decoupling should 
offer some insight in the role of correlation and relaxation effects in the for- 
mation and decay of resonances. A discussion of the results from attempts to 
investigate these attributes by examining the resonant orbital and Feynman 
Dyson amplitudes is the principal focus of this section. Atomic resonances 
are analyzed in the following subsection. The resonant molecular orbitals/FD 
amplitudes are discussed in subsection 5.2. 

5.1 Feynman Dyson Amplitude as the correlated or- 
bital 

In this section we investigate the factors affecting the formation and decay of 
shape resonances by examining the radial charge density /120/ plots from the 
Feynman Dyson amplitudes corresponding to the resonant poles identified ear- 
lier /22,25,26,40,41/ in sections 3.1 and 3.2 for different atomic and molecular 
resonances. 

Due to the non-hermiticity of the complex scaled Hamiltonian, there is 
no orthonormality among the orbitals themselves, but there exists a bi-ortho- 
-normality J($:(r, 8 ,  +))*+j(r, 8, q5)dT = 6;j between the orbitals and their com- 
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plex conjugate obtained from the bi-variational SCF procedure 160-62,84/ and 
a plot of 4 ~ r ~ l $ ~ ~ ( r ) l  furnishes an appropriate measure of the magnitude of the 
radial charge density at distance r from the nucleus. For ease of differentiation 
between the radial charge density plots from the zeroth (bi-variational SCF 
orbital) and higher order (second order/diagonal 2ph-TDA) Feynman-Dyson 
amplitudes, even though only the radial part of 1c, (orbital) or x (FD ampli- 
tude) is being plotted, we retain the symbol for the full orbital/FD amplitude. 

The maximum in the radial charge density (rmax) for the outermost va- 
lence orbital for each target atom is taken as a rough guide for the radial 
extent of that atom and the extent of penetration of the impinging electron 
may be established by determining the r,,, for the electron density plot from 
the corresponding resonant FD amplitude. To discount for any effect of the 
deviation of aopt from 1.0 on the localization of the impinging electron, the 
valence orbitals for Be, Mg and Ca are plotted at the same aOpt value as that 
for which the pole corresponding to the resonant orbital/FD amplitude shows 
the requisite quasi-stability /25,26,39-41/. The number of nodes in the ra- 
dial charge density plots for the resonant FD amplitudes reveal the principal 
quantum number of the p-type target orbital/FD amplitude involved in the 
resonance formation. The difference between the radial charge densities from 
the uncorrelated zeroth order orbital and the correlated (second order/diagonal 
2ph-TDA) FD amplitude(s) may be used to investigate the effect of correla- 
tion/relaxation in the formation and decay of shape resonances. Similarly, the 
role of the complex scaling parameter may be investigated by examining the 
difference between radial charge densities from orbital/FD amplitudes calcu- 
lated for 6 = 0.0 and B = BOpt. The results for the different atomic systems 
investigated in this fashion are discussed below. 

e-Be 

A rough guideline for the radial extent of all the target atoms to be discussed 
here may be obtained by determining the distance from the nucleus at which 
the maximum in the radial charge density plot (r,,,) is observed for the out- 
ermost valence orbital of the target. For Be, the radial charge densities for 
the 2s orbital and the corresponding FD amplitudes from the 2nd order and 
diagonal 2ph-TDA decouplings are plotted in fig. 14. 

Though the main figure cannot distinguish between the charge densities 
from different decouplings on the ordinate scale employed here, the difference 
between the densities from the second order and the zeroth order decouplings 
displayed in the inset makes it clear that the slightly higher ionization energy 
at the level of the second order decoupling /26/ (fa, = -8.79 eV as compared 
to €2, = -8.44 eV) is due to a slight accumulation of the charge density at the 
second order level near the Be nucleus which should enhance nuclear binding 
and somewhat larger build up away from the nucleus to lower interelectronic 
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repulsion. 

a I 0.75 
e = 0.0 
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=2ph-TDA 
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Figure 14. Radial charge density plot from the orbital/Feynman-Dyson (FD) amplitude for 

the 2s orbital in Be from zeroth order (SCF; a), the aeeond order (El;  A) and diagonal 2ph- 
TDA decouplings (Caph-TDA; 0 ). On the scale employed in the main plot, distinguishing 

the orbital/FD amplitudes from different decouplinga is not possible but in the inset the 
difference between radial charge densities from the second and zeroth order (bi-variational 

SCF) decouplinga clearly reveals the t o l e  of correlation and relazation effects in changing 
the ionization potential from 8.44 eV at the SCF level to 8.79 eV at second order. The 

mazimum in the electron density is at rmu = 2.1 a.u. 

In this way, the density differences depict the critical role of even the 
seemingly small correlation and relaxation effects incorporated by the higher 
order decouplings of the dilated electron propagator. The basis set employed in 
this calculation is the (10s/6p) Be basis used in many calculations /22,25,26/. 

The radial charge density from the resonant orbital is displayed in fig. 
15. and the number of radial nodes identify this as a 4p orbital and not 
the lowest 2p that one would have expected from the successful qualitative 
correlation of LUMOs with resonances in e-molecule scattering /18/. However, 
the accumulation of the radial charge density distribution at  small 1: values is a 
strong reminder of the 2p type orbital density distribution /120/. This feature, 



270 M. Mishra and M .  Medikeri 

Figure 15. Radial charge density plot for the resonant p- type  virtual orbiial for dilation 
angles 0 = 0.0 and 0 = Oopt (0.42 radians) in e-Be scattering. The role of optimal theta 
in the accumulation of electron density near the nucleus is clearly seen. In the inset, the 
mazimum is seen i o  occur at rma= = 2.5 a.u., very close to that for the rmaz of the outer 
valence 2s orbital, seen in j ig .  14. Though a cursory look at the nodal pattern ideniajies this 
aa a 4 p  orbital, the dominant contribution t o  the charge density distribuiion is mainly of 
2p-type. 

coupled with the role of multiplication by ra which magnifies even the small 
I$J’~ values at large r, suggests the resonant orbital to be predominantly a 
distorted 2p type orbital with contributions from 3p and 4p orbitals. In view 
of the metastable character of the binding, it is imperative that the orbital 
charge density should have a mechanism for accumulation near the nucleus (for 
resonance formation) coupled with features which pull the electron away (and 
allow its decay). As we shall see for the other systems as well, this competition 
between resonance formation facilitated by accumulation near the nucleus, 
with equally significant delocalization far away for its decay is a persistent 
feature of all resonant orbital(s)/FD amplitudes. 

Fig. 15 also shows that as we move from B = 0.0 on the real line to B = BOpt , 
the optimal theta leads to an amplification of charge density near the nucleus. 
The charge density peaks at r = 2.55 a.u which is very close to the rmu (2.1 
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a.u.) for the 2s orbital seen in fig. 14 and indicates a localization of the 
captured electron near the nucleus. The correlation and relaxation provided 
by second order decoupling is displayed in fig. 16 where it seems that the 
second order decoupling provides for the building up of electron density in the 
vicinity of the nucleus through its depletion from large r values. Fig. 16 also 
shows that the diagonal 2ph-TDA decoupling has less electron density near 
the nucleus compared to that from the second order which explains why the 
resonance energy from 2ph-TDA and SCF (E,,, = 0.67eV) is somewhat higher 
than that from the second order decoupling (Ere, = 0.64eV) /26,40/. 

2 7 z  -5CF Be(lOs6p) 

Q=0.75 

8 = Qopt 

- 

-0.09- 

Figure 16. Plot of the difference between the densities obtained f r o m  various decouplings 

of the dilated electron propagator for the  resonant orbital/FD amplitude in e-Be scattering 
at the optimal theta value (eOpt = 0.36 radians). The second order decoupling provides for 
building up of electron density in the vicinity of the nucleus aa well aa i ts  depletion away 
from the nucleus. T h e  difference between the charge densities jhm the  diagonal 2ph-TDA 
and second order decouplings shows that the diagonal 2ph-TDA decoupling haa less electron 
density near the nucleua compared to the second order, thereby ezplaining the higher value 
of 0.67 eV for the reaonunce energy at the SCF level and diagonal 2ph-TDA decouplings us 

compared to  Ere, = 0.64 eV ai the second order level. 
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e-Mg 

For the 'P shape resonance in e-Mg scattering, no orbital energy has the 
requisite theta trajectory to classify it as a resonant orbital 1391 and even at 
the level of second order and diagonal 2ph-TDA decouplings, there are three 
different roots which fall within the width of this resonance /39,40/, becoming 
resonant for different values of the radial scale factor a. The corresponding 
FD amplitudes have large mixing components from different orbitals. All these 
features have been taken to indicate that the three roots describe various parts 
of the same resonant wave packet 1391. The root which becomes resonant at 
a = 0.75 (Root I) is seen to have a large charge density near the nucleus in fig. 
17, where the role of the optimal 6 in enhancing the charge density near the 
nucleus is clearly seen. The charge densities from other resonant roots peak far 
away from the nucleus providing a mechanism for decay, i.e., the three roots 
seem to act in tandem to achieve metastability. None of the roots has a nodal 
pattern in the charge density plot which has any semblance with that expected 
for a conventional p-type orbital and buttresses earlier conjecture about a lack 

Mg(ls9p) 
= 0.75 

e =o.o 
Z*decoupling 

Q = eopt 

r (a .u . )  

Figure 17. Radial charge density plot for the resonant FD amplitude in e-My scattering. 
For ci = 0.75 conaidered here, only the root labelled I is resonant. The role of optimal theta 
(flop$ = 0.19 radians) in accumulation of electron density near the nuclew ia evident. 
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of single orbital picture for this resonance 1391. In view of the competing 
demands in the formation and decay of metastable resonances, the root I may 
be taken to provide for formation and the other two roots for the decay of 
the shape resonance. A comparison of figs. 17 and 18 once again establishes 
that the charge density distribution does permit the captured electron to be 
localized close to the rmax for the valence 3s orbital. 

The basis set employed here is the (4s9p) Mg basis used earlier for calcula- 
tion of 'P shape resonance energy and width by Donnelly /21/ and Mishra et. 
al. 1391 Among many basis sets used in these investigations, we have selected 
the results from the (4s9p) basis since this gives resonance energy and width 
in almost complete agreement with the experimental results 1881. 

Since all the three resonant roots fall within the width of the same reso- 
nance, in fig. 19 we display a plot of charge density from the linear combination 
x(r)  = XI(r) + XrI(r) + XIu(r) where the subscripts label the resonant roots 
identified in fig. 17. Surprisingly, for B = 0.0 , the resultant radial charge 
density plot is indeed characteristic of a 3p type orbital ! The accumulation 
of charge density near the nucleus as also at large r values for Bopr seen in fig. 
19 indicates large correlation and relaxation effects in the formation and decay 
of this shape resonance as also the critical role of the complex scale parameter 
in catering to the inherently contradictory demands of metastability. 

0.10- Mg ( 4 s 9 p )  
Q: = 0.75 
e = 0.0 

0.05 - 

0 . o J  
0.0 1.5 3.0 4.5 6.0 7.5 9.0 10.5 12.0 13.5 1 

r ( a .  u .) 
0 

Figure 18. Radial charge demity plot for the 3s orbital in Mg. The r,,, 4 at 2.55 a.u. 
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Figure 19. A plot of the charge density obtained f m m  a linear combination of all the  reso- 

nant  amplitudes in e-My scattering w i th  X(r) = x , ( r )+x~ , ( r )+x , , , ( r ) ,  where the individual 
amplitudes are considered t o  describe different parta of the same resonant wave packet. T h e  
nodal pat tern for 0 = 0.0 favors i t s  identification as the lowest 3p-type unoccupied orbital 
of Mg. T h e  role of optimal theta (Bop* = 0.12 radians) in shifting the electron density near 
the nucleus w clearly seen. 

e-Ca 

In case of the e-Ca scattering, though there is a single resonant orbital/FD 
amplitude both at the level of the zeroth (bi-variational SCF), second and 
diagonal Pph-TDA approximations, as evidenced by figs. 20 and 21, the SCF 
orbital has one more node compared to the FD amplitude and consequently the 
resonance energy calculated at SCF level is much higher (E,,, = 0.34eV) than 
that from the resonant propagator pole /40/ (E,,, = 0.16eV). It is worth em- 
phasizing this dramatic role of correlation in stabilization of this resonance. 
The charge density distribution, once again has attributes that cater to the 
competing demands of formation (localization near nucleus) and decay (delo- 
calization away from the nucleus) discussed earlier for e-Be and e-Mg scatter- 
ing. 

The role of the complex scaling parameter B is same as in the case of e-Be 
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Figure 20. Radial charge density plot for the resonant orbiial in e-Ca scattering. The 
role of optimal theta (Bqt = 0.34 radians) in the accumulation of electron density near 
the nucleus with the mazimum at rmaZ Y 9 a.u. is evident. The number of radial nodes 
identifies it as a Gp-type orbital. 

and e-Mg scattering where eopt again provides greater accumulation of electron 
density near the nucleus both for the uncorrelated (bi-variational SCF) and the 
correlated second order decoupling. The role of the complex scaling parameter, 
however, seems much less pronounced for the second order decoupling. 

The nodal pattern of the charge density plots does not lend itself to an 
easy identification of the resonant orbital/amplitude as a 4p or 5p type orbital 
and points to the common difficulty in classifying resonances as single orbital 
phenomena as seen earlier for e-Be and e-Mg shape resonances. A comparison 
between the rmax for the resonant orbital/amplitude with the rmax for the 
valence 4s orbital for Ca plotted in fig. 22 shows that in e-Ca scattering, the 
impinging electron does not penetrate as close to the target as in e-Be and 
e-Mg scattering. A comparison of figs. 20 and 21 further reveals that the 
resonant FD amplitude provides for greater correlation by shifting the rmax to 
larger r values as compared to the rmsx from the SCF orbital in fig. 22 and 
yet the resonance energy is lowered because unlike in the case of the resonant 
orbital, the overall probability density for the resonant FD amplitude (fig. 21) 
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is shifted closer to the nucleus. This seems to indicate an important role for 
the dynamic correlation in the temporary binding of the impinging electron. 

1.200 
Ca (11 51 9p) 
a -1.0 

r(a.u.1 

Figure 21. Radial charge density plot f o r  the reronani FD ampliiude in e-Ca scatiering. 
The  number of radial nodes f o r  ihe resonani FD amplitude identifier it aa a 5p-type orbiial 
with a predominantly dp-type choracier. T h e  role of optimal theia (BWt = 0.29 radians) in 
occumulaiion of eleciron density near ihe nuc lew  w evideni. T h e  electron d e n d y  f o r  ihe 
iemporarily captured eleciron accumuldes  at  rm.. 2 12 0.u. indicating tha i  t he  impinging 
electron stays f a r  away even f r o m  the ou te rmod  volence electrons of the target. 
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Figure 82. Radial charge demity p lo t  for the 4s orbital in Ca. The rmoa is at 9.5 0.u. 

5.2 LUMO .as the resonant orbital for molecular reso- 
nances 

The orbital picture of atoms and molecules is central to chemistry /29/ and 
among the many orbitals of a molecule, the Highest Occupied Molecular Or- 
bital (HOMO) and the Lowest Unoccupied Molecular Orbital (LUMO) are 
critical to its reactivity /llO/. While both HOMO and LUMO are well de- 
fined in the approximate parametric Self-Consistent-Field (SCF) theories like 
the Hiickel and the Extended Hiickel methods, in the ab-initio SCF method 
used routinely now, only the occupied orbitals are invariant and well defined. 
The orbital energies and amplitudes for all the unoccupied orbitals are arbi- 
trarily dependent on the underlying basis and with basis-set saturation, the 
LUMO orbital energy may be brought arbitrarily close to zero. The concept 
of LUMO in reactivity theories is thus made deficient in rigour and additional 
mechanism for an unequivocal identification of the LUMO becomes necessary. 
Extensive success in the analysis of molecular shape resonance data through 
a qualitative correlation between the resonant orbital in which the impinging 
electron is temporarily trapped /18,19/ and the LUMO of the target molecule 
leaves little doubt that such an association is well founded. This intuitive no- 
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tion, may be investigated through identification and portrayal of the resonant 
orbital by using the FDAs as correlated orbitals as done earlier for atoms. The 
resonant poles for N p ,  CO and C p H i  have already been identified in section 
3.2. In the following subsections we explore the corresponding Feynman Dyson 
Amplitudes (FDAs) for these systems. 

e-Np 

The resonant Feynman Dyson amplitude on the real line from the second order 
decoupling employing the (5s 4p 2d) and (4s 9p) bases (FDA1 and FDA2 
respectively) and difference between these are plotted in fig. 23. Fig. 23a 
shows that the resonant FDAl on the real line is similar to the text book 
plots of the A; LUMO of Na and is much more compact compared to the 
FDA2 obtained with the (4s 9p) basis in fig. 23b. This compactness of the 
FDAl is made clear by the difference between the resonant FDAs from the two 
bases plotted in fig. 23c which confirms a sharp accumulation of the orbital 
amplitude near the nuclei in the case of FDA1. Orbital relaxation has been 
shown to be critical to the description of molecular resonances and that the 
resonance energy obtained with the less balanced but more diffuse (4s 9p) 
basis is closer to the experimental value (table IV) is made plausible by the 
FDA plots of fig. 23. The FDAs from other decouplings have similar features. 

electron attachment) is uncovered by sufficient rotation (by eopt ) which cor- 
responds to quasi-stability in the &trajectory. The real and imaginary parts 
of FDAl and FDA2 at B = Oopt are displayed in fig. 24. The resonant FDAs 
at Bopt are complex and the real part of these are similar to that portrayed 
in fig. 23. The imaginary parts of these FDAs are plotted in figs. 24b and 
24d. While the nodal patterns for real and imaginary parts of the FDAl are 
identical, that for FDA2 are negative of each other. The imaginary part of 
the FDAl is more diffuse but smaller in comparison with the real part. The 
real part of FDA2 remains diffuse but the imaginary part is more compact. 
The magnitude of real parts at eopt is smaller than that for B=O.O and complex 
scaling seems to provide an avenue for turning the compact orbitals on the real 
line into somewhat more diffuse anionic orbitals with imaginary parts exercis- 
ing a balancing role. This role of complex scaling is explored further in figs. 
25a and 25b where we plot the difference between real and imaginary parts of 
FDAl and FDA2 at Bopt. The difference induced in FDAl by complex scaling 
is shown clearly in fig. 25a and to much lesser extent in 25b. The FDAl at 
Bopt is still much more compact compared to FDA2 with most of the amplitude 
concentrated near the nuclei. The greater orbital relaxation of FDA2 corre- 
lates well with lower resonance energy obtained from the corresponding pole 
(figs. 7 and table IV). Similar effect of complex scaling will be seen to persist 
for other systems as well and the use of FDA plots help in obtaining 

As per the complex scaling theorems (section 2.1), the resonance (metastable 
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Figure 23. Second order FDAs for  N2 on the real line obtained from the (a)  (5s 4 p  2d) 

and (b )  (4s 9 p )  bases. The difierence of the FDAs plotted in  (a)  and ( b )  are shown i n  (c). 
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Figure 24. 
for ihe (5s 4 p  2d) and (48 9 p )  baae8 a1 0 = OVt .  

Real ((a) and (c)) and imaginary ( (a)  and (d)) parts of the second order FDA8 
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Figure 25. The real (a) and irnuginary (b )  parts of the difference of ihe second order FDA8 

from the (58 d p  Sd)  and the (48 Bp) banes. The difference between the FDA8 from the I? 
und decouplings for the (4s 9p) b ~ i ~  on the real line w plotted in (c). 
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mechanistic insights. As mentioned earlier, the overall features of the FDAs 
from Co and CZph-TDA decouplings are similar and therefore have not been 
examined separately. The subtle differences can however provide important 
insights as in the case of atomic resonances and the difference between the 
C2 and Caph-TDA decoupling is explored using the difference between (4s 9p) 
FDAs obtained from these two decouplings in fig. 25c. The magnitude of 
the difference between the FDAs from I? and Caph-TDA decouplings is indeed 
small which explains the closeness in the resonance energies and widths. The 
slightly greater amplitude near the nuclei in the Ca FDA lowers the resonance 
energy calculated using this decoupling. In this, the molecular results are 
similar to the atomic results discussed earlier. 

e-CO: 

The resonant FDA from the second order and other decouplings on the real 
line once again are the familiar x' LUMO for CO with greater amplitude on 
the C atom and the resonant FDA from the I? decoupling is displayed in fig. 
26a. In fig. 26b the difference between FDAs from Ca and Co decouplings 
has been plotted which shows that the major effect of the Ca correction to 
the SCF T* LUMO of CO is the diminution in its antibonding nature through 
shifting of electron amplitude to the more electronegative 0 atom. This lowers 
the LUMO energy level bringing it closer to the HOMO orbital energy. The 
greater effectiveness of Ca vis-a-vis Caph-TDA decoupling is indicated by fig. 
26c where the second order approximation is seen to pull an additional amount 
(albeit small in magnitude) of electron amplitude on both C and 0 where the 
extra buildup on 0 atom is somewhat larger and more compact. 

The role of complex scaling is explored in fig. 26d where the difference 
between the real part of the resonant FDA at 6 = BOpt and the same FDA 
on the real line (6  = 0.0) has been plotted. It is clear from fig. 26d that 
the role of complex scaling is to assist in diminishing the HOMO-LUMO gap 
by transferring of probability amplitude towards the 0 atom. Though the 
imaginary part of the FDAs from both the C2 and C2ph-TDA decouplings is 
much smaller and is therefore not depicted here, the imaginary part of the 
resonant FDAs from both these decouplings at optimal B has larger amplitude 
on the 0 atom. This coupled with the difference amplitude profiles of figs. 26b 
- 26d seem to indicate a synergy between the effects of complex scaling and 
corrections induced by the correlated decouplings (Ca and Caph-TDA), with 
both reinforcing each other to suitably modify the antibonding SCF LUMO 
for metastable attachment of an additional electron. 
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Figure 26. (a) Resonant FDA from the C’ decoupling for  the CO on the real line (0 = 
0.0). (b) Difference between the resonant FDAs from the C’ and the Co decouplings and 

(c) between C’ and C’ph-TDA decouplings at 0 = 0.0. The diminution in the antibonding 

nature of the T* LUMO through shifting of the orbital amplitude towards the 0 atom b y  the 
correlated decouplings is seen. The difference between the real part of the resonant FDA from 

the C’ decoupling at 0 = flop* and the same FDA on the real line is displayed in (d). The 
synergy between the role of complez scaling and correlation/relazation effects in diminishing 
the HOMO-LUMO gap by  shifting the amplitude towards the 0 atom is made obvious b y  

(a), ( 4  and ( d ) .  
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C1H4: 

The resonant FDA from the Ca decoupling on the real line has been plotted in 
fig. 27c. This displays the familiar nodal pattern of the A* LUMO of the Ethy- 
lene molecule. Those from the Co, and have identical features and 
we explore the role of correlation by plotting the difference between resonant 
FDAs from the Cz and Co decouplings in fig. 27b. In the case of C2H4 the 
reduction of antibonding nature of the x+ LUMO through depletion of small 
amounts of probability amplitude away from the C-H cr bond region and its 
accumulation near the C-C bond seems to be the major contribution from the 
correlated decouplings. 

That the major role perhaps is that of relaxation is indicated by fig. 27c 
where the real part of the resonant FDA from the Ca decoupling for B = 
Bop* has been plotted. The most striking feature is that the optimal value 
of the complex scaling parameter has turned it into a diffuse anionic orbital 
preparing it for the metastable electron attachment. 

Differences in the description of the 2B1, C2H; shape resonance by the 
Cz and the Co decouplings may be probed by plotting the difference be- 
tween the values of the resonant FDAs from these decouplings. These results 
show that the major effect of correlation and relaxation incorporated by the 
C' and C'ph-TDA decouplings is through greater diffusion of both the real and 
imaginary parts of the resonant amplitude. Though the imaginary part of the 
resonant FDA is two orders of magnitude smaller than the real part and is not 
depicted here it is responsible for accumulation of electron amplitude in the 
internuclear region. The complex scaling and correlation effects again seem to 
act in tandem to turn an antibonding LUMO for B = 0.0 into a diffuse anionic 
orbital for B = Bopt . The radial density plots of Donnelly /50/ have identified 
this resonance to be multimodal which will preclude an association of the res- 
onant orbital with a single LUMO and the identification of LUMOs with the 
resonant orbital therefore requires further investigation using saturated bases 
and higher order decouplings. 
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Figure 27. (a) Resonant FDA fFom the Ca decoupling for the CaH4 molecule on the real 
line (0 = 0.0). (b) Difference between the resonant FDAs from the Ca and the Co decouplings 
for CgH, on the real line. The real part of the d i f i se  resonant FDA at 8 = 8,* is plotted 
in (c).  
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6 Conclusions and Future Directions 

The basic purpose of this review is to summarize the results from our attempts 
to harness the electron propagator theory for the investigation of resonances 
in electron scattering off atoms/molecules. The bi-orthogonal approach to the 
construction of the dilated electron propagator does lead to the same formulae 
as in the case of the unscaled real propagator and all the approximations 
from the real electron propagator formalism may be implemented using the 
formal and computational strategies adopted earlier /3,6,7,121/. The use of 
bi-variational SCF permits easy apportioning of relaxation and correlation 
contributions in the formation of shape resonances. Relaxation effects seem to 
be the most important in the formation and decay of atomic shape resonances, 
since there is no resonant root for Mg at the bi-variational SCF level and 
the values obtained for Be and Ca from the zeroth order approximation (bi- 
variational SCF) are much larger than that from second order and diagonal 
2ph-TDA self energy approximations. 

The use of complex scaled electron propagator for the treatment of molecu- 
lar resonances /48-50/ has shown extreme sensitivity to even minor variations 
in the scaling parameter, making the search for the resonant root much more 
demanding. We had speculated earlier /31-35,71/ that this may be due to 
the second order self energy approximant being employed in the investiga- 
tion /48-50/. Later results however, show that not much improvement may 
be had by employing the somewhat more demanding higher order self energy 
approximants. The much more economic and simpler quasi-particle approxi- 
mants of the type discussed in section 2.3 do provide encouraging results for 
the calculation of resonance energies and widths for atoms /78/. Molecular 
shape resonances however, are found to be critically dependent on orbital mix- 
ing and quasiparticle approximants offer little improvement to the description 
obtained at the level of the bi-variational SCF itself. Maximum lowering of 
the HOMO-LUMO gap through the lowering of the antibonding nature of the 
LUMO is offered by the second order decoupling and the more demanding 
diagonal 2ph-TDA decoupling does not seem to be worth the extra effort in- 
volved in the computation of the denominator shift A in eqn. 69. Also, clear 
isolation of a single virtual orbital of the p-type from the whole manifold of all 
unoccupied orbitals from the bi-variational SCF calculations for the 'P shape 
resonances for both e-Be and e-Ca scattering and the 'IIg,' ll and 'BZg shape 
resonances in e-Nz, e-CO and e-CzH4 scattering respectively lends credence to 
the unoccupied orbital based mechanistic picture of shape resonances /17-19/. 

The orbital picture is at the core of quantum-chemical thinking /122/ and 
a rigorous probe of this picture is clearly desirable. Though an orbital picture 
of resonance formation has persisted for long /18,19/, in the absence of a sim- 
ple and unequivocal mechanism to identify the resonant orbital, its portrayal 
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had not been possible earlier. Examination of radial charge density plots from 
resonant orbitals and Feynman Dyson amplitudes for the 'P shape resonances 
in e-Be, e-Mg and e-Ca scattering has provided a preliminary outline with 
mixed results. The dominant features do point to  the resonant orbital being 
the lowest p-type orbital in these systems, albeit with strong input from other 
orbitals in the same symmetry block. The competing demands of initial pene- 
tration and final decay are best served by a higher p-type orbital near the top 
and narrow end of the centrifugal barrier. On the other hand, temporary bind- 
ing will be facilitated by the lower energy orbital(s) at the deeper and wider 
end of the barrier. These inherently contradictory attributes for the forma- 
tion and decay preclude a simple orbital picture for the metastable states. In 
fact, the complex structure in charge density plots indicates that description 
of resonances will be extremely sensitive to the co-ordinate space span of the 
primitive basic set. The prevalent basis sets are biased in favor of occupied 
orbitals and our results emphasize the need for incorporation of GTOs which 
will provide sufficient flexibility to be able to cater to the competing demands 
of resonance formation and decay. 

The complex scaling parameter is seen to play a critical role in provid- 
ing a mechanism for the accumulation of electron density close to the target 
nucleus. The extensive correlation effects witnessed in the stabilization of all 
these shape resonances seems to indicate that the orbital picture for even the 
simplest of shape resonances investigated here needs to be interpreted judi- 
ciously. Optimal complex scaling is seen to turn the compact LUMOs on the 
real line into anionic diffuse orbitals preparing them for metastable electron 
attachment. That these trends persist for diverse systems like the Na, CO 
and CzH4 molecules generates faith in the ability of the bi-orthogonal dilated 
electron propagator to unmask molecular shape resonances and to unfold de- 
scriptive insights with cross-systemic validity. 

Some limitations of the results obtained so far need sharper focus and the 
first and foremost is the inadequacy of the basis sets devoid of d-functions 
which might have assisted in a better description of the polarization effects. 
The initial applications with emphasis on complementary analysis of the molec- 
ular shape resonances through the hitherto unexplored resonant FDAs which 
alone can furnish mechanistic insights has necessitated the expediency of uti- 
lizing computationally convenient basis sets with proven effectiveness in the 
unmasking of these resonances. However, study of the basis set effects needs 
urgent and comprehensive attention. Furthermore, while the calculated ener- 
gies are plausible, the calculated widths for all molecular resonances explored 
with the dilated electron propagator are much narrower than the experimen- 
tal width for all the systems investigated here. The experimental widths have 
been obtained by fitting the cross-section data using empirical optical poten- 
tial 11231. The larger experimental widths have been contested 11031 as being 
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due to the inadequacy of the empirical optical potential. The narrowness of 
the widths calculated using the dilated electron propagator technique may also 
be due to insufficiency of the primitive basis sets and/or the amount of cor- 
relation and relaxation incorporated by the decouplings employed here. The 
need for a comprehensive study of the basis set effects has been stressed ear- 
lier and an incorporation of the higher order decouplings like the third order, 
quasi-fourth order /14,15/ or balanced renormalized decouplings such as the 
Algebraic Diagrammatic Construction (ADC(3)) /6/ is an obvious extension 
of this technique. 

The single equilibrium bond length calculation for molecules also needs to 
be extended by allowing bond-stretching and calculating GeS(R) = iee,(R) as 
a function of the bond length R. One could then employ the Chandra /109,124/ 
approximation EL:'(R) = Et(R)+ ik:e,(R) in conjunction with semi-classical/ 
quanta1 wave packet dynamics /125/ on this complex ELi'(R) to unravel 
the vibrational dynamics attending electron attachment resonances without 
having to employ empirical optical potentials. 

All in all, the bi-orthogonal dilated electron propagator offers a simple 
extension of the real electron propagator technique and with the incorporation 
of higher order decouplings like the C3, C: ADC(3) etc. and suitably large and 
flexible basis sets should offer same power and effectiveness in the treatment of 
metastable anions and cations as done by its real counterpart for stable bound 
systems. 
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1 Introduction 
Radicals and radical hyperfine structure (hfs) have been the subject of detailed 
experimental and theoretical studies during the past 25-30 years [l, 2, 3, 4, 5, 
6, 71. Radicals, and in particular radical ions, are generally very shortlived 
species, and hence special experimental techniques are required to study their 
properties. The most successful approaches are microwave spectroscopy (MW) 
and electron spin resonance (ESR or electron paramagnetic resonance, EPR) 
measurements. Especially successful have been low temperature matrix isola- 
tion techniques, where the radical is trapped at  very low concentrations in a 
surrounding of a rare gas (Ne, Ar), a chlorofluorocarbon (CFsC1, CFzClCFClz, 
or similar), SFG, or in a zeolite, at temperatures between 4 and 130 K. Although 
raising new questions about the influence of the matrix on the recorded ESR 
spectra of the trapped radicals, these techniques have opened up an extremely 
rich area of research on the properties of short-lived intermediates in chemical 
reactions [I, 2, 41. 

The theoretical framework for a discussion of the hyperfine interactions 
in radicals is given by the so called spin Hamiltonian, which describes the 
interaction between the unpaired electrons and the magnetic nuclei (I>l/2) in 
the sample. When the radical is placed in a static magnetic field, the electrons 
and the magnetic nuclei will interact with the field. These interactions give 
rise to the electronic and nuclear Zeeman terms, 

gzeeman = g P B z S z  - S N P N B z I z ,  (1) 

where the suffix 'N' indicates the nuclear terms (nuclear g-factor and nuclear 
magneton). In the electronic Zeeman term, g and p are the electronic g-factor 
and the Bohr magneton, respectively. The interaction between the magnetic 
moments of the electrons and the nuclei lead to a third term of the spin Hamil- 
tonian, the hyperfine term: 

where T is the 3 x 3  hyperfine interaction tensor. Separating out the isotropic 
component, which arises from a contact interaction between the electron and 
the nucleus in question, we have, 

The contact interaction is also referred to as the Fermi contact term. In a given 
atomic orbital basis { I )F } ,  the isotropic hyperfine coupling constant (hfcc) for 
a particular nucleus N, AIL), is given by the expression, 

(4) 
( N )  - 4K 

A i s ~  - T g P g N P N  < s z  >-' C ~ , U P : ; ~  < I)fi(o)lI)~(o) >, 
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where P$ is an element of the unpaired spin density matrix. The remainder 
of the hyperfine tensor, T’ in Eqn. (3), is referred to as the magnetic dipolar 
part. The expression for the i, j’ th component of the magnetic dipolar tensor 
is obtained from the corresponding expression for interacting dipoles: 

For systems with axial symmetry, the parameter Ad,p = 1/2 T,, is frequently 
used. For direct comparison with experiment, it is also useful to calculate the 
components perpendicular and parallel to a particular bond (here defined as 
the z-axis): A1 = Aiso + 1/2 (Tzz + T,,), and All = Aiso + T,,. 

As a rule, the computational difficulties in hfs calculations are connected 
with the isotropic interaction, since the theoretically determined anisotropic 
parameters in general are in good agreement with experiment, and rather 
insensitive to computational method as well as basis set. 

A major obstacle in the theoretical studies of radical hyperfine structures is 
the fact that in order to obtain accurate hyperfine parameters, a good descrip- 
tion of electron correlation is essential, making configuration interaction (CI) 
or other high level approaches, such as coupled cluster (CC) or many-body 
perturbation theory (MBPT), mandatory in the case of ab initio calculations. 
Very accurate (ie., large) basis sets are also needed to obtain a satisfactory 
description of the electron distribution at the nuclei and outer valence regions. 
The combined demands of large, balanced basis sets and correlated ab initio 
treatments have so far limited these kinds of studies to relatively small systems, 
perhaps 10 - 15 heavy atoms plus a number of hydrogen atoms. 

During the past few years, however, density functional theory (DFT) has 
become a serious alternative to conventional Hartree-Fock based approaches, 
also in the area of hyperfine structure calculations. The DFT methods have 
drastically expanded the size of the systems accessible to theoretical hfs studies. 
We will in this paper review some recent developments both in the field of ab 
initio configuration interaction techniques and in the field of density functional 
theory applied to hfs studies. 



300 6. Engels, L. Eriksson, and S. Lunell 

2 Configuration Interaction Methods 

High accuracy calculations of isotropic hfcc's have proven to be an exception- 
ally difficult problem for conventional ab initio electronic structure methods. 
The difficulties are due to the fact that only those orbitals which possess a 
non-vanishing value at  the position of the nucleus in question as well as a net 
spin density contribute to Ais0. The boron atom can be used as an illustration. 
The ground state of boron is described by the configuration [ls22s22p']. The 
unpaired electron which occupies a p orbital cannot contribute to Aiso because 
p orbitals possess a node at  the position of the nucleus. The remaining s elec- 
trons are paired. Because the spatial distributions of paired electrons are taken 
to be identical within the restricted Hartree-Fock (RHF) approach, this ap- 
proximation gives a value of zero for Aiso. Experimentally, however, the value 
of Aim is 12 MHz. The deviation between the RHF value and the correct value 
of 12 MHz is conventionally interpreted in terms of so called spin polarization 
effects. Such effects arise because the paired s electrons have different interac- 
tions with the unpaired electron, i.e. the electrons of a spin experience both 
a Coulomb and an exchange interaction with the unpaired electron while the 
electrons of p experience only a Coulomb interaction.' This difference leads 
to different spatial distributions of the two electrons, from which a net spin 
density at  the position of the nucleus arises. 

This qualitative picture is taken into account in the unrestricted Hartree- 
Fock (UHF) approach, but it is found that UHF calculations normally over- 
estimate Aiso drastically. To obtain reliable results, the interactions between 
the electrons must be described much more accurately. Furthermore, in differ- 
ence to most other electronic properties, such as dipole moments etc., a proper 
treatment of the hfcc's also requires special consideration of the inner valence 
and the 1s core regions, since these electrons possess a large probability den- 
sity a t  the position of the nucleus. Because the contributions from various 
shells are similar in magnitude but differ in sign, a balanced description of the 
electron correlation effects for all occupied shells is essential. All this explains 
the strong dependence of Aiso on the atomic orbital basis and on the quality 
of the wavefunction used for the calculation. 

In the following we want to focus on some problems which arise if ab inatio 
methods are used to calculate isotropic hfcc's. We will mostly concentrate on 
approaches where the Configuration Interaction (CI) method is used in various 
versions. To illustrate the performance of other theoretical methods such as 
Mprller-Plesset perturbation theory (MP) , Coupled Cluster methods (CC) or 
quadratic CI (QCISD), the results obtained with those approaches will be 
compared for a few model systems. Because an understanding of the influences 

'We consider the Ms = 112 component of the wave function. 
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of the various excitation classes in the CI on Aiso is fundamental, a discussion 
of this topic will be performed first. Next we will introduce the MRD-CI/BK 
method, which has been developed especially for the calculation of hfcc's. In 
the remaining part of the present section we want to discuss some practical 
problems in the ab initio calculation of isotropic hfcc's by investigating some 
selected model systems. 

2.1 Influence of different excitation classes on Aiso 

Regarding the quality of the CI wavefunction, recent investigations emphasize 
the importance of higher than double excitations [8,9,10,11].  A good example 
is the X2B1 state of NH2 [9], in which the value of Aiso(l4N> calculated with a 
CI wavefunction including single and double excitations (SD-CI) still possesses 
a deviation of about 42 % from the experimental value. 

On the other hand, it is found that a single excitations CI (S-CI) treatment, 
as used by Chipman [12], gives isotropic hfcc's in astonishingly good agreement 
with experimental results. As pointed out by Feller and Davidson [16], the 
Aiso values obtained from a S-CI treatment are very often in better agreement 
with experimental results than those calculated with a SD-CI treatment. One 
example of this paradoxical behaviour is the isotropic hfcc of the ground state 
(X'll) of the CH molecule 112, 131. For the carbon center the S-CI gives an 
isotropic hfcc of about 41 MHz. If a SD-CI is performed, the value drops 
to about 30 MHz, while it increases again to about 45 MHz if also all triple 
excitations are taken into account. The experimental value is 46.7 MHz f 
2 MHz. Because the configurations of a S-CI wavefunction are included in a 
SD-CI wavefunction, some kind of error cancellation is expected to occur in 
S-CI calculations. 

Let us examine the influence of the different excitation classes on Aiso , 
using the ground states of the boron atom ('P"), the carbon atom ('Pg) and the 
nitrogen atom ("") as test systems [14]. The 4S, ground state of the nitrogen 
atom was chosen because it is a standard system for calculating Ai,,[8,15]. The 
other systems were selected because, in a recent study, Feller and Davidson [15] 
showed that Aiso is much more difficult to calculate for the carbon or boron 
atoms than for the nitrogen atom. 

The A 0  basis sets used in the present work are given in table 1. They were 
chosen to incorporate the most important features necessary for hfs calcula- 
tions [ll, 191, while keeping the costs of the calculations reasonable. In the 
present review we will focus on the results obtained with natural orbitals (NO) 
as underlying one-particle basis. For more information the reader is referred to 
reference [14]. For the multireference CI (MR-CI) calculations, 14 (boron), 12 
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Table 1: Description of the A 0  basis sets used for the atomic calculations in 
the present work. 

Boron (13s8p) -+ [8s5p] Ref. [8] 
+ 2d functions (0.2 / 0.8) 

Carbon (13s8p) + [8s4p] Ref. [8] 
+ 2d functions (0.318 / 1.097 ) Ref. [9] 

Nitrogen (13s8p) + [8s4p] Ref. [8] 
+ 2d functions (0.5 / 1.9 ) 

A systematic procedure to improve the quality of the CI treatment is to 
start with the RHF configuration and to include the single excitations (S-CI) 
into the Hamilton matrix, and then add the double excitations (SD-CI), triple 
excitations (SDT-CI) and so on. The diagonalization of the appropriate Hamil- 
tonian matrix leads to wavefunctions which can be used to calculate properties, 
e.g. A,8o. In the present paper the expression 'excitation' is employed for a 
replacement at the spatial orbital level, as it is used, e.g., by Chipman [12]. 
In the case of a single excitation at the spatial orbital level, it  has to be kept 
in mind that for an open shell system at least one of the arising determinants 
represents a higher than single excitation with respect to the RHF determi- 
nant. Single excitations a t  the spatial level starting from the configuration 
c'a2b2, for which only one determinant is needed to describe the doublet state, 
lead to b1c'd1a2 among other configurations, originating from a b2 -+ b'd' 
excitation. Three determinants bcda2, beda2 and bcda2 arise, where the bar 
denotes the singly occupied orbital with ,b spin. While the first and the third 
determinants are true single excitations with respect to the starting configu- 
ration, the second determinant represents a double excitation (b -+ d,  c + c )  
at the spin orbital level. In the Hamiltonian matrix only the interaction of 
double excitations with the RHF determinant is essential, due to the Brillouin 
theorem. The importance of those configurations within a S-CI treatment has 
already been discussed by Chipman [12]. While in the case of a doublet state 
only one double excitation appears, several double excitations and one triple 
excitation can be found for a triplet state. 

The values of Aiso as a function of the level of the CI treatment for the three 
abovementioned systems are given in table 2. For the boron atom the S-CI 
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Table 2: Isotropic hyperfine coupling constant for the ground states of the 
boron atom ('P,,), carbon atom ('Pg) and nitrogen atom ('SU), using different 
levels of the CI treatment. NO'S were used as one-particle basis. 

Treatment A*,, (in MHz) 
B C  N 

RHF 0.0 0.0 0.0 
s-CI -3.2 7.1 5.4 

SD-CI -1.3 6.1 3.9 
SDT-CI 5.2 13.8 7.8 
MR-CI 6.5 14.4 8.2 

Exp 11.6" 22.5' 10.4" 
Ref [127]' Ref [128] "see Ref [15] 

and SD-CI treatments predict the wrong sign for A,,,. If triple excitations are 
also taken into account, a large improvement in the calculated value is found. 
For the carbon atom and the nitrogen atom, it is found that an improvement 
of the CI treatment from S-CI to SD-CI makes the agreement with experiment 
worse. If triple excitations are also taken into account, the results become 
much better. Since it was not possible to include all quadruple excitations, 
MR-CI calculations were performed, which included the most important part 
of the triple and quadruple excitations. From table 2, the expected trend 
can be seen, i.e., for a reliable calculation of A,,,, the inclusion of the most 
significant quadruple excitations is more important than considering all triple 
excitations. The remaining differences with respect to the experimental results 
are predominantly due to deficiencies in the A 0  basis set used in the present 
work [8, 11, 19, 211; e.g. the study of Bauschlicher et al. [8] shows that the 
difference between a MRCI approach and a full CI is only about 0.2 MHz. 

To get more insight into the various effects seen in table 2, the different 
influences of the excitations on Aiso have to be studied. Going from a S-CI to 
a SD-CI treatment, the double excitations can influence Ai,, in two ways [20]. 
A direct efect  arises from the coefficients of the double excitations themselves, 
which are not contained in the S-CI wavefunction. A second influence of the 
double excitations on A*,, is of a more indirect nature. Due to interactions 
within the SD-CI Hamilton matrix between configurations already included 
in the S-CI and the double excitations, the coefficients of the RHF determi- 
nant and of the singly excited determinants obtained by a SD-CI treatment 
differ from those obtained by the S-CI treatment. From these differences in 
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the coefficients a further change in Ajso results. This can also be traced back 
to the influence of the double excitations. In the following, this effect is called 
the indirect effect of the double excitations on Ais0. The indirect effect con- 
tains both normalization effects and changes in the ratio among the individual 
coefficients, but the latter are found to be more important. 

The size of the indirect influence of the double excitations on Aiso can 
be calculated if one projects the configurations already included in the S-CI 
treatment out of the wavefunction obtained from the SD-CI treatment and 
compares the values of Aiso calculated with the projected wavefunction and 
the value calculated with a normal S-CI wavefunction. 

To avoid confusion, some terms concerning the wavefunctions and the treat- 
ments to obtain the wavefunctions should be introduced. The wavefunction 
which includes the RHF configuration and all single excitations will be abbre- 
viated S-WF, if all doubles are also included it is called SD-WF, etc. Accord- 
ingly, the CI treatments from which the coefficients are determined are called 
S-CI, SD-CI, etc. In the following, the coefficients of a S-WF, for example, 
can be obtained from a S-CI treatment or by projection out of a wavefunction 
resulting from a more sophisticated treatment (SD-CI, SDT-CI or MR-CI). 

In table 3, the splitting into direct and indirect effects is summarized. Let 
us first concentrate on the boron system. Using a S-CI treatment, Aiso is 
calculated to be -3.2 MHz. If the indirect effect of the double excitations is 
taken into account (S-WF from SD-CI), the value of Aiso drops by about 17 
MHz to -20.5 MHz. If the direct effect of the doubles is also included (SD- 
WF from SD-CI) Aiso increases by about 19 MHz to -1.3 MHz. The indirect 
influence of the triple excitations on the coefficients of the single excitations 
is not negligible either. If this is included in the S-WF (S-WF from SDT-CI), 
Aiso increases by about 5 MHz from -20.5 MHz (S-WF from SD-CI) to -15.2 
MHz (S-WF from SDT-CI). The indirect influence of the triples on the SD-WF 
(SD-WF from SDT-CI) raises Aiso by about 7 MHz from -1.3 MHz (SD-WF 
from SD-CI) to 5.7 MHz (SD-WF from SDT-CI). The direct contribution of the 
triple excitations (SDT-WF from SDT-CI) is small but possesses a negative 
sign (-0.5 MHz), e.g. if only the indirect effect of the triples is taken into 
account, the calculated value of Aim is somewhat too high. With a MR-CI 
treatment, the effects of the most important triple and quadruple excitations 
(TQ) are accessible. Their indirect influence on the SD-WF (SD-WF from 
MR-CI) is about 6 MHz, e.g. about 1 MHz larger than the influence of the 
triples alone. The indirect effect on the S-WF is very similar to that found for 
the triples. It can be seen that the direct contribution of the most important 
triple and quadruple excitations is again negative. 

From table 3 it is not clear whether the effect of the triple excitations on 
the SD-WF mostly influences the single excitations or the double excitations. 
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Table 3: Influence of the different excitation classes on Aiso for the ground 
states of boron 2Pu, carbon 3Pg and nitrogen 4Su. 

Excitation class Coefficients Boron Carbon Nitrogen 
in wave function" from 2P" 3Pg 4su 

S-WF s-CI -3.2 7.1 5.3 
S-WF SD-CI -20.5 -14.6 -3.2 

SD-WF SD-CI -1.3 6.1 3.8 
S-WF SDT-CI -15.2 -8.2 -0.3 

SD-WF SDT-CI 5.7 14.0 7.4 
SDT-WF SDT-CI 5.2 13.8 7.7 

S-WF MR-CI -14.9 -18.1 -0.2 
SD-WF MR-CI 6.7 14.5 7.7 
MR-WF MR-CI 6.5 14.4 8.2 

a S-WF denotes the wavefunction including the RHF determinant and all single 
excitations, SD-WF is used if all double excitations are also included, etc. 
Accordingly, the expression S-CI describes the CI treatment in which the RHF 
and the single excitations are included in the Hamilton matrix, etc. For further 
explanation, see text. 

Only the sum of both can be seen. Since Aiso is a one-electron property, it can 
be written as a sum over matrix elements between configurations belonging to 
the same excitation class or differing in one excitation 

< Aiso >N 

i ,r 

The first term of Eqn. 6 gives the contribution arising from matrix elements 
between the RHF determinant and the single excitations (Single-RHF), while 
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the following three terms contain the contributions resulting from matrix ele- 
ments between single excitations among themselves (Single-Single). The last 
term gives the Single-Double contributions. Further contributions arising from 
Doubles-Doubles, Doubles-Triples, etc., are straightforward. It should be kept 
in mind that the contribution from the matrix element of the RHF determinant 
in these cases is zero, as discussed above. 

To get a better description of the effects shown in table 3, the various 
contributions discussed in Eqn. 6 are given in table 4. 

Let us again focus on the boron atom. The value of Aiso calculated with the 
wavefunction obtained from a S-CI treatment is comprised of a large negative 
contribution from matrix elements between the singles and the RHF config- 
uration (-11.4 MHz) and a large positive contribution from the interaction 
between the singles themselves. As discussed above the contribution from the 
RHF determinant itself is zero. If a SD-CI treatment is used instead of a S- 
CI calculation (second part of table 4), the contribution to Aiso arising from 
the matrix elements between the RHF determinant and the single excitations 
changes dramatically from -11.4 MHz (S-CI) to -29.1 MHz (SD-CI). Because 
the relative change in the coefficient of the RHF determinant is small (3%), this 
has to  be attributed to the large relative changes of the coefficients of the single 
excitations which result from the indirect influence of the double excitations. 
Because the coefficient of the RHF determinant is large in comparison to all 
other coefficients (> 0.9), the influence of the changes in the coefficients of the 
single excitations in the Singles-RHF contribution to Ajso is strongly enhanced 
by the multiplication with the coefficient of the RHF determinant (first item 
in Eqn. 6). The contributions from the Singles-Singles interactions show only 
very small modifications (0.3 MHz) which may be traced back to the small 
absolute size of the single excitation coefficients and cancellation effects. The 
direct effect of the doubles on Aiso is composed of a smaller Singles-Doubles 
contribution (6.3 MHz) and a larger Doubles-Doubles part (12.9 MHz). 

The inclusion of triple excitations (third part of table 4) in the CI treatment 
acts almost exclusively on contributions which are connected with the singles. 
Again, the largest difference is found in the Singles-RHF contribution which 
is shifted by about 5 MHz. As found in table 3, the direct contribution of the 
triples (lliples-Doubles, Triples-Triples) is small and has a negative sign. 

The influence of the most important triple and quadruple excitation can be 
seen in the last part of table 4. The presence of the quadruple excitations (triple 
excitations are already included in the SDT-CI) mostly affects the Double- 
Double contribution. 

Tables 3 and 4 also list the values calculated for the carbon and nitrogen 
atoms. In both systems the same trends as discussed for the boron atom are 
found. Only the magnitudes of the various effects are somewhat smaller. This 
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Table 4: Decomposition of the various contributions to Aiso for boron, carbon 
and nitrogen. 

Method Boron Carbon Nitrogen 

s-CI -3.2 7.1 5.4 
Contribution 2Pu 3P, 4511 

Singles-RHF" 
Singles-Singles 

SD-CI 
Singles-RHF 
Singles-Singles 
Doubles-Singles 
Doubles-Doubles 

SDT-CI 
Singles-RHF 
Singles-Singles 
Doubles-Singles 
Doubles-Doubles 
Triples-Doubles 
Triples-Triples 

MR-CI 
Singles-RHF 
Singles-Singles 
Doubles-Singles 
Doubles-Doubles 
TQ-Doubles 
TQ-Triples 

-11.4 -3.4 
8.2 10.5 

-1.3 6.1 
-29.1 -27.1 

8.6 12.5 
6.3 11.6 

12.9 9.1 

5.2 13.8 
-24.7 -18.1 

9.5 9.9 
7.6 9.9 

13.3 13.1 

0.2 0.3 

6.5 14.4 
-23.9 -18.1 

9.0 9.9 
7.5 9.2 

14.1 13.5 

0.2 0.4 

-0.7 -0.5 

-0.4 -0.5 

1.1 
4.3 

3.9 
-6.6 
3.3 
3.3 
3.9 

7.7 
-4.1 
3.7 
3.7 
4.2 
0.2 
0.1 

8.2 

3.6 
3.6 
4.3 
0.3 
0.2 

-3.8 

a Singles-RHF summarizes all contributions to Aiso arising from matrix el- 
ements between single excitations and the RHF determinant. The other ex- 
pressions are used accordingly. For further explanations, see text. 
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shows that the effects discussed above are rather typical for a wide range of 
systems. 

At a first glance, the large influence of the higher excitations on the coef- 
ficients of the single excitations is expected from the Brillouin theorem. This 
theorem states that the interaction between the RHF determinant and the 
single excitations is zero for a closed-shell system, so that the coefficients of 
the single excitations in closed shell systems are completely determined by the 
interaction with higher excitations. This was pointed out already by Chip- 
man [12], but he also emphasized the difference between single excitations at  
the spin-orbital level, for which the Brillouin theorem holds, and those at  the 
spatial-orbital level, which include some types of higher excitations (see above). 
Chipman assumed that the higher excitations included in a S-CI treatment 
were sufficient for describing the coefficients of the single excitations properly. 
The present calculation clearly shows that this is not true. For Aiso the S-CI 
calculations very often yield such excellent agreement with the experimental 
values because indirect and direct effects of the higher excitations (doubles, 
triples and quadruples) cancel each other to a great extent. 

The discussion given above shows that the indirect influences of triples 
and quadruples on Aiso are more important than their direct contribution. 
A treatment which incorporates the indirect influence of triple and quadruple 
excitations on the wavefunction should give similar values for Aiso as a method 
in which both effects are fully included. 

In the above analysis, the effects arising due to different one-particle basis 
sets, e.g. SCF-MO’s, NO, or CASSCF-MO’s, have not been discussed. The 
main difference lies in the number of reference configurations needed in the 
MR-CI treatment. If, e.g., SCF-MO’s are used for the boron atom, 23 refer- 
ence configurations were necessary for convergence of Aiao as a function of the 
number of reference configurations, while using NOS or CASSCF-MOs only 14 
reference configurations had to be taken. This shows the greater compactness 
of the CI expansion if a correlated one-particle basis is used instead of SCF 
MO’s. For more information the reader is referred to Refs. [14, 201. 

2.2 The MRD-CI/BK method 

In the previous section we showed that the influence of higher than double 
excitations is important to obtain accurate isotropic hfcc’s. If the MR-CI 
approach is used to calculate Aiso , the importance of the higher excitation 
leads to a slow convergence with respect to the size of the reference space and, 
if truncated MR-CI approaches are employed, also with respect to the number 
of selected configurations. However, the discussion also shows that the indirect 
contribution of triples and quadruples on Aiso is far more important than their 
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direct effect. Therefore, it should be sufficient to include the indirect effect of 
the higher excitations by some kind of perturbation theory. 

This is done in the MRD-CI/BK method [20, 131 which we want to present 
in the present section. After a brief introduction of the underlying theory we 
will discuss the CH molecule as a test system. 

The theory of the BK method [22] is based on the partitioning technique 
in perturbation theory [23, 241. Suppose the Hamiltonian matrix H of the 
MR-CI space is partitioned as 

Ho hT ( h HI)  = (7) 

where Ho is a KxK submatrix of H containing all important configurations. 
Then HI is a (N-K)x(N-K) matrix formed from configurations of lesser impor- 
tance and h contains the connecting matrix elements between the two sets of 
configurations. Within selective MR-CI techniques, h and HI are neglected 
and only 

HOC; = E"C; (8) 

is solved. The formula of the B K  method according to Davidson and coworkers 
[25, 26, 27, 281 is obtained if equation 7 is written as 

[Ho + hT(E - Hl)-'h] co = ECO 

[Ho + hT(E' - D)-'h] ~6 = E c ~  

(9) 

(10) 

and HI is replaced by its diagonal part 

Depending on how E' in equation 10 is chosen, one arrives at  Brillouin-Wigner 
(E' is equal to E and the equation is solved iteratively) or Rayleigh-Schrodinger 
(E' is equal to E" in equation 8) perturbation theory [25, 261. In the present 
work Rayleigh-Schrodinger perturbation theory was adopted. The indirect 
effect of the neglected configuration is accounted for because the new vector 
cb contains the relaxation of 4 due to the neglected configurations in second- 
order perturbation theory. 

The coefficients of configurations not contained in cb can also be estimated 
in second-order perturbation theory, using the AK method [22]. 

C; = (1E - D)-'hcb (11) 

In the following, the efficiency of the BK method in correcting a truncated 
CI wavefunction will be discussed. Such a calculation, in the following abbre- 
viated as a MRD-CI/BK calculation, consists of two steps. After choosing the 
reference space, all single and double excitations are generated. In the first 
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step, the Ho matrix is diagonalized. It contains all configurations which lower 
the energy by more than a given threshold T ~ I .  In the second step, the BK 
method is applied. Since the computation of all terms in hT(E' - D)-'h is 
very time consuming, they are only calculated for the most important config- 
urations. All configurations possessing a coefficient absolutely greater than a 
given threshold TBK are included in the BK correction. 

Detailed investigations about the efficiency of the BK method in correct- 
ing truncated CI wavefunction have been performed for the electronic ground 
states of some atoms [20] and the electronic ground state, X211 of the CH 
molecule [13]. In the present review we only want to focus on some important 
points, especially the convergence of the MRD-CI/BK method with respect to 
the size of Ho and to the number of configurations actually included within the 
BK correction. For smaller systems, we could show [20, 131 that the BK/AK 
correction actually gives the exact limit, e.g. the values obtained with the full 
MR-CI wavefunction. However, in the present review we will focus on the 
investigation of the CH molecule, where larger reference spaces are necessary 
for a good description of the isotropic hfcc's. For these calculations our soft- 
ware was unable to handle the total MR-CI space. Therefore, results will be 
compared with experimental data. For more detailed information the reader 
is referred to the original literature [20, 131. 

The calculation of the isotropic hfcc of the carbon center Aiso(13C) in the 
X211 ground state of CH is a great challenge for ab initio calculations, although 
only 7 electrons need to be correlated. The X211 state is derived from the elec- 
tronic configuration la22a23a21?r'. Since only the T orbital is singly occupied, 
the restricted Hartree-Fock approach (RHF) yields a value of zero for the 
isotropic hfcc's of both centers. The correct value (experiment [29, 301 gives 
46.8 f 2.8 MHz for the carbon center and -57.7 f 0.3 MHz for the hydrogen 
center) is determined by correlation and/or polarization effects which can be 
taken into account, e.g., by a MR-CI treatment. For the isotropic hfcc of the 
carbon center, Aiso(13C), very good agreement with the experimental value of 
46.8 MHz ( f 2 . 8  MHz) can only be obtained if triple excitations are taken into 
account (45 MHz). A SD-CI gives a value of 30 MHz, i.e. an error of more 
than 30 %. As already discussed in the previous section, a CI which includes 
only single excitations with respect to the Hartree-Fock configuration (S-CI) 
gives much better agreement (41 MHz) than the SD-CI calculations. 

For the study of the CH molecule, the two different A 0  basis sets given in 
table 5 were used. The smaller A 0  basis set (13s8p3dlf/9s3p) -+ [8s5p3dlf/6s3p] 
was used to perform less expensive calculations. Experience gained from this 
basis set was used in the calculations with the larger basis set (14~9p5dlf/lOs3p) 
-+ [9s6p5dlf/7s3p]. The latter is flexible enough for a very reliable calculation 
of isotropic hfcc's. All calculations were performed for Re=1.118 A. To obtain 
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Table 5: Description of A 0  basis sets used for the CH molecule. 

small A 0  basis 

carbon center (13s8p) + [8s5p] v. Duijneveldt, Ref. [17] 
+ 3d functions (2.292/0.838/0.292) 
+ If function (0.761) 

+Is function (2.4) 
+3p functions (1.848/0.649/0.228) 

hydrogen center (8s) -+ [5s] v. Duijneveldt, Ref. [17] 

large A 0  basis 

carbon center small basis 
+Is (0.02) 
+lp (0.0358) Ref. [37] 
+2d (8.0/0.1) 

+ls (0.01) Ref. [37] 
hydrogen center small basis 

faster convergence of the CI expansion, natural orbitals (NO) were used as the 
one-particle basis. 

Besides the reliability of a method, the question of economy is also im- 
portant. In connection with the BK/AK approach, it is therefore interesting 
to investigate how the isotropic hfcc's (or any other property) calculated with 
the perturbationally corrected wavefunction depend on the number of config- 
urations already included in Ho. To gain insight into the problem we varied 
the size of Ho. The influence of higher excitations was studied by increasing 
the size of the reference space. The reference configurations were selected ac- 
cording to the size of their coefficients. The results of the various calculations 
performed with the smaller A 0  basis set are given in table 6 .  

Let us first consider Aiso( 13C). Using the uncorrected truncated MR-CI 
wavefunction, the calculated-value of A2;(13C) increases by about 15 MHz if 
TCI is lowered from hartree (M 

8000 - 9000 configurations). If Ho is further enlarged, AZ;(l3C) increases less 
rapidly but it can be seen that convergence is not yet achieved at TCI= 5*10-' 
(29 240 configurations). This behaviour is quite similar to the dependencies 
found in other molecules [lo, 321. The dependence of A2;(13C) on the number 
of configurations handled variationally is comparable for all reference spaces 

hartree ( M  3000 configurations) to 
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Table 6: Details of calculations performed for the X211 state of CH using the 
smaller basis set. Energies with respect to -34.0 hartree, isotropic hfcc's in 
MHz. Experimental values are 46.8 f 2.8 MHz for the carbon center and -57.7 
f 0.3 MHz for the hydrogen center. 

Tb, SAF E$, A&L(13C)e A&A(H)' EL,,-,, E i r  A 2 ( ' 3 C ) 6  A 2 W 6  
cz M 0.980' 

10.0 2366 -0.4360 16.7 -54.0 -0.4544 -0.4580 32.1 -57.3 
42 reference configurations MR-apace : 443 464 SAF 

1.0 8258 -0.4486 31.1 -55.3 -0.4529 -0.4559 41.8 -57.7 
0.1 21947 -0.4524 35.6 -56.4 -0.4541 -0.4547 40.7 -57.9 
0.05 29240 -0.4529 35.0 -56.8 -0.4543 

10.0 2894 -0.4362 15.2 -54.1 -0.4541 
53 reference configurations cz M 0.984' MR-space : 523 413 SAF 

1.0 8575 -0.4487 31.2 -55.0 -0.4532 -0.4562 41.8 -57.3 
0.1 22582 -0.4526 36.5 -56.2 -0.4545 -0.4550 41.4 -57.6 

1.0 11255 -0.4492 30.2 -55.5 -0.4538 -0.4563 41.5 -58.2 
0.1 24743 -0.4527 35.3 -56.4 -0.4545 -0.4553 41.6 -58.2 

72 reference configurations 'c" M 0.987' MR-space : 638 893 SAF 

a Part of reference space of the CI wavefunction on basis on the sum of 
squares of coefficients 

In Hartree 
Number of SAF included in the diagonalization procedure 
Energy obtained by diagonalizing Ho 
Isotropic hfcc calculated with the truncated MR-CI wavefunction 

f Obtained using the MRD-CI scheme 
Obtained using the BK scheme. The number of corrected SAF is 

1500 - 2000 ( T ~ ~ = 0 . 0 0 1 )  
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used in the present work. The decrease in A:;(13C) going from 53 reference 
configurations to 72 reference configurations seems to be due to the selection 
criterion, which tests the energy contribution of the single configurations but 
not their importance for a given property. We will return to  this point further 
below. 

Using the BK method, the indirect effect of the neglected configurations 
is taken into account. As expected, the BK method gives the largest correc- 
tion for the smallest CI calculation (TCI = hartree; 2366 configurations 
handled variationally), where a correction of about 16 MHz is obtained for 
the isotropic hfcc of the carbon center (A:;(13C)=16.7 MHz; A;,K(13C)=32.1 
MHz), but comparison with the calculation with smaller T ~ I  thresholds show 
that the variationally handled space is too small. If more configurations are 
included in Ho, A;,"(13C) shows little dependence on TCI. For the thresholds 
Tcr = lo-' hartree, the value calculated with the corrected wavefunc- 
tion, A:,K(l3C), only varies by about 1 MHz, while A:;(13C) obtained from 
the normal truncated MR-CI wavefunction changes by about 6 MHz. Fur- 
thermore, the corrected values are higher by about 5 - 10 MHz. The direct 
effect of the neglected configurations on Aiso(13C) was studied using the AK 
method. The influence is less than 0.2 MHz, independent of the size of Ho. 
This is in agreement with calculations for the boron atom, which also show a 
small direct contribution if NO'S rather than MO's are used [14, 201. 

hfcc's, less than 2 % of the total MR-CI space has to be handled variationally, 
if the effects of neglected configurations are taken into account using pertur- 
bation theory. The most elaborate calculations of Aim('") (72 reference con- 
figurations, 25 000 configurations handled variationally, 2 000 configurations 
corrected perturbationally) give the value 41.6 MHz. The error with respect 
to experiment is about 11 %, i.e. the error of 20 % in the truncated MR-CI 
wavefunction has been reduced by a factor of two. 

The values calculated for the hydrogen center are also given in table 6. 
The dependence on the quality of the calculation is smaller than was found for 
AisOC:C) but similar trends can be seen. The theoretically most reliable value 
is Aiso (H)= -58.2 MHz. 

Before discussing the reasons for the success of the BK method, we will 
give a short description of the results obtained with the larger A 0  basis set. 
Several studies [15, 8, 34, 191 show that to obtain very accurate isotropic hfcc's 
for atomic centers belonging to the second row, the inclusion of two compact d 
functions in the basis set is necessary. This condition is fulfilled by the second, 
larger basis set. The results obtained with the larger basis set are given in table 
7. The smaller reference space (52 configurations) corresponds to that used 
for the smaller basis set. The larger reference space (77 configurations) was 

The present study clearly shows that for a reliable description of the isotropic 
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Table 7: Details of calculations performed for X211 state of CH using the larger 
basis set. Energies with respect to -34.0 hartree, isotropic hfcc’s in MHz. 

Tb, S A P c  E;, A2A(’3C)e AzA(H)’ ELRD-C, EiL A i t ( 1 3 C ) s  A ~ ~ ( H ) K  
c1 x 0.984’ 53 reference confinurations MR-space : 865 680 SAF 

1.0 13209 -0.4506 33.2 -55.1 -0.4561 -0.4595 44.4 -57.6 
0.2 24066 -0.4541 37.0 -56.0 -0.4566 -0.4580 44.2 -57.9 

1.0 13218 -0.4508 33.8 -55.1 -0.4563 -0.4597 46.0 -58.2 
0.2 24135 -0.4542 37.2 -56.3 -0.4567 -0.4583 45.8 -58.3 

77 reference configurations cz M 0.987O MR-space : 1 154 750 SAF 

a Part of reference space of the CI wavefunction on basis on the sum of 
squares of coefficients 

In Hartree 
Number of SAF included in the diagonalization procedure 
Energy obtained by diagonalizing Ho 
Isotropic hfcc’s calculated with the truncated MR-CI wavefunction 

f Obtained using the MRD-CI scheme 
Obtained using the BK scheme 

optimized with respect to the spin density. For Aiso(13C) ,  the values calculated 
with the truncated MR-CI wavefunction differ by about 1 - 2 MHz from those 
obtained with the smaller A 0  basis set. The dependence of Aiso(13C) on the 
size of the variationally handled space Ho is comparable to that found for the 
smaller basis set, i.e. it increases by about 4 MHz if the number of variationally 
handled configurations is increased from about 13000 to about 24000. The 
deviation from the experimental value is about 9 MHz (20 %). The difference 
between both reference spaces is quite small. 

If the BK method is used, A;,K(l3C) depends only little on the underlying 
truncated MR-CI calculation (< 0.3 MHz). The correction of Aiso(13C) due 
to the BK method is about 8 - 9 MHz. The agreement of the final theoretical 
value (72 reference configurations, 24 000 configurations handled variationally, 
1 500 configurations corrected perturbationally) with the experimental value is 
excellent (45.8 MHz vs. 46.6 MHz), i.e. with the BK correction the theoretical 
value lies within the experimental uncertainty ( f2 .8  MHz). 

As already seen for the smaller basis set, similar but less prominent trends 
are found for Aiso(H) (Table 7). Using the BK method a value of -58.5 MHz is 
calculated. It differs only 0.8 MHz from the experimental value (-57.7 f 0 . 3  MHz). 

To test the MR-CI/BK method used in the present study, the isotropic 
hfcc’s were also calculated with various other methods, e.g. the UHF method, 
Mdler-Plesset perturbation theory up to the fourth order (MP2 - MP4), Cou- 
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pled Cluster methods with and without an estimation of the triple excitations 
(CCD and CCD(T)), and the QCISD method [52] with (QCISD(T)) and with- 
out an estimation of triple excitations (QCISD). In the present study, all these 
treatments are based on UHF wavefunctions while RHF is the starting point for 
the MR-CI/BK method. All calculations were performed with the larger A 0  
basis set (table 5) using the GAUSSIAN88 program package [35]. A compari- 
son of the various theoretical methods is given in table 8, which also includes 
results taken from the literature. 

Let us first focus on the results for the hydrogen center. Except UHF, 
which overestimates the absolute value of Ai,,(H) by about 26 MHz and MP2 
which shows a deviation of about 4 MHz, all methods give very similar results 
(around -57.5 MHz). This behaviour reflects the relative simplicity of the 
calculation, as mentioned above. 

The more difficult nature of Aiso(13C) can be seen from table 8. UHF 
overestimates Ai,(13C) by more than a factor of two, and only three methods 
predict values larger than 41 MHz, i.e. a deviation of less than 10 % from 
the experimental result. If MP2 is used, a value of 37.4 MHz is found, but 
the value decreases to 31.6 MHz if third order perturbation theory (MP3) is 
also included. By incorporating the fourth order (MP4STQ), the calculated 
value of AiS0(l3C) increases to 35.0 MHz, but it is still lower than the value 
obtained with MP2. All parts of the fourth order seem to be important, i.e. 
AiS0(”C) decreases to 29.5 MHz if only double substitutions within the fourth 
order perturbation theory (MPID) are accounted for. The dependence of 
Aiso(l3C) on the various orders of perturbation theory indicates that the good 
value obtained merely with MP2 is based on fortuitous error cancellation. The 
reasons for this behaviour are still unknown. The CC methods used in the 
present study give values of 33.6 MHz (CCD) and 37.2 MHz (CCD(T)). These 
are in good agreement with the CCD(ST) study by Carmichael (see lower part 
of table 8), who calculated 36.6 MHz using the CCD(ST) and a basis set of 
similar quality [41]. Besides the MR-CI/BK method presented here, only the 
QCISD method (43.7 MHz) and the QCISD(T) method (42.1 MHz) are able 
to calculate Ai,,(13C) with an error of less than 10 %. It should be noted, 
however, that in the QCISD method the inclusion of the triple excitations 
lowers Aiso(13C), while opposite behaviour is found for CCD calculation. The 
best value of the various methods presented in table 8 is obtained by the 
MR-CI/BK method (45.8 MHz). 

As discussed above, the expense of the BK method should increase almost 
quadratically with the size of the B K  space. The question of the dependence 
of the calculated value of a given property on the number of configurations 
actually corrected by the BK treatment is therefore quite important. In fig- 
ure 1, Ai,,(13C) is plotted as a function of the size of the BK space. In the 
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Table 8: Comparison of isotropic hfcc's of CH calculated using various meth- 
ods. 

Method Ai.w(13C) Aiso('H) 
[MHz] [MHz] 

Calculations performed in the present study 
using the large basis set (see table 5 )  

UHF 100.4 -84.4 
MP2 37.4 -62.1 
MP3 31.4 -58.0 
MP4D" 29.5 -56.7 
MP4DQa 32.1 -57.2 
MP4STQb 35.0 -57.6 
CCD 33.6 -56.7 
CCD(T)" 37.2 -56.7 
QCISD 43.7 -58.5 
QCISD(T)" 42.1 -57.2 
MRD-CI 37.2 -56.3 
MRD-CI+BK 45.8 -58.5 _. 

Calculations taken from the literature 
SDCI / STO 47.8 -42.4 
MBPT / STO f 37.3 -59.4 
MCSCF / num 9 49.9 -57.8 
CCD(ST) / CGTO 36.6 -57.0 
S-CI / CGTO 41.4 -57.1 
SD-CI / CGTO a 30.0 -51.8 
SDT-CI / CGTO 45.8 -58.0 

46.83 -57.7k 
f 2.8 f 0.3 

Experimental data 

a Only parts of the excitation classes are included 
* Full fourth order perturbation theory 

Large basis set using Slater functions, Ref. [39] 
f Many-body perturbation theory, Ref. [40] 

Numerical MCSCF, polarization effects are taken into account, Ref. [38] 
Coupled Cluster with estimates of triple and quadruple contributions 

(14s9p4dlf,9s3pld)+ [8s5p4dlf,6s3pld], Ref. [41] 
'( 10~6p2dlf,6~2pld)+ [6s3p2dlf,4s2pld], Ref. [12] 
JRef [29] 
kRef [30] 
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foregoing truncated MR-CI calculation, 24 135 configurations were handled 
variationally. The reference space consists of 77 configurations, leading to  a 
total MR-CI space of 1 154 750 configurations. The isotropic hfcc’s obtained 
with the truncated MR-CI wavefunction, (A;:), and the experimental values 
are given for comparison. The configurations included in the BK treatment 
were selected according to  the magnitude of their coefficients in the truncated 
MR-CI wavefunction. In figure 1, it can be seen that for very small BK spaces 
(< 100 configurations) the calculated value of Aiso(13C) increases dramatically 
(M 9 MHz), while further extension of the BK space leads to much smaller 
variations (< 1 MHz) in AisO(l3C). The fast convergence of AisO(l3C) as a func- 
tion of the number of configurations actually corrected in the BK treatment is 
obvious. 

55 

50 

45 

4 0  

35 

30 

I I I I I I I 

Exp. 
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Figure 1: Ai,,(13C) as a function of the size of the BK space. The forego- 
ing MRD-CI calculation was performed with the large A 0  basis set and 77 
reference configurations. A total of 24 135 configurations were handled varia- 
tionally. The value obtained with the truncated MRD-CI wave function and 
the experimental value are given for comparison. 
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In section 2.1 we discussed the influence of higher excitations on Aiso. From 
table 4 it was obvious that the indirect influence of higher excitations leads to 
major changes only in the Singles-RHF contributions to Ai,. Therefore, within 
the MRD-CI/BK method it should be sufficient to correct the coefficients of 
the main configuration and of the single excitations. Confirmation of this 
conclusion has been given in a number of other cases [64, 44, 42, 431. 

Table 9: Calculated hyperfine coupling constants for the X3C; ground state 
of O2 (R=2.28 bohr). An [8s6p3d] A 0  basis set was employed (see text). All 
values are given in MHz. 

Aiso A22 
MO NO MO NO 

SD-CI -27 -28 88 88 
MRD-CI -29 -37 88 89 

MRD-CI/BK -41 -58 89 89 
Exp.” -55 93 

” see Ref. [166] 

The influence of the one-particle basis employed in the calculations can be 
seen from a study of the oxygen molecule in its electronic ground state (X3C;) 
[42]. The calculated values are given in table 9. The A 0  basis set used in the 
investigation is built upon the (12s7p)/[7s4p] ‘quadruple-zeta’ basis of Koga 
and Thakkar [85], augmented by diffuse and polarisation functions, as given 
by Liu and Dykstra (a ,  = 0.06, ap = 0.05, 0.007, a d  = 0.9, 0.13, 0.02) [86]. 

As already seen for CH, the calculated hfcc’s improve considerably if the BK 
method is used to correct the wavefunction, e.g., if the indirect effects arising 
from the neglected configuration are taken into account. The improvement of 
the calculated isotropic hfcc’s if NO’S are used instead of MO’s results from 
the increased compactness of the wavefunction. Because the BK correction 
only incorporates the indirect effect of the neglected configurations while the 
direct effect is not taken into account, an improvement of the calculated value 
of Aiso is found if NO’S are used instead of MO’s. As shown in test calculations 
performed for atomic systems [20], this effect can partly be incorporated if the 
AK method is used in addition. 

In summary a recipe for doing a MRD-CI/BK calculation is as follows: 

Choose an appropriate reference space: The reference space should in- 
clude all configuration possessing a significant coefficient in a foregoing 
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CI calculation. In addition it should include important single excita- 
tions. Because the coefficients of the single excitations are rather small, 
the process of selecting important single excitations should include an 
analysis of the spin density matrix of a foregoing CI calculation. 

0 The calculated isotropic hfcc’s deteriates if the size of Ho is too small. 
The convergence depends on the system under consideration but, if NO’S 
are used, an inclusion of 1% of the generated configurations (or less) 
should be sufficient. 

0 To get convergence with respect to the BK correction it is sufficient to 
include the main configurations, their single excitations, and some con- 
figurations (normally double excitations with respect to the main config- 
urations) with medium sized coefficients. 

0 The A 0  basis set should be of triple zeta or better quality; polarization 
functions are important and additional basis functions with very tight 
and diffuse exponents are helpful. A good compromise between accuracy 
and cost is provided by the A 0  basis set given by Chipman [5], enlarged 
by an additional tight s function. 

These points are important for isotropic hfcc’s; for computations of anisotropic 
hfcc’s, most reasonably flexible A 0  basis sets are sufficient. 

From our experience, the effects not taken into account in such a calcula- 
tion are smaller than errors arising from other sources, such as the calculated 
equilibrium geometry and effects arising from nuclear motion [84] 

2.3 Applications 

After discussing the underlying theory of the MRD-CI/BK method, we want 
to give a few examples, which illustrate some problems in the calculations 
of isotropic hfcc’s. To give a feeling about the accuracy of various theoretical 
levels, we will compare the MRD-CI/BK method with several other theoretical 
approaches. As a test system we use the HzCO+ molecule in its electronic 
ground state. 

Furthermore, using HzCN as a model system, the problems of ab initio 
methods in calculating the isotropic hfcc’s of p protons will be described. 

2.3.1 HzCN and H&O+ 

Chemically, the methylene imino radical (HZCN) is of interest, e.g., by its 
importance as a chemical intermediate in some ballistic propellants and in the 
formation of HCN in the clouds of Jupiter. A discussion of recent theoretical 
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and experimental work on this radical may be found in the review article by 
Marston and Stief [45]. In 1962, Cochran et al. [46] detected H2CN for the first 
time, using Electron Spin Resonance (ESR) experiments. Many further ESR 
studies have been reported. In different matrices the isotropic hfcc values of the 
protons range from 255 MHz [47] to 240 MHz, while Ai,,(14N) varies between 
42 MHz [46] and 26.6 MHz. A recent microwave investigation of Yamamoto 
and Saito [48] yielded the first experimental gas phase hyperfine parameters 
for the hydrogen and the nitrogen centers. For the protons Aiso = 233.2 MHz 
was found, while 25.9 MHz was given for the nitrogen center. This shows that 
matrix effects shift both parameters by about 10 % to higher values. Based 
on the measured rotational constants Yamamoto and Saito suggested three 
possible equilibrium geometries which will be discussed later on. 

Less experimental information is available for H&O+ (X'B2). In partic- 
ular, a microwave investigation of this molecule is missing and to the best 
knowledge of the authors, no experimental geometry has been reported. As 
for HZCN, matrix effects are large. The isotropic hfcc's of the protons range 
from 372.1 MHz [49] measured in a neon matrix to 253 MHz [50] found in 
sulphuric acid at  77K. For the carbon center only one value (109 MHz) was 
reported, by Knight and Steadman [49]. 

0 H 
\ 

IC -N 

H ' 0  
Figure 2: The shape of the singly occupied molecular orbital (SOMO in 

HzCN (X2B,). The SOMO of the H2CO+ (X'B2) is similar. 

In the present context both molecules are very interesting. As can be seen 
from figure 2, which shows the singly occupied molecular orbital (SOMO) of 
HZCN, the hydrogen centers represent P-protons. As shown in other studies 
[go], the isotropic ESR parameter of P-protons are extremely difficult to cal- 
culate so that the ground states of H2CN and H2CO+ (X2B2) can serve as 
small model systems to study the problems. The arising difficulties are very 
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surprising because the SOMO does not vanish at the position of the ,&protons, 
e.g. already the RHF approach gives half of the total value of Ais,,. 

Both molecules were considered in the theoretical studies of Feller and 
Davidson [51, 15, 16, 31, which renewed the interest in the ab initio studies 
of ESR parameters. Although the calculations seem to be at  a high level of 
sophistication, the calculated isotropic hfcc’s deviate about 30 - 50 % from the 
experimental values. The methylene imino radical (H2CN) was later reinvesti- 
gated by Chipman, Carmichael and Feller [lo], in the following abbreviated as 
the CCF study, using single excitation CI (S-CI) and QCISD(T) [52] methods, 
as well as configuration selected MR-CI calculations. The values predicted by 
configuration selected MR-CI calculations were too small for all centers (de- 
viations of up to 40 % from the experimental results), although very large 
reference spaces (146 configurations) were used. The study clearly shows that 
configuration selection was one of the major error sources. Although more than 
450000 CSF were selected, convergence of the isotropic hfccs with respect to 
the selection threshold was not reached. The use of an unselected MR-CI was 
impossible, since the size of the MR-CI space was around 33 000 000. 

The QCISD(T) method, first used in the calculation of isotropic hfcc’s by 
Carmichael [53,54], yielded much better agreement. For the heavier centers the 
agreement is nearly perfect - a deviation of less than 3 MHz is found - but the 
description of the isotropic hfcc of the hydrogen center turned out to be very 
complicated. The QCISD(T) method deviates by about 14 % (22 MHz) from 
the experimental value, while a deviation of about 24 % (48 MHz) was found 
for the configuration selected MR-CI. The HzCN radical was also considered 
in the study of Cave, Xantheas and Feller [55], in the following abbreviated 
as the CXF study. In the CXF study, ACPF and Quasidegenerate Variational 
Perturbation Theory (QDVPT) [56] were used to estimate the influence of 
parts of those excitations not included in the MR-CI approach. However, even 
for AiSo(H) these contributions were found to be less important (4-6 MHz). 

While vibrational effects were found to be unimportant because the isotropic 
hfcc’s depend nearly linearly on the internal coordinates [lo] , the equilibrium 
geometry does indeed seem to be very important. This has been verified also 
in a number of other cases [89, 87, 881. Therefore, in the present investigation 
we will concentrate on the methods used to calculated the isotropic hfcc’s and 
on the influence of the equilibrium geometry obtained by different theoretical 
and experimental methods. 

In order to discuss the ability of the MRDCI/BK method to predict the 
isotropic hfcc’s and to study the reasons responsible for the poor agreement 
found in the configuration selected MR-CI calculation in the CCF [lo] and 
CXF [55] studies, an investigation was performed at the geometry used in 
both these previous works. The A 0  basis sets used are given in table 10. The 
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Table 10: Definition of the van Duijneveldt A 0  basis set. 

carbon center (13s8p) -+ [8s5p] 

nitrogen center (13s8p) + [8s5p] 

oxygen center (13s8p) -+ [8s5p] 

hydrogen center (9s) + [7s] 

+2d functions (1.097/0.318) 

+2d functions (1.654/0.469) 

+2d functions (2.314/0.645) 

+2p functions (1.407/0.388) 

calculated hfcc’s are summarized in table 11, along with the outcome of the 
previous investigations, Let us first focus on the hydrogen center, because it 
is the most difficult property. Using the uncorrected MRD-CI wave function 
obtained with a selection threshold of TcI = hartree, the isotropic hfcc’s 
obtained in the present study are similar to those of previous work using the 
same level of sophistication (86 reference configurations, TCI = hartree). 
If the number of variationally handled configurations is enlarged by decreas- 
ing TcI, AiS0(H) increases slowly but, even for the largest MR-CI calculation 
performed in the CCF study ( T ~ I  = lo-’ hartree, 446932 CSF selected), no 
convergence is reached in Ai,,(H) (see also figures 1 and 2 of the CCF study). 
If instead of enlarging the variationally handled space, the indirect effect of 
the neglected configurations is estimated by the BK method, Aiso(H) jumps by 
about 40 MHz (MRD-CI : 171.9 MHz, MRD-CI/BK : 212.1 MHz) towards 
the experimental results. Similar effects can be seen for the isotropic hfcc’s of 
the carbon and the nitrogen centers. This clearly shows that the reason for the 
failure of the configuration selected MR-CI wave function in predicting reliable 
isotropic hfcc’s for HzCN lies in the slow convergence of Aiso as a function of 
T ~ I .  The indirect influence of the neglected configurations, which is incorpo- 
rated by the BK treatment, is very important and cannot be neglected in the 
calculation of isotropic hfcc’s. As found for the CH radical, the QCISD(T) 
gives very similar results to the MRD-CI/BK method. 

Before we discuss the influence of the equilibrium geometry, let us focus 
on the effects arising from excitations not included within our treatment. The 
value of Ai,,(H) increases from 204 MHz to 212 MHz if the reference space is 
enlarged from 28 CSF to 72 CSF. Similar trends are found in the CCF and 
CXF studies. Further enlargement of the reference space should lead to an 
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Table 11: Comparison of the present study with other theoretical studies on 
H2CN. The isotropic hfcc's (Ais,,) are given in MHz. The ROHF geometry of 
McManus et al. was used throughout. 

"S-CI 
"SD-CI 

166.0 -68.3 24.1 
152.3 -49.3 6.4 

bMRD-CI (c86;d10.0) 169.3 -61.7 12.9 
bMRD-CI (C86;d1.0) 173.6 -65.8 14.2 
bMRD-CI (c86;d0.1) 184.8 -71.1 17.6 
"MRD-CI ('1 46;d0. 1) 187.0 -72.0 17.0 

"QCISD 211.4 -75.6 24.6 
"QCISD(T) 211.1 -77.8 26.0 

"MRD-CI ('28id2.0) 166.7 -56.1 10.1 
eMRD-CI/B~ ('28id2.0) 204.1 -76.0 26.7 

"MRD-CI (C72;d1.0) 171.9 -55.7 11.0 
'MRD-CI/BK (c72;d1.0) 212.1 -75.0 26.6 

Experiment 233.2 -80.9 25.9 

" Carmichae1,Chipman and Feller [lo] 
Cave et al. [55] 
Number of configurations in the reference space 
Selection threshold in lop6 hartree 

" Present work, using the van Duijneveldt A 0  basis 
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increase in Aiso of about 4 - 6 MHz. This can be seen from the calculation 
using 146 reference configurations and is supported by the CXF study, in which 
up to 375 reference configurations were used in combination with a DZP A 0  
basis set. 

Table 12: Equilibrium geometries of HzCN obtained by different methods. 

Method RCN [pm] RCH [pm] ~ H C H  Ref.: 
ROHF 124.3 108.4 119 [57] 
MCSCF-ACPF 125.6 109.4 121.1 
SAITOl 126.1 108 122.3 [48] 
SAITO2 124.7 111 116.7 [48] 

Table 13: Isotropic hyperfine couplings in H2CN using the MRD-CI/BK 
method with different geometries (in MHz). 

geometry A(C) A(N) A(H) Energya 
SAITOl -73.0 26.4 193.9 -93.808732 
SAITO2 -81.1 25.7 219.1 -93.809112 
ROHF [57] -75.0 26.6 212.1 -93.808212 
MCSCF-ACPF -78.0 26.0 207.9 -93.809434 
Exp.: [48] -80.9 25.9 233.2 

a Calculated with the MCSCF-ACPF method using the van Duijneveldt basis. 

Another uncertainty in the theoretical predicted isotropic hfcc’s arises from 
the equilibrium geometry of H2CN (cf. table 12). As discussed above, vibra- 
tional effects are of little importance [lo]. Table 13 lists the isotropic hfcc’s 
calculated at  different structures, namely the equilibrium structure obtained 
from the MCSCF-ACPF calculation and two geometries suggested from the 
microwave study of Yamamoto and Saito [48] (SAITO1, SAIT02). The third 
structure given by the experimental investigation was not included because at 
the level of MCSCF-ACPF it is higher in energy by about 700 cm-’. The 
ROHF structure given by McManus et al. [57] is included to compare the 
results to those given in table 11. The geometrical parameters of the various 
structures are given in table 12. The energy differences between the structures 
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SAITO1, SAITO2 and MCSCF-ACPF are smaller than 160 cm-’, indicating 
the very flat nature of the potential energy hypersurface around the equilibrium 
geometry of the molecule. The MCSCF-ACPF structure has the lowest energy 
but the SAITOl structure is only 70 cm-’ higher in energy. The changes in 
the isotropic hfcc’s calculated at the various geometries are significant. Com- 
paring the two experimental structures, Aiso(H) varies by about 26 MHz, while 
a change of 8 MHz is found for Aiso(C). For both centers the variation amounts 
to about 10 % of the absolute values, while the isotropic hfcc’s of the nitrogen 
center are less sensitive. The values obtained for the MCSCF-ACPF structure 
are between the ones calculated for the two experimental geometries, being 
closer to the values for the SAITOl structure. The variations in Aiso(H) and 
Aiso(C) arise due to two opposite trends. Going from the SAITOl structure to 
the SAITO2 structure, the CN distance shortens and the HCH angle decreases. 
While an increase in the absolute value of Aiso(C) results from the first modifi- 
cation (cf table 13), a decrease is found for the second. Similar effects exist for 
the hydrogen center. Summarizing, we expect an uncertainty of about 5 % for 
the isotropic hfcc’s of HZCN from inaccuracies in the equilibrium geometry. 

Using the SAITO2 structure, AisO(H) calculated in the present study devi- 
ates only 6 % from the experimental value, while a deviation of 11 % is found 
using the MCSCF-ACPF structure, although both geometries are very close 
in energy (AE = 70 cm-’). For Aiso(C) the agreement with the experimental 
value is good. Using the MCSCF-ACPF structure a deviation of 3 % is found, 
while an error of only 0.2 % is obtained at the SAIT02 structure. For Aiso(N), 
which is insensitive to geometrical variations, the agreement is excellent (0.2 
%). To decrease the uncertainties in the isotropic hfcc’s a very accurate equi- 
librium geometry, perhaps obtained by combining experimental and theoretical 
results [58], is necessary. The influences of higher excitations not taken into 
account in the present study (4 - 6 MHz) or of vibrational effects (3 MHz [lo]) 
are less important. The inability of configuration selected MRD-CI studies to 
predict isotropic hfcc’s is due to  the neglect of the indirect contributions of 
those configurations not included in the MR-CI wave function, which in the 
present study have been incorporated via the BK correction. 

The anisotropic hfccs are given in table 14. All theoretical values were 
calculated using the MRD-CI/BK method but, as already mentioned, they are 
quite insensitive to the method of calculation. We have therefore omitted from 
the table most previous results given in the literature. Only the study of Feller 
and Davidson is included for comparison. The dependence upon the geometry 
is also less prominent. 

For the molecule H&N, we compared the MRD-CI/BK method to S-CI, 
SD-CI, truncated MR-CI calculations and to the QCISD calculations reported 
in the very careful CCF investigation [lo]. To give a feeling about the relia- 
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Table 14: Anisotropic hyperfine coupling constants (in MHz) of H2CN (X2B2). 
The values of the present work were obtained with the van Duijneveldt A 0  
basis in combination with the MRD-CI/BK method. 

Hydrogen Carbon Nitrogen 
aTaa Tbb Tab Taa Tbb Tan Tbb 

bSAITOl 10.4 -3.8 f 3 . 8  16.2 2.9 -46.3 79.3 
bSAIT02 8.9 -3.7 52.8 16.9 0.9 -45.3 77.9 
bMCSCF-ACPF 9.5 -3.7 f 3 . 1  16.7 1.7 -45.7 78.5 
‘MR-CI 8.7 -2.2 f 4 . 2  16.0 1.7 -44.0 76.4 
dExp.: 8.3f0.1 -2.2f1.3 -45.1f0.1 80.4f0.1 

a For comparison with the experimental results the elements of the hy- 
perfine tensor are given within the principal axis of the inertial tensor, 
with T,, lying along I,, which in the present molecule corresponds to 
the twofold symmetry axis. T b b ,  lying along I*, is the second element 
of the hyperfine tensor in the molecular plane. The last diagonal el- 
ement (perpendicular to the molecular plane) can be obtained from 
the fact that the anisotropic tensor is traceless. The outer diagonal 
elements Tab for carbon and oxygen are zero by symmetry, for the 
hydrogen centers they possess different signs. 
The various geometrical parameters can be taken from table 12. 
Reference [16]. 
Reference [48]. 
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Table 15: Definition of the Chipman+Peak AO-basis set. 

Chipman basis 

carbon center (9s5p) -+ [5s3p] Huzinaga [63] 

+ 1s function (0.0479) PI 
+ 1s function (28217.82) [38] 
+ 2d functions (0.28/1.12) [37] 

nitrogen center (9s5p) + [5s2p] Huzinaga [63] 

+ 1s function (0.0667) ~381 
+ 1s function (39350.32) [38] 
+ l p  function (0.0517) [37] 
+ 2d functions (0.37/1.48) [37] 

oxygen center (9s5p) -+ [5s2p] Huzinaga [63] 

+ Is function (0.0862) [381 

+Is function (0.0483) [381 

+ 1s function (52962.288) [37] 
+ 2d functions (0.55/2.2) 

hydrogen center (5s) + [3s] Huzinaga [63] 

+ls function (850.8678) [37] 
+Ip functions (1.0) 
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bility of isotropic hfcc’s calculated with various other theoretical approaches 
we want to extend our comparison using the H2CO+ molecule in its electronic 
ground state (X2Bz). The basis set used is described in table 15. The val- 
ues are collected in table 16. According to the calculated isotropic hfcc’s, the 
methods can be divided into three groups. In terms of the absolute values, 
the uncorrected MRD-CI treatment gives the smallest isotropic hfcc’s. The 
large deviations from the experimental results is due to the neglect of the in- 
direct effects, as already discussed for H2CN. Better results are obtained with 
Mmller-Plesset perturbation theory (UMP2-UMP4). However, the series of the 
Mmller-Plesset perturbation theory (UMP2-UMP4) shows similar behaviour 
as found for the CH molecule. The UMP2 values are surprisingly good, but 
comparing UMP2, UMP3 and UMP4 some sort of error cancellation is ob- 
vious. Best agreement with the experimental results is obtained in the last 
group of correlation treatments, consisting of QCISD(T), CCSD(T), BD(T) 
and MRD-CI/BK. All treatments yield very similar results. According to 
the present study the MRD-CI/BK results obtained with the van Duijneveldt 
basis set should be the theoretically most reliable. 

Table 16: The isotropic hyperfine values of H&O+ in its ground state (X2B2) 
using different methods (in MHz). The QCISD(T)/6-31G** optimized geom- 
etry (Rco = 121.1 pm, RCH = 111.4 pm, LHCN =122.0) was used throughout. 
All calculations were performed with the A 0  basis set described in table 15. 

UMP3 -102 -61 271 
UMP4 -101 -54 293 
QCISD -112 -67 313 
QCISD(T) -108 -66 319 
CCSD -111 -69 309 
CCSD (T) -107 -65 317 
BD -110 -70 306 
BD(T) -108 -67 318 
MRD-CI -86 -44 284 
MRD-CI/BK -107 -63 318 
Exp.: [50] 253 
Exp.: [49] -109 372 

A comparison of our results with theoretically predicted isotropic hfcc’s 
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Table 17: Calculated isotropic hyperfine values (in MHz) for H&O+ in its 
ground state (X’B2). 

method A 0  basis A(C) A(0)  A(H) 
MR-CI ETG -67 -39 224 [51] 
SAC-CI DZ -81 -37 328 [60] 
SAC-CI STO -78 -39 312 [61] 
CCSD DZP -104 -59 280 [62] 
MRDCI + Bk Duijneveldt -104 -67 324 
Exp.: 253 [50] 
Exp.: -109 372 [49] 

taken from the literature is presented in table 17. It contains the values given 
by Feller and Davidson (MRD-CI/ETG) [51], which are much too small. An- 
other study was performed by Nakatsuji and coworkers [60,61] using the SAC- 
CI method in combination with very small A 0  basis sets. While Ai,,(H) seems 
to be quite good, the values obtained for the heavy centers are also too small, 
so that some sort of error cancellation can be assumed. Especially the size 
of the A 0  basis sets used in the latter studies seems to be insufficient. In 
difference to the other theoretical investigations mentioned in table 17, Nakat- 
suji and Izawa [61] used Slater type orbitals (STO) for the calculation of the 
isotropic hfcc’s. They claimed that the inadequacy of the calculation of Feller 
and Davidson was due to the use of Gaussian type orbitals (GTO). This is 
contrary to the present study, which clearly shows that not the use of GTOs 
but rather the neglect of the indirect effects is a more important reason for the 
bad agreement with the experimental data. A comparison of the CCSD and 
CCSD(T) calculations performed in the present work with the study of Sekino 
and Bartlett [62] reveals that the standard DZP A 0  basis set is not flexible 
enough for the calculation of spin densities. 

2.3.2 Electronic triplet states 

Most of the studies about ESR parameters deal with molecules possessing one 
unpaired electron, i.e. S=1/2. Investigations on systems with S=l  are rare. To 
show the ability of the MRD-CI/BK method we want to discuss the hyperfine 
structure of the isoelectronic molecules CCO, CNN and NCN [64]. 

As already discussed the S-CI treatment gives quantitative agreement with 
the experimental results [12, 51 in many cases. S-CI calculations are inexpen- 
sive, which could open a possibility for handling large molecules. However, 
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as discussed above, the success of S-CI is due to error cancellation which 
in some cases, e.g. HzCN (X’BZ), does even out. The performance of this 
method for triplet states is not as predictable, since two electrons interact 
with the electronic core. Therefore, S-CI and SD-CI calculations were also 
performed.These calculations were performed using the MELDF-X programs 
[31]. For the S-CI and SD-CI calculations, canortical orbitals were used as the 
one-electron basis. 

The isoelectronic molecules CCO, CNN and NCN are reactive triplet radi- 
cals. They are linear in their X3C- electronic ground states. Many experimen- 
tal [65] - [75] and theoretical [76]-[83] investigations have been performed for 
these interesting molecules. Most of the studies consider the structure and the 
vibrational frequencies. Using the isotopic molecules 13C’2C160, 12C13C160, 
12C15N15N, 12C14N14N and 13C15N15N, the hyperfine structure of CCO and 
CNN was investigated experimentally by Smith and Weltner [75] in noble gas 
matrices a t  4 K. Hyperfine coupling constants could be measured for all centers 
except the oxygen. In the case of CNN not all of the expected lines could be 
resolved due to line broadening. Furthermore only the absolute values of A 1  
could be determined. 

The electronic structure of the ground state of the CNN and CCO molecules 
is 3C-, with the following configuration: 

(la)’ (2r)’ (3a)’(4a)’ (5a)’( 1 ~ ~ ) ’  (1~,)’( 2nz) (2~,)’, 

while NCN has a ground state with the electronic configuration : 

(1~g)2(1~”)2(2~g)2(3~g)2(2~u)2(4~g)2(3au)2(1~u)4(1.rr,)2, 

For technical reasons the calculations for CNN and CCO were performed in 
Czv symmetry, while for NCN the D2h  symmetry was imposed. 

Natural orbitals obtained from preliminary MRD-CI calculations were used 
as the one-particle basis. The reference configurations in the calculations were 
selected according to two criteria. First, the squared coefficients of the refer- 
ence configuration should be larger than 0.002 in the final wavefunctions, and 
secondly, their importance in the spin density matrix was analyzed. The num- 
ber of the reference configurations obtained with this procedure was between 
50 and 60. For CNN and CCO about 13.5.106 configurations were generated 
from these reference sets, while for NCN the MR-CI space consisted of about 
6.5.106 configurations. The sum of the squared coefficients of the reference 
configurations were consistently around 0.90. The number of the selected con- 
figurations was approximately 30 000 in all MRD-CI calculations. All single 
excitations with respect to the main configurations were included in the BK 
correction. For the calculation the Chipman A 0  basis [37, 381 which contains 
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diffuse s and p functions and d polarization functions was augmented by a 
tight s-function, with exponent 28191.9 for carbon, 40030.9 for nitrogen and 
51962.3 for oxygen. 

Table 18: Theoretical hyperfine coupling constants (in MHz) for CCO ("c;) 
CNN (3C;) and NCN (3C,) from the MRD-CI/BK calculations (A1 = Aiso - 
i T z z ,  All = Aim + T z z ) .  

SD-CI -8.0 17.9 -59.7 -34.8 -32.0 -40.2 
MRD-CI -7.8 17.9 -59.3 -34.0 -31.7 -38.7 

-22.3 
20.9 -17.2 

Aiso AL All 
-26.6 -43.3 6.8 
-5.2 -17.7 19.8 
-12.7 -26.8 15.7 
-23.8 -41.3 11.2 

Aiso A L  All 
25.3 43.6 -11.3 
8.0 26.6 -29.2 
9.6 27.1 -25.6 
19.3 35.4 -13.0 

35(5) 

"Ref. [75]; the numbers in parentheses are the experimental errors, 
the signs of the experimental values were taken from the theoretical 
calculations. 
bThe nitrogen centers have been interchanged. 
'Values for 14N. 

In table 18, the results of the hyperfine calculations are collected. A com- 
parison with the experimental data for A 1  = Aiso - fT,, and All = Aiso + T,, 
is given. The isotropic hfcc Aiso is also included, because its strong depen- 
dence on the theoretical method is the reason for the variations of A 1  and All 
between different methods. Since the anisotropic term T,, is nearly constant 
with respect to the theoretical method, it is not given. For all calculations the 
QCISD/6-31G* optimized geometries (CCO: RCC = 1.371 A, RCO = 1.173 A; 
CNN: RNN = 1.231 A, RCN = 1.237 A; NCN: RCN = 1.245 A) were used. All 
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molecules possess a linear equilibrium geometry, and vibrational effects were 
found to be small [64]. 

Comparison of the theoretical values with the experimental findings shows 
that only the MRD-CI/BK treatment yields reliable quantitative hfcc’s for all 
the investigated molecules. Employing this method, all results lie within the 
experimental error bars. The S-CI method again reaches qualitative agreement 
with the experimental results. The deviations are between 0 and 6 MHz (0-20 
%), with exception of the C, center in C,CpO, for which much larger errors 
were found. The value of A1 deviates more than 12 MHz (= 23 %) from the 
experimental value (43.7 MHz vs. 5 7 f 3  MHz); for All an error of 15 MHz (M 
71 %) is found. Comparison with the MRD-CI/BK treatment shows that the 
S-CI calculations yield a value for the isotropic hfcc of C, which is much too 
low (17.3 MHz vs. 30.7 MHz). 

As discussed in the previous section, the agreement with experimental data 
deteriorates dramatically when double excitations are also taken into account. 
The SD-CI method yields deviations of more than 40 MHz. For truncated 
MRD-CI calculations, in which the most important higher excitations are ac- 
counted for, the situation improves to some extent. However, the influence of 
the discarded configurations is found to be substantial. If their influence is 
included via the modified BK treatment, almost perfect agreement with the 
experimental findings is obtained; in all cases the deviations from the experi- 
mental data lie within the experimental error bars. Again the most remarkable 
example is the C, center of C,CoO where the BK corrections improves the 
isotropic hfcc from -7.8 MHz (MRD-CI) to 30.7 MHz (MRD-CI/BK). Due 
to this improvement A1 increases from 17.9 to 56.3 MHz (Exp.: 5 7 f 3  MHz) 
while the value of All goes from -50.3 MHz to -20.7 MHz (Exp.: -17f3MHz). 

Considering the excellent agreement between theory and experiment for 
CCO it became obvious during the analysis of the CN,Np values that the 
assignment of the experimental hfcc’s to N, and No was wrong. In their 
original work, Smith and Weltner assigned the A1 value of 35 MHz to the N, 
center while A1 = 19 MHz was attributed to the Np center. According to our 
work this assignment clearly has to be interchanged. 

The hfcc’s of the NCN molecule are not known experimentally. The abso- 
lute values A1(I3C) and A1l(l3C) are found to be much larger than the absolute 
values found for Cp of C,CpO (AL = -86.9 MHz vs. -29.6 MHz; All = -47.8 
MHz vs. -32.9 MHz). The reason for the difference lies in both the strong 
decrease in Aiso (-30.7 MHz vs. -73.8 MHz) and the strong increase in the 
anisotropic constants T,, (-2.2 MHz vs. 26 MHz). 
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3 Density Functional Methods 

A second method where large progress has recently been made in theoreti- 
cal studies of radical hyperfine structures is density functional theory (DFT). 
As was seen in the previous section, the inclusion of electron correlation is of 
crucial importance in order to be able to generate accurate hyperfine proper- 
ties. It may thus seem as a reasonable assumption that DFT based methods, 
where electron correlation is included already at the lowest level of theory, via 
the exchange-correlation potential (Vzc), can be a tractable alternative to  the 
CPU- and memory intensive correlated ab initio methods. As the develop- 
ments in computational quantum chemistry and in computer technology have 
now reached a stage where we may be able to study compounds and systems of 
more realistic sizes with satisfactory accuracy, the favourable scaling inherent 
in the DFT methods compared with HF-based techniques is a further argu- 
ment for investigating its ability to predict also such intricate properties as the 
hyperfine structure. In the next subsection, we will briefly review the differ- 
ent LCGTO-DFT schemes that are used in DFT calculations of radical hfcc’s 
(hereafter referred to as DFT-ESR calculations). Particular emphasis will be 
put on the various so-called gradient correction schemes presently available. 
Of importance when trying to obtain accurate hfcc’s are also the atomic basis 
sets, and an overview of the different basis sets thus far employed in DFT-ESR 
calculations is included. 

3.1 DFT-ESR - the importance of gradient corrections 

It is now more than 30 years since the pioneering work by Hohenberg and 
Kohn [91] and Kohn and Sham [92], in which they derived and formulated 
the correspondence to the Hartree-Fock and Schrodinger equations in density 
functional theory (DFT). With the development of new gaussian-orbital based 
schemes and computer codes, and the appearance of a number of gradient 
corrections to the original local density approximation (LDA), DFT has over 
the last five years experienced a tremendous renaissance, and is now more 
or less regarded as one of the mainstream computational methods. Clearly, 
though, as the method in its present form is very young, new findings about 
its applicability, failures and successes are constantly being reported and form 
the basis for further understanding and developments of the theory. The var- 
ious gradient corrections (reviewed in some detail below) have been found 
to more or less successfully, and on slightly different physical grounds, cor- 
rect for the insufficient localization of the electron density obtained within 
the LDA, when moving from the homogeneous electron gas model to a form 
more suitable for describing molecular systems. What we do in DFT is es- 
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sentially to use the electron density ( p )  as the fundamental variable, rather 
than the wavefunction ($), and to replace the HF exchange energy and its 
corresponding potential by an exchange-correlation energy, E,,[pt, pJ , and its 
functional derivative, V,,= GE,,/Sp,(r). pu denotes the spin-up or spin-down 
density. In the spin-unrestricted formalism we thus have p(r) = pt(r) + pL(r), 
and pu(r) = ~ ~ ~ l ~ + ~ o ( r ) ~ z .  For more detailed accounts on density functional 
theory, see, e.g., Refs. [93, 94, 95, 96, 971. 

The LDA (or, in the case of radicals, the local spin density approximation, 
LSDA) exchange-correlation energy is generally expressed as 

where czc denotes the localized, one-particle exchange-correlation energy in a 
uniform electron gas. The most common form of the local density approxi- 
mation is the Slater exchange term (also denoted Xa; a=2/3) [98], together 
with the Vosko, Wilk and Nusair parametrization of the exact uniform electron 
gas model for the correlation part [99]. This form will hereafter be denoted 
SVWN, or simply LDA. 

To improve upon this, from a chemical point of view rather crude assump- 
tion, the most widely employed corrections are based on using not only the 
density, but also its gradient. These corrections form the so-called generalized 
gradient approximation, GGA, or gradient expansion approximation (GEA) 
methods; 

They are based on gradient expansions for the exchange-correlation hole den- 
sity, and are designed to satisfy various constraints on the hole density, various 
integrated quantities, appropriate asymptotes at large distances, etc. There 
are three main correlation corrections commonly in use, by Perdew (P86) [loo], 
by Lee, Yang and Parr (LYP) [loll ,  and by Perdew and Wang (PW91) [102]. 
The P86 correlation correction is based on a model by Langreth and Mehl 
[103]. They employed a random phase approximation (RPA), in which E,, 
was decomposed into contributions from different wave vectors of dynamic 
density fluctuations, and used a cut-off parameter to cure for spurious con- 
tributions to Vp,  at small k .  The cut-off parameter was chosen to provide a 
best overall fit of E, to various atoms and metal surfaces. In the P86 version, 
the approximation goes beyond RPA for uniform and slowly varying electron 
gases. The cut-off parameter in P86 was obtained by fitting to the correlation 
energy of atomic neon. 

The physics behind the LYP correction is quite different from the RPA 
models. It uses the Colle-Salvetti formula for E, [104], but replaces the part 
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describing the local kinetic energy density by its second order density gradient 
expansion. There are four numerical constants in the LYP (and C-S) correla- 
tion correction. These were obtained by fitting the original C-S expression to 
the HF orbital of the helium atom. LYP has some computational advantages 
over P86, in that it does not contain any double derivatives of the type VIVp(. 
The PW91 correlation correction is, as P86, based on a real-space cut-off of 
the GEA, but uses a cut-off radius chosen to satisfy the constraint for the 
correlation hole: 

J pe(r, r ’ ) ~  = 0. 

In this sense, the PW91 correction may be regarded as the ”least empirical” 
of the various correlation corrections. 

Of the corrections to the exchange energy, E,, the most common forms are 
those by Perdew and Wang (PW86 and PW91) [105,102], and by Becke (B88) 
[106]. To derive the PW86 GGA correction, we begin by rewriting E,[p] in the 
approximate form: 

E,[p] = A, J p4I3F(s)d3r,  

where s is the reduced density gradient, s = IVpl/(2k~p), and kF = ( 3 ~ ~ p ) ” ~ .  
The PW86 exchange functional is again based on introducing a cut-off proce- 
dure to remove the spurious long-range behaviour of the second-order GEA, 
FZEA(s) = 1 + 0 . 1 2 3 4 ~ ~ ~  in order to restore the conditions defined for the 
exchange hole: p,(r, r’) 5 0 and J p+(r, r’)d3r = -1. The final form of the 
PW86 function, obtained from a numerical fit to an analytical expression is 
F,(s) = (1 + 1 . 2 9 6 ~ ~  + 14s4 + O . ~ S ~ ) ~ / ’ ~ .  This functional recovers more than 
99% of the atomic exchange energies [105]. 

Becke’s exchange functional is instead of the exchange hole cut-off proce- 
dure, based on the constraint on E, that it should have a specified asymptotic 
behaviour as T goes to infinity. Its form is: 

where xu = IVpul/p2/3 [106]. It contains one empirical parameter (p),  which 
was determined by minimizing the error in exchange energy for the rare gas 
atoms He-Rn. The optimal value is ,d = 0.0042 a.u. The more recent PW91 
functional can be described as an intermediate between the two. It is based 
on Becke’s exchange correction, modified to correct for the spurious behaviour 
a t  large s, and to  restore the GEA at small s [102]. 

A fourth form of gradient correction has recently been proposed by Becke 
[107], based the adiabatic connection method (ACM). It  uses a linear com- 
bination of the HF, LDA and B88 exchange contributions, together with the 
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LDA and PW91 correlation corrections: 

Ex, = E,L,DA + 0.20(EfF - E,LDA) + 0.72E,8" + O.81Erwg1. 

The semiempirical mixing parameters were determined from least square fit- 
tings to atomization energies, ionization potentials and proton affinities on 
the 'Gl' set of molecules [108]. This Becke3 (or B3) exchange has also been 
employed together with the P86 and the LYP correlation corrections. This 
modification, including a portion of the gradient correction seems more appro- 
priate than the earlier suggested "half and half' formula, where the modified 
functional contains 50% EZF and 50% EkZDA [log]. 

There have been a number of tests of these functionals, combining the 
various exchange and correlation corrections and comparing geometries, atom- 
ization energies, vibrational frequencies, etc (see, e.g., [106, 110, 1111). The 
overall consensus seems to be that the B3LYP or the PWP86 gradient correc- 
tion schemes provide the most accurate results thus far. According to Perdew 
[112] there should in principle, however, be very little difference in the perfor- 
mance of the different gradient correction methods. As seen from the above 
descriptions all suggested improvements to the LDA are based on corrections 
to the exchange-correlation hole density. It is far from obvious which of the 
different gradient corrections, or combinations of these, that would be the most 
appropriate to use in hfcc calculations. None of the above has, e.g., been de- 
signed under the constraint to correctly describe the distribution of unpaired 
electrons in a set of radical systems. One possible model that might be pro- 
posed for the future, could be to do a least square fit to minimize the error 
in density rather than energy, through comparisons with densities evaluated 
using MRCI, CCSD or QCISD wavefunctions for a number of radicals. 

One of the drawbacks with density functional theory is that there is as 
yet no systematic way in which to improve a particular method, in a fashion 
similar to, e.g., MBPT or CI expansions used in HF-theory. By necessity, the 
application of DFT based methods has to be pragmatic, and each functional 
form must be assessed on its own merits and improved models suggested. At 
present, a large body of literature is becoming available on the performance of 
the abovementioned correction schemes, that will form the basis for improved 
versions, entirely new functionals, or new combined schemes along the lines 
suggested through the B3 hybrid functional. 
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Table 19: Isotropic hyperfine coupling constants (MHz) for the atoms "B(2P), 
13C(3P), 14N(4S) and 170(3P) computed using various DFT functionals. All 
calculations are done using the (18s,13p,4d,3f) basis set. From Ref [113]. 

Atom UHF SVWN BP86 BLYP B3P86 B3LYP MRCISDa CCSD(T)b EXP 
"B('P) 27.8 -8.3 -16.4 16.2 -10.3 18.6 6.4 10.3 11.fjC 
13C(3P) 44.9 -6.1 -6.1 21.1 1.0 25.1 17.8 21.4 2 2 . F ~ ~  
14N(4S) 20.1 -1.9 -0.3 7.9 2.7 10.0 10.1 11.0 10.4e 
l 7 O f P )  -56.9 5.7 -2.3 -20.2 -10.5 -26.4 -29.1 -33.2 -34.5f 

a (23s, 12p, 10d,4fl 2g) basis; ref [15] (23s, 12p, 10dl4f,2g) basis; ref [ 1241 
'Ref [15]; dRef [127]; "Ref [128]; fRef [129] 

Table 20: Isotropic and anisotropic hfcc (gauss) for the OH and H20+ radicals, 
obtained using different DFT functionals or basis sets. All calculations are on 
the experimental geometries. From Refs. [6] and [114]. 

System Method Hydrogen atom, 'H Oxygen atom, I 7 O  

Aiso Tm T z z  Aiso Tm T z z  
OH SVWN/IGLO-I11 -21.4 -25.1 32.3 -1.0 -99.9 50.1 

BP86/IGLO-III -23.4 -24.9 31.8 -3.5 -100.0 50.2 
PWP86/IGLO-III -20.8 -24.6 31.4 -17.5 -101.1 50.7 
EXP' -22.8 - -26.2 31.1 -18.3 52.6 

H2 0' P WP86/DZP -22.6 -9.7 -23.3 -42.5 -110.8 56.5 
PWP86;TZP 
PWP86/IGLO-I1 
PWP86/( 9s,5p, Id) 

PWP86/(11s,7p,2d) 
PWP86/IGLO-III 

SVWN/IGLO-I11 
BPBB/IGLO-III 
PWSl/IGLO-III 
EXPb 

-27.5 -8.7 -23.6 -33.0 
-25.2 -8.7 -23.4 -27.9 
-23.0 -8.7 -23.5 -28.1 
-22.1 -8.2 -23.4 -24.6 
-23.1 -8.2 -23.4 -27.8 
-21.8 -8.7 -23.7 -5.4 
-25.1 -8.4 -23.7 -8.6 
-24.6 -8.5 -23.7 0.6 
-26.1 -29.7 

-110.4 
-108.2 
-108.5 
-110.5 
-110.4 
-108.8 
-109.6 
-108.9 

56.1 
54.9 
55.1 
56.0 
56.0 
54.7 
55.5 
55.0 

"Ref [130]; bRef [131]. 
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As an example of the performance of some of the abovementioned gradient 
corrected schemes, we report in tables 19 and 20 some data for the atoms B-0 
and for the OH and HzO+ radicals, respectively. The atomic hfcc data are from 
the study by Barone [113] in which uncontracted (18s,13p,4d,3f) basis sets were 
employed, and the OH/H20+ results are from our studies [6, 1141, using the 
IGLO-I11 family of basis sets (see next section). Common for the two studies is 
that the isotropic hfcc are highly sensitive to the form of the gradient correction 
that is introduced. For the hydrogen atoms, it seems as if the local density 
approximation is a sufficiently high level of theory. This may have advantages 
if one is interested only in the proton couplings of very large systems, where 
the inclusion of gradient corrections would make the calculations too costly. 
For the heavier atoms, however, the inclusion of a gradient corrected scheme is 
crucial for a balanced description of the unpaired spin density - and it is most 
essential to chose the correct form of the gradient corrections. As seen from 
the tables, and which has also been confirmed in a number of studies by now, 
it appears as if there are essentially only three gradient correction schemes 
that are sufficiently accurate for DFT-ESR calculations: the BLYP, B3LYP 
and PWP86 ones. Of these, BLYP seems to perform less well than the other 
two, which render results of comparable accuracy. For the anisotropic terms, 
all DFT functionals seem to perform equally well, and generally give results 
that are within 5% of the experimental numbers. 

Figure 3. Spin density difference plots for HzO+. Left: PWP86-SVWN; 
Right: PWP86-BP86 densities. All calculations are done using the IGLO-111 
basis set and experimental geometry. Dashed lines indicate excess SVWN/BP86 
density. From ref [114]. 
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Ziegler and coworkers [115] have found that the gradient corrections remove 
excess density from the tails of the core and valence regions, and place this 
in the core region of the atoms. This has later been verified in our work on, 
e.g., H2O+, NH2 and similar systems [6, 1161. In figures 3 and 4 we show 
the differences between the LDA, BP86 and PWP86 unpaired spin densities, 
computed using the IGLO-I11 basis sets, for these two molecules. As seen, the 
main effects of the gradient corrections are on the heavy atoms, whereas the 
effects on the protons in terms of spin density redistribution are minor. We 
also note that the PWP86 functional gives a larger re-organisation than does 
the BP86 one. 

Figure 4. Spin density difference plots for NH2. Left: SVWN-PWP86; 
Right: BP86-PWP86 densities. All calculations are done using the IGLO-I11 
basis set and experimental geometry. Solid lines indicate excess SVWN/BP86 
density. From ref [116]. 

3.2 Basis sets for DFT calculations. 

Since the appearance of the first LCAO-based DFT-ESR studies, occurring 
independently and almost simultaneously in three different research groups 
11171-11191, a number of basis set studies are now available. Most of these 
have dealt with small organic or related systems, and a number of different 
basis sets have been utilized. We will here try to review the main features 
and results obtained with the various bases. A common approximation in 
the LCGTO-DFT formalism is to use an auxiliary basis set to fit the charge 
density and exchange-correlation potential to a grid. This is done in order 
to lower the computational costs, although it also means that the hyperfine 
results to some extent is relying on the accuracy of a second truncated basis 
set. We will comment on the effects of the auxiliary basis sets at the end of 
this section. First, however, we will investigate the dependence of the data on 
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the form of the orbital basis. All calculations using the PWP86 functionals 
and IGLO basis sets reported below, have been performed using the deMon 
program [120]. 

In our work on the hyperfine properties of molecules [6, 114, 116, 117, 121, 
1221,we have found that the IGLO family of bases [123] constitute a highly 
suitable set for calculating hyperfine coupling constants. For the second row 
atoms B-F, the IGLO bases are based on the Huzinaga 9s,5p (IGLO-11) or 
l ls ,7p (IGLO-111) bases [63], to which are added one or two d-functions in order 
to describe polarization effects. These bases are loosely contracted in the core 
part, but the inner and outer valence regions are left uncontracted. For car- 
bon, the IGLO-I11 basis would hence be (lls,7p,2d) in a [5111111/211111/11] 
contraction scheme. Although this may seem as a large basis, it is still suf- 
ficiently small to allow for full gradient corrected geometry optimizations of 
rather large systems, followed by hfcc calculations. 

One example on the dependence of the hyperfine properties on the basis 
set is given for the water cation in table 20. As can be seen, the conventional 
DZP basis is not sufficiently accurate for generating satisfactory hfcc - just 
as is the case in HF-based methods. The main reason for the failure of these 
bases to generate accurate hfcc’s is a too strong contraction of the outer- 
core/inner-valence regions. The TZP basis gives reasonable results, although 
slightly too large isotropic couplings. The fully uncontracted (9s,5p,ld) and 
(lls,7p,2d) bases quite naturally give the most accurate data, but are also the 
computationally most costly ones. In the IGLO form, these bases are partly 
contracted, and were estimated to give a good balance between accuracy and 
computational cost. 

Since it was early found that the DFT-ESR/IGLO method generated good 
results for many different types of molecular radicals, one question that nat- 
urally also occured was how well these IGLO bases would perform in atomic 
DFT-ESR calculations. It is known from extensive calculations at the MCSCF, 
CI and CC levels by Chipman, Feller and Davidson, Bartlett and coworkers 
[37, 38, 15, 1241, that very large basis sets are required in order to generate 
accurate atomic hyperfine couplings (cf section 2). In one of the earlier DFT- 
ESR works [122](a), we investigated if the IGLO bases were suitable also for 
calculations of the hfcc for the second row atoms B-0, rather than for molec- 
ular radicals. What was found was that - just  as in the case of, e.g., MCSCF 
theory [37, 381, the atomic hfcc fluctuated significantly, and showed a depen- 
dence on both orbital and auxiliary basis set, as well as on functional form. 
An example of this is displayed in table 21. 
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Table 21: Fluctuation in isotropic hfcc (MHz) of 13C, 14N1 170 and NH2 
( MP2/6-31G(d1p) geometry), for different functional forms and auxiliary basis 
sets. The atomic states are the same as in table 19. The orbital basis set 
IGLO-I11 is employed in all calculations. From ref [122](a). 

Functional Aux. Basis "C 14N 170 14N in NH2 'H in NH2 
LDA (4,4;4,4) -1.65 -0.91 2.45 7.91 -48.91 

(4,3;4,3) -4.10 -2.14 0.35 
(5,2;5,2) -9.10 -5.16 7.56 

BP86 (4,4;4,4) -23.84 -4.73 -1.20 17.23 -51.91 
(4,3;4,3) -29.73 -8.87 10.15 
(5,2;5,2) -25.15 -9.67 14.03 

PWP86 (4,4;4,4) -37.46 7.71 -46.12 23.21 -46.85 
(4,3;4,3) 1.45 15.70 -17.77 25.57 -46.62 
(5,2;5,2) 12.66 23.29 -43.20 27.38 -50.50 

EXP 22.5" 10.4b -34.5' 27.gd -67.2d 

"Ref [127]; bRef [128]; 'Ref [129]; dRef [137] 

The rationale for this failure of the method was at  the time not fully under- 
stood. However, Barone's extensive study of atomic hfcc computed at  different 
levels of density functional theory [113] (see above) was able to provide some 
valuable insight into the spurious fluctuations observed using the IGLO bases. 
In his study, he used an uncontracted (18s,13p,4d,3f) basis set - i.e., essen- 
tially in the same category as the ones employed by Bartlett et al. [124] and 
by Feller and Davidson [15] in their high level post-SCF studies of atomic hfs. 
He furthermore employed a method that did not use an auxiliary basis, as im- 
plemented in the Gaussian92/DFT code [125]. As pointed out in the previous 
subsection, the choice of functional turned out to be a crucial factor also here. 
However, with the use of an appropriate functional ( i e . ,  BLYP or BJLYP), 
the results were of remarkably high accuracy, and well matched those obtained 
from MR-SDCI or CCSD(T) theory [37, 38, 151; cf. table 19. Referring back 
to the earlier atomic IGLO-I11 study, the conclusion may thus be drawn that 
this family of basis sets is too small to be successful in atomic hfcc calcula- 
tions, provided that valence orbitals with angular momenta larger than 1=0 
are populated. 

Noteworthy is, however, that we have recently employed basis sets of IGLO 
type, constructed by decontracting a DZP basis and adding an additional very 
tight inner s function and a diffuse d function, in studies of alkali metal com- 
plexes and cationic magnesium clusters [132, 1331. For these systems, atomic 
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hyperfine couplings very close to the experimental values were obtained. 
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Table 22: Isotropic hfcc (gauss) for the magnesium cation; 2S state. DFT results 
from [133]. Experimental and CISD results: ref [134]. 

Method Basis set &so (25Mg+ ) 
PWP86 DZP -186.7 
PWP86 ISO-I" -206.4 
PWP86 ISO-IIb -212.9 
ROHF ( ~ O S ,  15p,2d)/[8s16p,2d] -167.2 
CISD (209, 15pl2d)/[8s,6p,2d] -198.6 
EXP. Ne/Ar matrix (-)222.5/ (-)211.6 

aDecontracted DZP basis. bAs ISO-I, with an additional tight inner s function 
and a diffuse d function. 

In table 22, we report data for the magnesium cation. For the hydrogen 
atom, the [3111/11] IGLO-I11 basis set generates an isotropic hfcc of 496 gauss 
(PWP86 level of theory), to be compared with the experimental value of 507 
G [135]. In other words, for atoms with an unpaired electron in an s-orbital, 
the IGLO bases seem to be sufficient also for atomic hfcc. The very large 
reference basis sets employed by Barone were furthermore concluded to be 
computationally impractical when going to systems much larger than atoms, 
and it was suggested that an extended TZP basis set (called TZ2P+) would be 
of sufficient accuracy (1131. This basis is highly compatible with the IGLO-I11 
bases. Somewhat unfortunately, though, Barone did not saturate his basis set 
with respect to the atomic hfcc, so we do still not know for certain exactly 
how accurate results that can be achieved using the DFT-ESR methods. 

A different set of bases has been employed by Suter et al., in a study of 
small molecules such as OH, CH3 and H2CO+ [136]. They too, like Barone in 
the abovementioned study, used the Gaussian 92/DFT program, and tested a 
number of different functionals. In the work by Suter and coworkers, the van 
Duijneveldt ( 1 3 ~ ~ 9 ~ )  series [17] was used, contracted to [8s15p], and augmented 
with a double set of polarization functions. This basis is commonly employed 
in CI calculations of hyperfine properties. For comparison, they also included 
in their study the corresponding IGLO bases. As stated in the paper by Suter 
and coworkers, the van Duijneveldt and IGLO bases should be of comparable 
quality; a suggestion that was validated by their results. In table 23, we have 
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summarized some of the data for the OH radical (211) obtained using different 
functionals and basis sets. As was also concluded in our earlier LDA study of 
hydrocarbon radical cations [117](b), the differences in hfcc generated with the 
IGLO and van Duijneveldt basis sets are generally very small. The hydrogen 
couplings show very little variation irrespective of method or basis, and for the 
oxygen atom the hfcc primarily depend on the functional form, and less on the 
basis set. Once an appropriate gradient correction is selected (ie., PWP86 or 
BSLYP), the results are generally satisfactory also for the heavier elements. 

Table 23: Summary of different theoretical data for the isotropic hyperfine cou- 
plings of the OH radical (211 state), using the experimental geometry (R=0.970 
A). All values are in gauss. 

Method Basis 1 7 0  'H Ref 
SVWN IGLO-I11 -1.0 21.4 [136] 

TZ2P+ -3.8 -21.1 [113] 
BVWN van Duij. -11 -20 [136] 

IGLO-I11 -11 -19 [136] 
BP86 van Duij. -6 -21 [136] 

IGLO-111" -2.5 -23.4 [6] 
IGLO-111" -7 -19 [136] 
TZ2P+ -9.0 -21.5 [113] 

BLYP van Duij. -12 -22 [136] 
IGLO-I11 -12 -20 [136] 
TZ2P+ -14.1 -22.3 [113] 

PWP86 IGLO-I11 -17.5 -20.8 [6] 
B3P86 TZ2P+ -12.0 -22.7 [113] 
B3LYP TZ2P+ -17.1 -23.5 [113] 
B3LYP (18~,13p,4d,3f/lOs,4p) -16.2 -23.8 [113] 
UHF van Duij. -34 -39 [136] 

(18s,13p,4d,3f/lOs,4p) -34.8 -38.5 [113] 
MCSCF numerical -15 -24 [38] 
UCISD(ST) [8s,5pl4d,lf/6s,3p,ld] -18 -25 [54] 
EXP -18 -26 [130] 

"The first set of numbers are obtained with the deMon program, where we use 
6 d functions (i.e., the additional s function is retained), whereas the second set 
is from calculations using the G92/DFT program, that only uses 5 d functions. 
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The final type of atomic basis sets thus far employed in DFT-ESR calcu- 
lations are the Slater type orbitals (STO’s) by Ishii and Shimizu [119]. These 
basis sets usually consist of a (6s,6p,4d) set of functions for the second row 
atoms. The results obtained are most encouraging, and it seems as if the BP86 
gradient corrections [loo, 1061 generate very good results. This is somewhat 
surprising since, as seen above, when used within the LCGTO approach, the 
BP86 functional has been shown to generate highly fluctuating results, very 
much depending on the particular system in question. No calculations have, 
however, been made by Ishii and Shimitzu so far, in which the PWP86 or 
B3LYP functionals have been employed, so we do as yet not know how well 
these will perform within the STO approach. 

The auxiliary basis sets, used in order to cut down computational costs, 
can from table 21 be seen to play a minor role in the properties of molecules, 
whereas for the atomic hfcc there is a fair degree of variation depending on the 
choice of basis. The auxiliary basis sets consist of an even-tempered expansion 
of the number of (s,spd;s’,spd’) functions used for the fitting of the charge 
density (s,spd) and the exchange-correlation potential (s’,spd’) , respectively, 
to a grid. For the charge densities the fitting is done analytically, whereas for 
V,, a numerical fitting procedure is used. For every atom the grid usually 
consists of 32 radial shells that each contains up to 194 angular points. The 
actual number of grid points effects the hfcc very little [122](a), whereas it 
has been shown to have some effect on e.g., the binding properties of rare 
gas dimers and similar compounds [120](d). For all practical purposes, we 
have found the (5,x;5,x) series [138] to be most satisfactory for geometries as 
well as hfcc calculations (x=l for H, 2 for Li-Ne, 4 for third row atoms, 5 for 
the remainder). These are the bases that have been employed in the various 
PWP86/IGLO-III calculations reported in the different tables below. 

3.3 H2CN and H2CO+ revisited 
We will in this section revisit the case study from section 2.3.1, and will con- 
sider in some detail the H2CO+ radical cation and the H2CN radical. In 
table 24, results are given for a number of DFT and ab initio calculations 
for H2CO+. Because Ai,(’H) strongly depends on the geometry (cf. section 
2.3.1), the geometries used in the different calculations are also given [136]. 
For a better comparison of the various functionals, most of the calculations 
have been performed for one and the same geometry, namely the one obtained 
with a 6-31G8/QCISD(T) calculation. This geometry is very similar to that 
given by Feller and Davidson [51] so that our value from ref. [114] can be 
directly included in the comparison. 
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Table 24: Isotropic hfcc’s of H2CO+ (‘Bz) in Gauss. 

H&O+ Functional Basis C 0 H geometry 
[114] PW86 IGLO-I11 -32 -13 133 optimized 

BLYP IGLO-I11 -31 -10 137 optimized 
BP86 IGLO-I11 -29 -6 130 optimized 

[119] BP86 STO -30 -11 133 optimized 

BVWN TZ2P -22 -7 112 QCISD(T) 
BVWN Chipman -22 -8 116 QCISD(T) 

ROHF Duij 0 0 34 QCISD(T) 
ROHF Duij 0 0 34 QCISD(T) 
UHF Duij -47 -50 81 QCISD(T) 
BVWN Duij -20 -9 115 QCISD(T) 

BLYP Duij -27 -11 123 QCISD(T) 
BP86 Duij -24 -6 117 QCISD(T) 

BLYP IGLO-I11 -28 -13 117 QCISD(T) 
BP86 IGLO-I11 -24 -6 111 QCISD(T) 

[114] PW86 IGLO-I11 -28 -13 117 Feller/Davidson 

MRD-CI/Bk Duij [44] -37 -23 116 QCISD(T) 

Exp.: [49] -39 133 

For a more detailed analysis, it is helpful to distinguish between ‘direct’ 
and ‘indirect’ contributions. In treatments which employ a one particle basis 
to describe the electronic structure, two different contributions to the spin 
density at a given center can be distinguished. The first part is proportional 
to the spin density of the singly occupied orbital (SOMO) at the center under 
consideration. In the following, this will be called the ‘direct contribution’. 
The difference between the direct contribution and the total spin density at 
the given center is summarized as ‘indirect contributions’, and arise from spin 
polarization and correlation effects (cf. section 2). 

As shown before, in figure 2, the SOMO in the H2CO+ cation represents a 
K in- plane orbital located mainly at the oxygen center. Due to the symmetry 
of the SOMO, the isotropic hfcc’s of the heavier centers consist only of spin 
polarization effects (indirect contributions), while for the hydrogen centers 
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both direct and indirect contributions to Aim exist. 
As already found for the hydrides, no significant difference exists between 

the results obtained with the van Duijneveldt AO-basis set and the IGLO-I11 
basis. Similar to the hydrides, the isotropic hfcc's of the hydrogen centers 
depend only slightly on the various functionals (& 3%). The calculated values 
are of similar quality as those obtained in the MRD-CI/BK calculation. 

Both the BLYP functional used in the present work and the PW86 func- 
tional in ref. [114] give Aj,('H) values which deviate less from the experimental 
data than the MRD-CI/BK results. The agreement with experimental data is 
even improved if the geometry is optimized using the DFT method itself (table 
24, upper part). However, as already discussed in ref. [114], very often these 
geometries are not a5 good as ab initio data. 

For the heavier centers, a quite different situation is found. The isotropic 
hfcc's at both centers depend heavily on the functional (f20%) and, further- 
more, in comparison to the MRD-CI/BK treatment the absolute values are 
much too low. Again BLYP and PW86 performed best, but even for these 
functionals an error of about 25 % is found for the carbon center, while the 
deviation for the oxygen center is even larger (50 %). While the PW86 func- 
tional gave excellent results for the oxygen center in OH, it is considerably less 
successful for H2COt. The results for H2CN (table 25) show similar trends as 
found for H2COt. For H&N, the BLYP functional which performs excellently 
in the case of CH and NH, possesses errors of more than 20 % for the isotropic 
hfcc's of the heavier centers. 

Because direct contributions to the hfcc's of the heavier centers vanish 
in both molecules, the results indicate that the functionals employed in the 
comparison do not describe spin polarization effects accurately enough. On 
the other hand, for Aiso('H), which in the MRD-CI/BK treatment [44, 101 also 
is largely affected by spin-polarization effects, DFT provides excellent values. 
To get a better insight into this paradoxical situation, we will try to distinguish 
between the direct and indirect contributions to Aiso('H). For H2CN the direct 
contributions are given in table 25; the indirect contributions are obtained from 
the difference between the direct contributions and the total result. As found 
for the heavier centers, the indirect contribution to Aiso('H) is much smaller 
in DFT calculations (16-21 Gauss) than in the MRD-CI/BK treatment ( x  40 
Gauss). However, this is compensated for by larger direct contributions so 
that, in total, very similar results are obtained in both methods. The reason 
for the behaviour explained above can be understood from the shape of the 
SOMO, which is found to be more compact in DFT-BLYP than in a ROHF 
approach [136]. The deviations between the various functionals arise due to  
differences within the indirect contribution, while the direct contribution is 
equal. 
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The examples given in the present investigation underscore that at least 
the functionals used in this work (and the PW86 functional used in ref. [114]) 
still have problems in describing the interaction between the singly occupied 
and the doubly occupied shells sufficiently well. In comparison with ab initio, 
the contributions to the isotropic hfcc’s arising due to these spin polarization 
effects are computed too low, in absolute values. 

Let us first consider those cases where the direct contribution vanishes due 
to symmetry reasons. As already discussed the net spin density at the center 
under consideration solely arises from the interaction between the singly and 
doubly occupied shells so that the indirect contributions represent an observ- 
able. The non-local nature of this interaction is obvious, since the density 
of the unpaired electron vanishes at the point where the effect of the interac- 
tion is measured, i e .  a t  the position of the center under consideration. The 
difficulties to describe non-local effects within the DFT are known [167] and 
explain the errors in the isotropic hfcc’s computed with the DFT method. 

If direct contributions are important a cancellation takes place, leading, 
for example, to very accurate isotropic hfcc’s of p protons, as shown for HzCN 
and H2CO+. In such cases neither the direct nor the indirect contributions 
represent observables. Therefore it is unclear whether this represents an er- 
ror cancellation or arises from the differences in the description of correlation 
effects in the MRD-CI/BK treatment and the DFT method. 

Comparing the various examples it is obvious that the error made by DFT 
depends on the system under consideration. While the PW86 functional per- 
forms perfectly for Ai,,(”O) in the OH molecule it gives considerably worse 
results in the case of HZCO+, although in both molecules the unpaired elec- 
tron is mainly located at the oxygen. Further studies seem to be necessary to 
understand the underlying reasons for this behaviour. Such investigations are 
also interesting because isotropic hyperfine coupling constants directly probe 
the electron spin density at the nuclei and therefore provide a valuable mea- 
sure for the quality of approximate spin density functionals. As shown in 
the following sections, however, DFT methods with an appropriate choice of 
functionals have nevertheless proven to be extremely successful in describing 
hyperfine interactions in a number of widely varying systems. 



348 B. Engels, L. Eriksson, and S. Lunell 

Table 25: Isotropic hfcc’s of HzCN (2B2). The geometry used for these calcula- 
tions is the MCSCF-ACPF/Duj geometry (RCN = 1.256 A, RCH = 1.094 A, +HCH = 
121.1) given in reference [44]. All values are in Gauss. 

Functional Basis C N  H H ”  
ROHF Duij 0 0 31 31 
UHF Duij -69 26 102 83 
BVWN Duij -17 6 79 63 
BLYP Duij -21 7 84 63 
BP86 Duij -19 4 80 63 
MRD-CI Duij (441 -28 9 74 41 
Exp.: [48] -29 9 83 

a Direct contribution, see text for explanation. 

3.4 Applications 

3.4.1 Proton hyperfine coupling constants 

In the previous sections, we presented some data for the atoms B-0, and for the 
OH, NH2, H20+,  HzCN and HzCO+ radicals; in this section we will present 
some results for the proton hfcc of the systems CHs, NHJ, CH?, C2Hi’- 
and CI~HG,  studied primarily at  the PWP86/IGLO-III level. Several other 
compounds have been studied over these last three years since the DFT-ESR 
schemes were developed [113, 6, 114, 116, 117, 118, 119, 121, 122, 132, 133, 
136, 139, 7, 140, 141, 1421, but it is beyond the scope of the present paper to 
review them all. Instead we will focus on a relatively small yet diverse set of 
systems, with the aim of giving a flavour of the accuracy and applicability of 
the method. 
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Table 26: Calculated hfcc (gauss) for various neutral and charged radicals. 

System Method Atom A,,, T,, T,, Ref 
CH3 PWP86/IGLO-III '3C 32.4 -29.2 58.4 11211 

NH; 

CH; 

planar 

5" pyram. 
BP86/STO 
non-planar 
CIS / [63 1 /41] 
vibr.average 
CISD/[ 10s,5p,3d/5s,2p] 
planar 
CCSD/DZPP 
planar 
EXP." 

PWP86/IGLO-III 

PWP86/IGLO-III 14N 

UHF/6-31G (d,p) 14N 

MRCISD/ 14N 

(18~,13p,2d/lOs,7p) 'H (3) 
EXP. 14N 

'H (3) 

'H (3) 

'H (3) 

. .  
-20.8 -14.4 14.3 

40.0 -28.9 57.9 P21I 
-19.4 -14.2 14.3 
38.9 ~ 9 1  

17.1 -27.4 55.8 131 

-22.8 
36.2 -25.9 51.7 [I431 

-23.9 -13.6 15.2 

-21.4 -13.8 14.2 
28 [621 

-27 
38.3 -22.1 4 4 f l  [143, 1511 

-23.0 -12.5 12.5 

14.8 -17.6 35.2 [122](a) 
22.7 -19.9 24.3 
30.7 -15.6 31.1 ~ 5 1 1  

19.5 -15.2 30.3 ~ 5 2 1  

-48.4 -21.4 27.2 
17.9 -16.6 33.1 [122](a) 

-28.4 -17.7 22.8 

-27.4 -19.6 22.1 

PWP86/IGLO-III 13C 24.2 -24.8 49.1 [GI 

CISD/[5~,4p,ld/4s,lp] 'H (2) 137 P451 

EXP. 'H (2) 121.7 P451 

'H (2) 127.9 -11.9 20.3 
'H (2) -18.9 -11.3 13.2 

'H (2) -17 

'H (2) -14.6 

"Removing the effects of vibrations, the isotropic data are (13C) 27 and ('H) 
-25 G; Ref. [12]. 
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Tab 26, cont’d 
System Method Atom Aiso T,, T,, Ref 
HCCH+ PWP86/IGLO-III 13C (2) 9.8 35.3 [147] 

‘H (2) -17.6 10.1 

C’CHJ PWP86/IGLO-III l3C’ 6.7 31.1 [147] 
13C 21.9 37.2 
‘H (2) -16.6 10.6 

t-HCCH- PWP86/IGLO-III 13C (2) 

BJLYP/IGLO-III 13C (2) 

BLYP/IGLO-I11 13C (2) 

lH (2) 

‘H (2) 

‘H (2) 
EXP l3C (2) 

lH (2) 

c-HCCH- PWP86/IGLO-III 13C (2) 

B3LYP/IGLO-III 13C (2) 

BLYP/IGLO-I11 13C (2) 

‘H (2) 

‘H (2) 

‘H (2) 
EXP 13c (2) 

‘H (2) 

C’CH, PWP86/IGLO-III 13C’ 
13C 

BSLYP/IGLO-III 13C1 
l3C 

BLYP/IGLO-I11 13C’ 
13C 

‘H (2) 

‘H (2) 

29.9 24.2 I1471 
48.9 6.1 

51.4 

50.8 

29.2 11471 

29.8 P471 

14-15 2 22 [146] 
48 -5 6 

132.2 16.8 [147] 
65.0 5.0 

67.5 

67.2 
130 -11 20 [147] 

130.1 [I471 

131.2 [1471 

65 -3 4 

18.6 48.3 [147] 
-16.0 3.8 
53.8 3.0 
22.9 [I471 

20.8 [I471 

-17.4 
53.2 

-15.1 
‘H (2) 54.3 
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As mentioned in section 3.2, we are with the present method able to  pre- 
dict the isotropic hfcc for atomic hydrogen very accurately. Since the atom 
lacks higher angular momenta, and the isotropic hfcc depends largely on the 
amount of s-character at  the nucleus (through the overlap term, Eq. 4)’ one 
may expect that this property is well described for H irrespective of radical 
species. As was shown above, the dependence of the hfcc on the choice of DFT 
functional is much smaller than for the heavier atoms. In table 26 we present 
the PWP/IGLO-I11 (and other) computed proton hfcc for the abovementioned 
radicals and radical ions. 

For CH3, we have conducted a thorough study of the effects of non-planarity 
of the radical [121]. It has been suggested, and thoroughly investigated by 
Chipman 11431, that the radical already at 4 K undergoes vibrational (”umbrella- 
like”) motion. In his study, he found that a vibrationally averaged hfcc yielded 
results in very good agreement with experimental data; and that these strongly 
resembled the ’static’ hfcc for a geometry with a 5 O  out-of-plane angle. In ta- 
ble 26 we list both the results for the planar and for the non-planar structure, 
using the experimental bond length (1.079 A). The main effect of this umbrella 
motion is on the isotropic hfcc for carbon (see next section), whereas the pro- 
ton hfcc are essentially unchanged for the small out-of-plane distortions. The 
calculated value for the planar geometry is 2 G smaller than experiment. Var- 
ious high-level correlated approaches (CCSD, MPPT), applied by Sekino and 
Bartlett [62] as well as the CISD method used by Feller and Davidson [51] 
on the same geometry instead yield a 1-2 G too large isotropic proton hfcc. 
In the DFT-ESR calculations using STO basis sets (Ishii and Shimizu [119]), 
applied on a slightly non-planar geometry, the inclusion of gradient corrections 
and a 5s,4p basis set on hydrogen yielded results in excellent agreement with 
experiment. 

In our early study of the effects of different functional forms, auxiliary and 
orbital basis sets, and grid sizes for the fitting of the charge density and the 
exchange-correlation potential [122](a), we found the results for the planar 
NH: radical cation to be somewhat underestimated using the DFT-ESR ap- 
proach. At the PWP/IGLO-I11 level our isotropic data for both types of nuclei 
were 4.7 G too low compared with experiment (MP2/6-3lG** optimized ge- 
ometry). No other DFT study has been reported of this system. It is possible 
that the deviation in hfcc on the NH: radical is - just  as for CH3 - affected by 
umbrella-like vibrations even at temperatures as low as 4 K. This has, however, 
as yet not been tested. A second factor could be that MP2 would yield poor 
bond lengths, although this seems like a less likely explanation. 

The methane radical cation, CHZ, is known to Jahn-Teller distort from 
the symmetric tetrahedral neutral ground state structure to a conformation 
of CZv symmetry, with two elongated and two shorter CH bonds (1.18 and 
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1.08 A, respectively) [6, 117, 121, 1441. The HCH bond angles between each 
pair of equivalent hydrogens also undergoes dramatic changes relative to  the 
neutral case; LHCH = 55' and 125' for the long bonded and short bonded pairs, 
respectively. The calculated AisO(H) data also gives a very consistent picture of 
the system. At all levels of theory, the two long bonded protons have isotropic 
hfcc of 110 - 130 G, and the short bonded ones are -10 - -20 G. This should be 
compared with the results from neon matrix isolation experiments on CH2DZ 
(the deuterium atoms are required to stabilize the system in the ground 
state structure, whereas for CHZ, large vibrational averaging is observed due 
to quantum tunnelling): Ais,(2H)=122 G; Ais,(2H)=-14.6 G (translated from 
the deuterium to the hydrogen scale) [145]. At the PWP/IGLO-I11 level, we 
obtain the hfcc 2x128 and 2x-19 G. The effects of the gradient corrections on 
the proton hfcc are again found to be very minor [121]. 

Another small set of systems is the acetylene/vinylidene radical anions and 
cations. No experimental data is available for the cationic system, but for the 
anion the trans conformer (ground state structure) has proton hfcc of 48 G 
[146], whereas the energetically ca. 5 kcal/mol higher lying cis conformer is 
know to have proton hfcc of 2x65 G (1471. In table 26, we list the data for 
the cis and t rans  HCCH anions, the linear HCCH+ and the vinylidene anion 
and cation, obtained at  the PWP86, B3LYP and BLYP levels of theory for 
the anions, and PWP86 for the cations. We have used the IGLO-I11 basis sets 
throughout. Each structure is optimized at the corresponding level of theory. 
As seen, the proton couplings for the anionic systems are very similar for the 
different methods. We also note that the experimental proton couplings are 
excellently reproduced for both cis- and trans-HCCH-. Energetically, the two 
systems differ quite markedly. The trans-acetylene and vinylidene anions lie 
very close in energy; whereas the cations are more similar to the neutral system, 
where CCH2 lies some 40-45 kcal/mol above the acetylene reactant. The high 
relative stability of the vinylidene anion has also been observed in different 
matrix ESR experiments, where the M+HCCH- charge transfer complexes are 
formed (M=Li, Na, K) [148]. This will be addressed in the next subsection. 
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Table 27: Proton hfcc of the stilbene anion depicted in Figure 5. All cou- 
plings are in gauss; the calculations are done using the AM1 geometry, the 
PWP86 functional, and IGLO-I11 basis set for H, DZP for C. Exp. ref: [154]; 
Theoretical ref [149]. 

2,2’ 3,3’ 4,4’ 5,5’ 6,6’ P,P B’,P’ y,y 
Experimental 2.1 0.4 3.8 0.8 2.6 6.6 2.9 0.4 
Calculated -1.8 0.2 -3.6 0.6 -2.2 7.0 2.8 -0.2 

To give a flavour of the sizes of the systems that can be investigated with 
the present scheme, we present in table 27 some data for one of the substi- 
tuted stilbene anions recently studied [149]. It consists of the ordinary cis- 
stilbene framework (l12-diphenylethene), where the remaining ethene protons 
have been substituted for a saturated C3H6 fragment. The final form of the 
molecule is thus 1,2-diphenyl-pentene. The carbon framework, and the la- 
belling of the different positions are displayed in figure 5. In total, the present 
system contains no less than 119 electrons and 415 basis functions. The study 
was conducted such, that we first optimized the geometries using semiempirical 
AM1 theory, and then performed single point PWP86/IGLO-III calculations 
(DZP basis set on carbon) to get the hyperfine structures. As seen from the 
table, the agreement in proton hfcc is most satisfactory. The possibility to ac- 
tually start investigating larger and more realistic molecules of e.g., biological 
significance now seems to  be within reach. 

Figure 5. Schematic drawing of the 1,2-diphenyl-cyclopentene radical anion 
investigated in ref [149]. See table 27 for PWP86/IGLO-III computed proton 
hfcc’s. 
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Other systems we have investigated in detail are the series of alkane and 
alkene radical cations [117, 1211, fluoroethyl radicals [122](c), the NX2 and 
PX2 series (X=H,F,Cl) [116], and various small charged and neutral radicals 
[114, 122](a,b). Barone and coworkers have, e.g., investigated the hfcc for 
vinyl and fluorovinyl radicals and various /I-ketoenolyl radicals [118, 139, 7, 
1401. Throughout, the conclusions have been the same, ie. that the local 
spin density level is sufficiently accurate for proton couplings, whereas for 
heteroatoms either the B3LYP or the PWP86 gradient corrections are required. 
The basis sets should at least be of 'TZP' quality. 

3.4.2 Heteroatom hyperfine coupling constants 

As seen in the previous sections, the inclusion of gradient corrections are es- 
sential to get accurate isotropic hfcc for heteroatoms a t  the DFT level. Ear- 
lier, the data for the two systems H20+ and NH2 were presented in tables 20 
(H2O+) and 21 (NH2), respectively. In table 26, we include the data for the 
heteroatoms of the CH3, NHt,  C H t ,  HCCH+/- and CCHl/- radicals. For 
most of these, however, only proton hfcc are available from previous theoreti- 
cal or experimental studies. For those systems where experimental heteroatom 
hfcc are available, the results are generally rather satisfactory. In cases such 
as F2 (table 28), where the DFT approaches are unable to generate accurate 
geometries - DFT continuously predicts a too long bond length - the use of 
an appropriate geometry, in this case obtained a t  the MRCISD level, leads to 
hyperfine structures of MRCISD quality. It hence seems as if the determina- 
tion of the magnetic properties are still most accurate, although the geometry 
determination especially for very weakly bonded systems can be a crucial fac- 
tor. 

One case where the DFT-ESR approach has been shown not to work very 
well, is the NO radical. This has a very large multireference character, as 
shown in the extensive ROHF-MRCISD work by Feller et a1 [156]. I t  was 
there concluded that it is necessary to go to the full CI limit in order to get 
accurate spin properties on the nitrogen atom (AiS,(l4N)=22.5 G [157]). At 
the CISD level of theory, or using a MRCISD expansion with more than 400 
reference configurations, values of 10-15 G were computed for Aiso('4N), to 
be compared with our PWP86/IGLO-III value of 10 G. A similar analogy 
applies to the NH2 radical, where we have found [158] that it is necessary to  
perform a MRCISD calculation with a t  least 80 reference configurations in 
order to accurately predict the hfs of the entire molecule. Using a smaller 
MRCI expansion, values close to those obtained at the PWP86/IGLO-III level 
(cf. table 21) were instead obtained. 
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Table 28: Variation of hfcc in "F,, calculated using the PWP86/IGLO-III 
method at  varying F-F distances. The optimized distance is at  this level 2.056 
A. 

Method RFF (A) Aiso A d i p  Ref 
PWP86/IGLO-III 1.70 450 304 [6] 

1.80 350 306 
1.90 270 304 
2.00 220 302 
2.10 180 301 
2.20 150 300 

MRCISD/(Ss,5p,Sd) 1.896 260.3 308.3 [154] 
EXP. 268-280 315-321 [155] 

Recently, work has been initiated to calculate the hfs of metal containing 
systems, and to also incorporate the surrounding matrix in the treatment. Two 
examples of this are the interaction between an alkali metal atom (Li, Na, K) 
and acetylene/vinylidene [132]; and the hfs of Mg+ or Mg; embedded in up to 
10 neon or argon atoms [133]. The results obtained were throughout of very 
high accuracy. In table 29 we show some data for these systems. We note that 
we are in excellent agreement with the ESR data for both types of systems, and 
that we are in particular able to predict the shifts in metal hfcc when changing 
from HCCH to CCH2 or when changing the surrounding matrix, to within 
one or two gauss. Since the DFT-ESR approach scales much more favourably 
than do conventional correlated HF approaches, the DFT-ESR method can 
be a very valuable method in order to obtain accurate data for systems of at  
least one order of magnitude larger size than the CI or CC based approaches, 
with comparable accuracy. In comparison with the stilbene example above, 
the present complexes have all been fully optimized at  the PWP86 levels. The 
largest system (Mg$-Arlo) contains 203 electrons and 258 basis functions. We 
might hence very soon be able to predict, e.g., spin distributions in biological 
system, or to accurately predict interactions with surrounding materia. 
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Table 29: DFT-ESR calculations of metal containing systems. For the alkali 
metal - HCCH systems the data are presented for the two cis-M+HCCH- / 
M+C'CH; charge transfer complexes, respectively. 
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System Method Atom Ada. T=, T z  z 

Li+CZH; PWP86/IGLO-IIIio Li -9.7 / -8.1 -2.5 / -1.5 2.2 / 1.2 
C' 74.4 1 16.6 -9.0 / -24.9 17.9 / 45.3 
C 74.4 / -16.3 -9.0 / -4.4 17.9 / 3.4 
H (2) 61.2 / 54.1 -4.1 / -1.6 5.1 / 2.6 

MRCISDI Li -4.4 / -4.7 
6-311++G(d,~)~  C' 69.7 / -4.1 

C 69.7 / -16.9 
H (2) 54.6 / 43.6 

EXPE Li -7.0 / -5.7 -2.0 / -0.8 1.5 / 0.7 
C' 74 / - 
C 74 / - 
H (2) 66.5 / 57.0 -4.5 / -2.0 4.5 / 2.0 

Na+CZH; PWP86/IGLO-IIIo Na -21.4 / -16.7 -3.6 -1.8 6.4 1 2 . 3  
C' 91.1 / -20.5 -9.7 / -25.7 19.3 / 46.6 
C 91.1 / -15.9 -9.7 1-4.5 19.2 13.8 
H (2) 66.6 / 55.5 -4.2 / -1.6 5.4 / 2.8 

MRCISDI Na -7.4 / -7.3 
6-311++G(d,~)~  C' 86.3 / -3.3 

C 86.3 / -16.1 
H (2) 60.4 / 59.8 

EXPC Na - / -12.7 - 1 -0.3 - / 0.2 

C - / 14 - I -  - I -  
C' - / 24.3 - / -20.8 - 41.7 

H (2) - / 59.8 - 1 -i.3 - / i . 2  
K + C ~ H ;  PWP86/IGLO-IIIa K -3.4 / -3.2 -0.9 1-0 .5  1.5 / 0.7 

C' 93.5 1 18.2 -9.4 1-25.8 18.8 1 46.3 

EXPc 

C 93.5 j -14.9 -9.4 -4.4 18.8' 3.9 
H (2) 67.0 / 55.2 -4.2 / -1.5 5.4 / 2.7 
K -3.3 1-2.7 
H (2) 73.0 j 58.5 

Mg+ - Nea/Ars PWP86/IGLO-IIId Mg -211.7 1-201.6 
Mg+ - Nea/Ara PWP86/IGLO-IIId Mg -214.2 / -204.6 
Mg+ - Ne / Ar EXPe Mg -222.5 / -211.6 

Mg+ - Nelo/Arlo PWP86/IGLO-IIId Mg -101.4 / -101.9 
Mg! - Ne / Ar EXPe Mg -105.4 / -104.3 

"Ref [132]; "Ref [159]; 'Ref [148]; dRef [133]; "Ref [134]. 
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Table 30: Isotropic and dipolar hfcc (MHz) of the B and A1 atoms in the di- 
atomic isovalent systems BO, BS, A10 and AlS, calculated at the PWP86/IGLO- 
I11 level (this work). 

System Method Bond Length (A) Atom Airo Adip Ref 
BO PWP86/IGLO-III 1.205 IIB 996.5 28.5 

CISD/DZP 1.205 968 26 [3, 1601 
EXP 1025 27 [160, 1611 

BS PWP86/IGLO-III 1.619 IIB 759.7 32.2 

A10 PWP86/IGLO-III 1.636 27A1 696.6 52.0 
EXP 795.6 28.9 11621 

CISD/DZP 1.618 776 42 [3, 1601 
EXP 767 53.0 [1631 

A1S PWP86/IGLO-III 2.070 *"A1 780.39 49.60 

The anisotropic hfcc are generally very well described at  all levels of the- 
ory, as was shown in a number of the previous tables. Also simple UHF theory 
seems to  do well for anisotropic couplings. One interesting example is given by 
the BO molecule, where early neon matrix ESR experiments from codeposition 
of B and 0 vapor yielded a value for A+ (=1/2 T,) of 6.3 MHz for "B [160]. 
This strongly contradicts our calculated value of 28.5 MHz (PWP/IGLO-111), 
as well as that reported by Feller and Davidson, 26 MHz, at  the CISD/DZP 
level [3]. This was somewhat surprising, given that anisotropic hfcc's generally 
are very accurately determined, and that the isotropic hfcc of boron was in 
very good agreement with experiment (cf. table 30). In a later microwave ex- 
periment, however, the dipolar coupling of 27.1 MHz was reported, in excellent 
agreement with the calculated data [161]. This and some related systems (BS, 
A10, AlS) are listed in table 30. As seen, the calculations do rather well for 
both the B and A1 nuclei, although the agreement is less satisfactory for the 
isotropic couplings than for the anisotropic part. This is hence in agreement 
with the findings on the smaller systems described above. It also shows that 
there are essentially no limits as to what types of systems that can be inves- 
tigated with the DFT-ESR approach. As a rule of thumb, it seems that we 
get roughly 90-95% of the isotropic couplings, and a few percent better for the 
anisotropic data. 



358 B. Engels, L. Eriksson, and S. Lunell 

Table 31: Optimized geometries and hfcc of the X2C+ TiN and X3A T i 0  
systems. All calculations are done using the PWP86 functionals and uses the 
IGLO-I11 basis set on X (X=N,O). 

System Basis R(A) <S2 > Aiao(Ti) Adip(Ti) Aiao(X) Adip(X) 
TiN DZP" 1.591 0.753 -580.3 -3.0 20.3 1.5 

DZPP" 1.598 0.753 -576.0 -4.9 19.8 1.3 
EXPb 0.750 -558.8 (-570') -5 18.5 0.2 

T i0  DZP" 1.645 2.011 -269.4 5.5 -6.0 -2.7 
DZPP" 1.650 2.010 -269.6 4.4 -5.9 -2.6 
EXPb 2.000 -240.4d 

"This work; bRef [164]; "Ref [165]; dDerived using the calculated value for Adip. 

As a final example, we present in table 31 the data for the hfcc of the T i 0  
and TIN radicals. These are interesting from two aspects; it is one of the very 
first applications of the gradient corrected DFT method to transition metal 
systems, and the T i 0  radical has a triplet ground state. As seen from the 
table, the DFT method predicts both isotropic and anisotropic couplings very 
accurately, on both the titanium and the ligand atoms. Using a basis set of 
IGLO quality rather than the present DZP and DZPP ones (table 31) will 
most likely refine these numbers further. In this example we have also listed 
the spin contamination. As has been found in numerous examples earlier, the 
value of S(S+1) is usually within 0.01 of the ideal value for the particular 
radical in question, indicating that we have a very good description of the 
singly occupied orbital. 

4 Concluding Remarks 

We have in the present paper investigated two fundamentally different, yet 
complementary, routes to computational studies of radical hyperfine struc- 
tures. On the one hand, we have the highly accurate MRCI - based approaches, 
which are able to predict hyperfine structures of small systems to very high 
accuracy. The role and importance of higher than double excitations in the 
configuration expansions has been elucidated by means of detailed case stud- 
ies on a number of first row atoms, as well some selected molecular systems. 
We have also demonstrated how a newly developed method, the MRD-CI/BK 
method, by means of a perturbative method is able to incorporate the effects 
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of these higher excitations into the MRD-CI calculations, thus producing hfs 
results of high quality. 

In the second part of the paper, we have explored an alternative route 
to the calculation of radical hfs, namely the DFT-based approaches. In this 
case, we trade in the extremely high accuracy of the MRCI approaches for 
applicability to systems up to a few hundred atoms in size. As shown in the 
above examples, the accuracy of the DFT based approaches is still well beyond 
conventional single determinant CIS or CISD data, provided an appropriate 
functional is used. 

Future applications of the DFT based hfcc calculations will involve extend- 
ing the sets of systems into areas such as surface chemistry, biophysics, and 
large transition metal complexes, where MRCI approaches again will serve 
as an extremely important tool for calibrating the calculations of the larger 
systems, to reveal possible pitfalls and explain deviations when these occur. 
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Introduct ion. - Linear functionals and adjoint operators of different 
types are used as tools in many parts of modern physics [l]. They are 
given a strict and deep going treatment in a rich literature in 
mathematics [2], which unfortunately is usually not accessible to the 
physicists, and in addition the methods and terminology are unfamiliar 
to  the latter. The purpose of this paper is to give a brief survey of this 
field which is intended for theoretical physicists and quantum chemists. 
The tools for the treatment of the linear algebra involved are based on 
the bold-face symbol technique, which turns out to be particularly 
simple and elegant for this purpose. The results are valid for finite 
linear spaces, but the convergence proofs needed for the extension to 
infinite spaces are usually fairly easily proven. but are outside the scope 
of the present paper. 

1. Some Properties of Linear Functionals. 

Let us  consider a linear space A = {x) ofelements, e.g. a finite 
space o r  a Banach space with a basis. Any mapping x + 1 of the objects 
x on the field of complex numbers is referred to as a functional, and such 
a mapping Kx) is called a linear functional if it satisfies the relation 

where the coefficients a1 and a 2  in general are complex numbers. Let us 
next consider two linear functionals 11 and 12, I t  is evident tha t  the 
combination UX) = ll(x)p1+ 12(x)pZ or 1 = 11&+ 12.h is again a linear 
functional. The set  Ad = 11) of all linear functionals is again a linear 
space, which is called the dual space to Ad = {XI. Every liner functional 
Kx) is represented by an  element 1 in Ad , i.e. by a "point" in the space Ad 

At this point it is convenient to introduce a new notation. If l(x) is 
the value of the linear functional in  the point x, then l(x) = [1 I x] may be 
considered a s  the  dual product of t h e  elements 1 and x, a n d  one h a s  
immediately the two theorems: 

[1 I XI .  a1+ x2. a21 = [1 I XI]*  a1+ [1 I X d l  a23 (1.2) 

(1.3 D1.Pl + 12.P2 I XI = [11 I XI431 + 02 I x1$2 7 

i.e. the dual product is linear in both the first and second position. An 
element 1 of Ad is further said to be bi-orthogonal (in the sense of the 
dual product) to an element x of A, if [1 I x] = 0. Aset 11, 12,l3, .... out of Ad 
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is said t o  be bi-orthonormal to a set of elements XI, x2, x3, .... out ofA, if 
one has [li I xjl = 6ij. 

If T i s  a linear operator defined on the space A = {XI, s o  that 
T(xl.al+ xg. a2) = T(x1). al+ T(x2). a2. then 11 = [l I Txl is another linear 
functional, and one says that the mapping 1 + 11 is performed by the dual 
operator Td defined on the dual space Ad, so that 11 = Tdl, and 

[IIW=[Ii1xl =[Tdllxl,. (1.4) 

It is evident that  also Td is a linear operator, and that one further has 
the relations 

(T1+T2)d = Tld + T2d , (Tl.a)d=Tld.a, (TIT# = Tad Tld . (1.5) 

In the following we will study these concepts in greater detail. 

Vector rearesentations. - Let us now assume that the original space A = 
{XI has a basis X = {XI, X2, &, ... I , so that one has an expansion 
theorem of the form 

where a = (akl is a column vector with the elements ak. Here and in 
the following we will use bold-face symbols t o  denote rectangular or 
quadratic matrices as well as row and column vectors with the 
understanding that the product C = AB has the matrix elements 

ckl= Za AkaBal, (1.7) 

i.e. one multiplies the columns of the first factor A with the rows of the 
second factor B. We note that the expansion theorem (11.6) establishes 
a one-to-one mapping x t) a between the space A ={XI and the vector 
space {a]. For the linear functional 1, one obtains directly 

l(X) = 1(ck &ak) = x k  l(Xk)ak = z k  lkak = h, (1.8) 

where lk= 1(&) and 1 = {lk] is the row vector formed by the elements lk. 
Through this relation, one establishes a one-to-one correspondence 1 t) 1 
between the linear functional space 111 and the vector space (11. One 
says that a and 1 are vector representations of x and 1, respectively. For 
the column vector a, one has now the decomposition 
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where the unit vectors e k  form a basis for the vector space {a} with the 
one-to-one correspondence Xk t) ek. In the same way, one gets for the 
row vector 1: 

= 11(1,0, 0,  ...I 't 12 (0. 1. 0. ... ) + 13 (0. 0. 1. ..) + .... = z k  lk & , (1.10) 

where the quantities fk are the unit vectors in the row vector space 11) 
and span this space. If Fkdenotes the linear functional which 
corresponds to the vectors fk , one gets for an arbitrary linear 
functional that 

1 = z k  lk Fk =1. F, (1.11) 

where F = {Fk] is the column vector formed by the elements Fk: 

F =  [!). (1.12) 

It is evident that the elements Fk span the dual space Ad = 111. From the 
relation l(x) = l.a, one gets now immediately 

[Fk I XjI = Fk(Xj) = fk.ej = 8kj, 

which implies that the two bases F and X are bi-orthonormal with 
respect to each other. In condensed form, one has 

(1.13) 

[FIX] = 1, (1.14) 

where 1 is the unit matrix. Starting from x = X.a, one gets further that 
[F I XI = [F I X.al = [F I X1.a = 1.a. This gives the explicit formula for the 
expansion coefficients 

a = [FIX] , (1.15) 
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as the dual product between F and the element x under consideration. 
One has further for any linear functional 1 = 1.F, which gives P I XI = 
L1.F I XI = l.F I Xl = 1.1 = 1, i.e. 1 = [1 I XI or lk = [1 I x k ]  in accordance with 
the previous definition. 

Matrix representation of operators. - If an operator T is defined on the 
space A = {XI, then the quantity TX1 is also an element of this space 
and may be expanded in the form 

TXl= Ck XkTkl, (1.16) 

where the expansion coefficients form a matrix T = {TMJ which is said to 
be the matrix representation of the operator T in terms of the basis X. 
In bold-face symbols, one may write this relation in the more condensed 
form 

T X = X.T. (1.17) 

Multiplying to  the left by [F I , one gets [F I T XI = F I X.Tl = [F I XI.T = 
l .T = T, i.e. 

T =  [FITX] = [FITIN , (1.18) 

where we have introduced a second "dummy" bar, which is often used by 
the physicists. By means of the definition (1.41, it is now possible to find 
the matrix representation R of the dual operator Td, which is defined by 

the relation ~d F I =  & F k h  = & b k  F k ,  where R is the transposed of 
the matrix R with the rows and columns interchanged. Observing that 
F is a column vector, one may write this definition in the condensed 
form 

~d F = F R =R F, (1.19) 

Multiplying this relation to  the right by I XI, one obtains 

and further 

R = [TdF 1x1 = [FITXI = [Flxr] = [FIN T=T,  (1.21) 

which means that R is the transposed of the matrix T. One may also 
write relation (1.19) in the form 
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T d F = T . F  , (1.22) 

which is a very simple result due to the fact that we are considering two 
bi-orthonormal bases. 

Ket-bra operator&. - The dual product [1 I XI is essentially different from 
the binary product cxly>, which is customarily used in quantum 
theory, but one can still pick up certain ideas from this field. Following 
Dirac, one can consider even the bracket P I XI as the "product" of a bra- 
vector 0 I and a ket-vector I XI, which means that one can also introduce 
a ket-bra operator G = I XI] [I I defined in the original space A = {XI 
through the relation 

G =  IxiIPil , GX = xl[ll I XI. (1.23) 

Since one has Gxl= xl[ll I XI], it  is clear that x1 is an eigenelement to  
the operator G associated with the eigenvalue A = [11Ixll, I t  is also 
evident that, if A z 0, this eigenvalue is non-degenerate: if z1 is another 
eigenelement associated with the same eigenvalue, one has G z ~ =  A z ~ =  
xl[llIz1], i.e. z1 - XI,  which proves the statement. For an arbitrary 
element x, one has also G ~ x  = Gxl[11 I XI = xi[ l i  1x11 [11 I XI = 
[11 I xll XI [11 I XI = [11 I XI] Gx, which means that the operator G satisfies 
the reduced Cayley-Hamilton equation 

G(G- [11 I xi1 .I) = 0, (1.24) 

and that it has the eigenvalues h = 0 and h = [11 I XI] . For the diagonal 
sum of the eigenvalues, one hence obtains 

T r G = T r  IxJP11 = [ I l lx l l .  (1.25) 

The ket-bra operators are useful in many connections. Using (1.151, the 
expansion theorem (1.6) may now be written in the form 

x = z k X k a k = X a = X F I X ]  = 1x1 [FIX, (1.26) 

for all elements x, and this means that one has the following resolution 
of the identity operator in the original space A = {XI: 

(1.27) 

For an arbitrary operator T, one gets immediately 
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where the operators P l k  = I Xk] [F1 I apparently span the operator space 
(TI. It is interesting to observe that, once the carrier space A = (XI has a 
basis, even the operator space {TI has a basis. The operators P lk  are 
often referred to as the fundamental units in {TI, and - by using (1.13) - 
it is easily shown that they satisfy the algebraic relations 

h l P m n =  ~ k n p m l ,  I = c k  pkk, (1.29) 

with the special cases Pb2 = P&,, Tr P& = 1, and P M ~  = 0, for kA. Our 
study shows that the linear functionals, the dual products and their ket- 
bra operators are valuable tools in treating both the original space 
A={x) and its operator space {TI. 

The bi-orthoponalitv theorem connected w1 ’th the eipenvalue p robleme 
f o r a a i r  of o D e r m  T and T d.- For the sake of simplicity, we will 
consider a linear space A = (XI of order n, and a linear operator T 
having only distinct eigenvalues hl, h2, h3, ... An, and the eigenelements 
C1, Cz, C3, ... Cn, which form a basis in the space A = {XI, SO that 

T c k  = hk c k  , X = Ck c k  ak . (1.30) 

In such a case, the dual space Ad=(ll of all the linear functionals is also 
of order n. Let us denote the eigenvalues and eigenelements of the 
adjoint operator Td by D1 and b, respectively, so that 

Td D1= p1,Dl. (1.31) 

Using the definition (1.41, one gets directly 

pi[DilCk] =[TdDiICk]=[DiITCk]=hk[DiIck] ,  (1.32) 

(PI- hk) [D1 I Ckl  = 0,  (1.33) 

[Dl I Ck] = 0, whenever pl#hk. (1.34) 

i.e. 

or 

This is the general bi-orthogonality theorem valid for a pair of adjoint 
operators. From the expansion theorem x = & C k  a k  , one gets further 
[Dl I XI = & [DI I Cdak = [Dl I Cllal . Since the product [Dl I XI cannot be 
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vanishing for all x, one has necessarily [Dl I C11 f 0, and - according to  
(1.31) , this implies 1-11 = Al, i.e. 

[DI I Cil f 0,  1-11 = hi, (1.35) 

Putting D1' = [Dl I C11-1D1, one gets particularly [Dl' I Cl] = 1. It is evident 
that, in the distinct case, the operators T and Td have the same 
eigenvalues and that one has the bi-orthonormalization relation: 

[DlC] = 1. (1.36) 

It is illustrative to  study these properties also by using the 
matrix representations, in which case one can also generalize the 
results to degenerate eigenvalues. Starting from (1.171, one knows that 
the matrix T may be brought to classical canonical form A by a 
similarity transformation y, so that 

T X = X T ,  y l T y  =h.  (1.37) 

Putting C = X y and X = C yl, one gets directly T C = T X y =X T y = 
C y1T y = C h, i.e. 

T C = C h .  (1.38) 

This i s  the  stability relation which in  t h e  general case replaces t h e  
eigenvalue problem. From the relation (1.221, one gets further 

Td F = T. F = y h y -1 F , (1.39) 

and introducing a column vector D through the relation D = y1 F , one 
obtains after multiplying (1.39) to the left by y -1 that 

T d  D= h D, (1.40) 

which relation indicates that  the operator Td has  the same eigenvalue 
structure as the operator T. One has further 

[DIC] = [ y - l F I X y ]  =y-1  [ F I X I y = y l  l y =  1, (1.41) 

which is the general bi-orthonormality relation. 

Linear transformations of t h e  bas is X.- Let  u s  now consider a linear 
transformation X' = X a of the basis for the space A = {XI with the inverse 
X = X a-1. In the new basis the operator T has the matrix representation 
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T', defined by the relation T X = X' T. and one gets immediately T X = T 
X a = XT a = X' a-lT a and the well-known similarity transformation 

T' = a-1T a ,  (1.42) 

Since the expansion theorem has the form x = X a = X a' = X a a', and for 
the vector transformations one gets the relations 

a=aa ' ,  a '=a-la.  (1.43) 

For a linear functional, one gets according to (1.8) that l(x) = [l I XI = 1.a , 
where 1 = 1(X). This gives directly 1' = UX') = 1(X. a) = 1(X) a = l.a, as 
well a s  1'. a '  = 1. a, which shows t h a t  the linearfunctional l(x) is  
independent of the choice of basis in the space A = {x), and that the dual 
product [1 I x] is a scalar. Since one has the transformation formula 

1' = 1. a, 1 = 1'. a-1. (1.44) 

one says often t h a t  1 transforms a s  a co-variant vector, whereas a 
transforms as a contra-variant vector. The two vector spaces {a1 and 11) 
have hence essentially different transformation properties. According to 
(1.11) one has further 1 = 1.F = 1l.F' = l.a.F', which implies that the basis 
in the dual space undergoes the transformation F = a.F' with the inverse 
F'= a-lF, so that 

F'= a-lF, F = a.  F. (1.45) 

It is now easily checked that F' I XI = [a-lF I X a I = a-1F I XI a = 1, and 
thatfurtherIX][F'I = IXa][a-lFI = IXlaa-1FI = IXIFI = I i s t h e  
identity operator. For the mapping of the adjoint operator Td in the dual 
space, one gets finally Td 1 = Td (1.F) = 1.Td F = l.T.F as well as (Td 1)' = 
1' .T':F' = 1. a .  a-IT a .a-lF = 1. T:F = Td 1 ; the result of the mapping is 
again an invariant. 

2. Mappings of the dual space Ad on the original space A. 

If one maps the dual space Ad = (1) back on the original space A = {x) 
through a mapping 1 + y, one may  transfer some of the concepts 
introduced above as  t o  the dual space to the original space itself. For 
instance, one may say that two elements y and x are bi-orthogonal, if 1 
and x are bi-orthogonal, To every linear operator T on A, there exists 
further an adjoint operator Ta on A, such that, if 1 + y, then Td 1 + Ta y. 
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Unfortunately, there are many ways to construct the mapping 1 + y, and 
this implies that there are many ways to carry out these extensions. We 
will here investigate only a few of the main types. 

&DDinp throuvh the vecto r reDrese ntation. The simplest mapping 
1 + y possible is based on the fact that 1 = 1.F, where 1 = 1 = (11,12,13, ...I is 
a row vector, and one can then define the image element y through the 
relation 

y = & & l k = X r .  (2.1) 

In such a case, one says that two elements y and x of the space A =  {XI are 

bi-orthogonal, if [1 I XI = 1 a = 0. For the dual operator Td , one has further 
Td 1 = Tdl.F= 1. Td F= 1. T .F= ( 1. T ).F, and this gives 

Since one has also Ta y = Ta X I  , i t  follows that the adjoint operator i s  
characterized by the relation 

TaX=X.%, (2.3) 

i.e. that Ta has the matrix representation !i!, which seems t o  be a very 
natural result. 

The disadvantage of this mapping 1 + y is that it is basis 
dependent. Considering an arbitrary non-singular transformation X' = 

X a, one has 1' = I a, I ' = & 1 , and 

- -  
y ' = X l ' = X ( a a )  1 ,  (2.4) 

which means that y' = y only for transformations a having the special 
property 

- - 
a a =  1, a = a-1.. (2.5) 

For the matrix representation of the adjoint operator Ta in the basis 

X' = X a, one should have the similarity transformation a-1.9 a, 
whereas the transposed matrix has the related special property 

(a-l.T a)trans = & 'i! (& ; these two expression are identical, if 
and only if the relation (2.5) is satisfied. 
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Unless one restricts oneself to a very class of bases X' = X a, 
connected by transformations a of the type (2.51, the mapping 1 + y 
discussed here leads hence to concepts which are basis dependent. We 
will now try to remove this restriction. 

Binarv Droducts in the mace A = {XI with two linear pos itions.- As a tool, 
we will first use a binary product (XI 1x2) , which is a mapping of any 
ordered pair XI, x2 of elements of A = {XI on the field of the complex 
numbers. It is assumed to  be independent of any choice of basis, i.e. i t  
is a scalar, and it is further assumed to be linear in both positions. 
For the moment, we don't need any symmetry property, i.e. there is no 
statement of the value of (x2 I XI) in relation to (XI I x2) . If X = {XI, X2, 
XB, ... } is an arbitrary basis for the space A = {XI, we will now consider 
the matrix 

A = (2 I X), (2.6) 

having the elements Akl = ( x k  I XI). According to the expansion theorem 

(1.6) one has x = Xa, and this gives directly di I x) = (2 I X a) = (2 I X 

a ) =  (2 ) X ) a = A a ,  or 

which is an equation system for the column vector a. Since this vector 
is unique, one must necessarily have l A  I f 0, and the matrix A h a s  
hence an inverse A-1, and (2.7) has then the explicit solution 

For a pair of elements XI = Xal=& X and x2 = Xa2, one gets further 
that 

(XI I x2 = ( & 2 I X a 2  1 = & cfi: I X) a2 = A a2 . (2.9) 

One may use such a binary product to define the length I 1x1 I of a n  
element x through the relation I I x I I = (x I XP, which gives 
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and for this reason the matrix A is often referred to as the metric 
matrix for the space A ={XI, in analogy with the "metric fundamental 
tensor" occurring in some other parts of physics. 

In studying the mapping 1 + y = X b, we observe by using (2.9) 

A = 1, that (y I x) = b A a is equal to UX) = [1 I XI = 1.a , provided that 

i.e. that = 1 A -1 or b = (i )-1i , which gives 

l(x) = rl I XI = (y I x), (2.11) 

which seems to  be independent of any choice of the basis. The mapping 
1 + y is now defined explicitly by the relation 

y = X b = X ( X ) - l I  , (2.12) 

which differs from (2.1) by the extra factor (i 1-1. Let us now study how 
this mapping behaves under the basis transformation X = X a. Since A' 

=(%'IX)= (&%lXa)=&(% I X ) a = & A a  and l ' = l a ,  onehas 

Hence the mapping 1 + y defined by (2.12) is independent of the choice 
of basis. 

According t o  the general definition, two elements are said to  be 
bi-orthogonal if [1 1x1 = (yI x) = 0. Similarly a sequence y1, y2, y3, ... is 
said to be bi-orthonormal to a sequence XI, X Z , X ~  , ..., if one has the 
relation 

rli I xjl = (yi I xj) = 6ij. . 

According to (1.14), one has the bi-orthonormality relation [FIX] = 1. 
By using (2.121, one can now carry out the mapping F + Y through the 

formula Y= X (i )-l , which gives 

(2.14) 
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The basis Xr= Y is often referred to as the reciprocal basis t o  the 
original basis X, and it is a very important tool in many parts of modern 

physics. It is easily checked that it has the property ( %r I X) = (A-1 2 I X) 

= A-1( 2 I X) = A-1A = 1. Hence one has 

whereas ( XI Xrl = (2 I X (i 1-1) = ( 2 I X)( i  )-I= A (i )-I, where - due to  
the lack of symmetry properties of the metric matrix A - no further 
simplification is possible. 

From the relations x =X a and T X = X T , one gets - after 

multiplication t o  the left by & I  and using the fact that ( I?, I X) = 1 - 
the explicit formulas 

Let us now consider the operator mappings T +Td +Ta , which is 
defined through the relations 

(yITx)=[I(Txl = [TdlJx1 =(Tay(x)  (2.18) 

for all x. This implies also that [TdF I XI = (TQ I X) = (TaSr I X) and - 

Using (1.221, one gets finally 
putting Taxr = Xr R - that ( T g r  I X) = (R X; I XI = R I X) = R . 

Hence one has the fundamental relations 

T X = X T ,  T ~ F = T . F ,  ~ a ~ , = X r ; j r .  (2.20) 

As a simple application, we will now consider the ket-bra 
operator G = I xJD1 I defined by (1.23) so that G x = xlD1 I XI= xl(y1 I XI. 
The mapping 11 + y1 gives hence 

G =  I X l l l l l l  = I X d ( Y l 1 ,  (2.21) 
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and by using the relation (Gay I x) = (y I Gx) = (y I xl(y1 I x))= (Y I xi)(yi I x) 
= ((yIx1)yl Ix) for all x, one finds for the adjoint operator that Gay = 
(y I x1)yl. According to (1.27), one has a resolution of the identity I = 
I XI F I which now takes the form 

I = IXI{XrI, (2.22) 

and, for the operator T, one gets the expression 

T = T I XI& I = I X) 'I' {Xr I (2.23) 

which also gives the fundamental units in the operator space (TI. Let us 

now consider the adjoint operator Ta and the relation TaXr = Xr'F , 
which implies that TaX (i )-I= X (i ) - I9  or 

which gives the matrix representation of the adjoint operator in the 
ordinary basis X. Using the resolution of the identity this gives finally 

Ta = I X) (i )-19 (5 )+I (&I . (2.25) 

It is clear from the definition that the adjoint operator Ta is independent 
of the choice of basis, but is also illustrative to  show that the expression 
(2.25) is invariant under the transformation X' = X.a.  In order to 
understand the expression (2.25) somewhat better, one should observe 
that the reciprocal basis Xr has its own metric matrix: 

which means that, for the reciprocal of the reciprocal basis, one gets 

and (2.25) may then be written under the simple form 

~ a =  IXr)+cx",rI . (2.28) 

Case o f a svmmetric binarv Droduct .- In many applications, it is 
convenient to have X, = X, and this is achieved if one assumes that the 
binary product (XI I x2) is symmetric in the two positions, so that 
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In such a case, the metric matrix becomes symmetric so that = A , 
which implies that X, = = X, A = X (z )-I A = X . It  is then also easily 
shown that (Ta)a = T and that, for G = I xl)(yl I , one has CP = I yl)(xl I . 
One has e.g. (y I Tx) = (Tay I x) = (x I Tay) = (Taax I y) = (y I Taax) and Gay = 
(y I xl)yl= y1 (XI I y) = I y&xl I y, which proves the statement. 

Binary products with one linear and one anti-linear position. - As 
another tool, which is perhaps more familiar to  the physicists, we will 
now introduce a binary product cy I x> for two elements y and x out of 
the linear space A = (x), which is anti-linear in the first position and 
linear in the second, s o  that 

but without any particular symmetry property. In (2.30) the star 
indicates that one should take the complex conjugate. As before, the 
metric matrix has the form 

From the expansion theorem x = X a, it follows that &x>= A .a, and 

since the equation system A .a = &!x> - has a unique solution for the 
column vector a - one has necessarily that I A I f 0 and that 

where bi= 6)*. In certain cases, it may be convenient to use this 
relation to define the binary product <y(x>, e.g. by choosing real or 
complex values for the elements A k l  = < X k I X l >  in a specific 
representation X, noting that, in the general case, one may have h l k  f 
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Akl .  It should be observed that this binary product, in spite of this 
definition, is a true scalar , in the sense that it is invariant under 
linear transformations of the form X = X a. One has a' = a-la and b' = 

a-lb, as well as A ' =&'lX'>= <&JX a>= &XJX> a = at A a ,  where a? 

= (a)* is the hermitean adjoint of the matrix a. This gives 

<y 1 x>I = <y' I X I >  = &')?A ' a' = bt(a?)-lat A a a-la = 

=btA a = <y I x>, (2.35) 

which proves the statement. 

Let us now consider a linear functional l(x) = [1 I XI = .a. Putting 1 
= bTA , i.e. bT= 1 A -land b = (A -1)tlt = (A f1-l I? , one obtains directly 

I ( x ) =  Dlx l=bfAa=<yIx>,  (2.36) 

and, to each linear functional 1, there is uniquely associated an element 
y of the space A = {x) through the binary product <y I x> and the relation 

y = X b = X  ( A t ) - l l t .  (2.37) 

The mapping 1 -+ y is invariant under a linear transformation of the 
basis X =  X a. One has 1' = 1.a. and b' = ( A  't)l (It)?= (at At  a )-l(l.a.)T= 
a-1 (A +)-l (at)-lat 1 = cx-l (A q1-l 1 = a-1 b, which means that y' = X' b = 
X a a-1 b = X b = y, which proves the statement. 

According to  the general definition, two elements y and x are said 
to be bi-orthogonal if [11 XI = <y I x> = 0. Similarly a sequence y1, y2, y3, 
... is said to be bi-orthonormal to a sequence XI, XZ,X~ , ..., if one has the 
relation 

[li I Xjl = <yi I xj)>= 6ij. . (2.38) 

According to (1.14)) one has the bi-orthonormality relation [F 1x1 = 1. By 
using (2.371, one can now carry out the mapping F+ Y through the 
formula Y= X (ATI-1,  which gives 

Y= X (At)-1, [F I = <Yf I x> =l. (2.39) 

The basis X, = Y is again referred to as the reciprocal basis t o  the 
original basis X, and it is a very important tool in many parts of modern 
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I t  i s  easily checked tha t  i t  has  the property <X,'IX> = physics. 
<A-l X,' I X> = A-k&'  1 %  = A-lA = 1. Hence one has 

X, = x (A' 1-1, < XrI x> = I, (2.40) 

whereas <X' I X,> = <X' I X (A' )-I> = <Xt I X> (At )-I = = A(A+ )-l, where 
- due to the lack of symmetry properties of the metric matrix A - no 
further simplification is possible. 

Let us  now consider the reciprocal to the reciprocal basis X,, 
which has  the metric matrix A ,  = <X,' I X,> = <(A )-lX' I X ( A t  )-l> = 
( A  )-1<X* I X> (A? 1-1 = (A )- lA (A' )-I = (A' )-I. For the reciprocal of X,, 
one hence obtains 

(x~), = Xr (A~' 1-1 = X, A = x (A' )-IA , (2.41) 

which means that, in the general case, (X,.),# X . From the relations x = 
X a and T X = X T, one gets immediately by using < X,l 5 = 1 the 
explicit formulas 

a = <Xrl X> .. T = <x, I T X> = <X,l T IX> , (2.42) 

Let us now consider the adjoint operator Td , which in  the case of the 
binary product <ylx> will be given the special notation T'. The 
operator mapping T +Td +Tt, which is then defined through the 
relations 

<y I Tx> =[1 I Tx] = [Tdl I x] = <Tty I X> (2.43) 

for all x. This implies also that  [TdF I x] = <TtYf I X> = <TtX,t I X> and 
- putting T'X, = X, R or TtX,T= R'Xr - that  <TtX,f IX> = <RtX,f I X> = 
Rt<x,' I X> = Rt and fur ther  that <TtX,tI% = <X,t IT X >  = 
<Xrt I XT> = <X,? I X>T = T, which gives Rf' = T and R = Tf. Hence 
one has  the two relations 

T X = X T ,  T?X,= X, TT, (2.44) 

and from the latter one obtains T t  X, = Tf X ( A t  1-1 = X (AT )-IT? , i.e. 

Tf X = X (A? )-1Tt (Af )+I,  (2.45) 
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which gives the matrix representation of the adjoint operator T t  in 
terms of the original basis X. From the relation <y I Ttx> = <TT+y I x>, it 
is now possible to  evaluate the operator (Tt)t= T?t, and - putting TttX 
= X Q - one obtains <TJ.ty I x>=<T?tX b I x>=<X Q b I x>=<(Qb)tX? I X a> 
=(Qb)t<Xt I X>a = b?  QT A a=<y I Tfx>=<Xb I TtX a> =b?Xt I X (A? )- 

IT? (A? )+I a> = bf<X? IX> (A? )-IT? (A? )+la = b? A (A+ )-IT? (A? )+la 
for all a and b, which means that Q? A = A (A? )-IT? (AT )+I or Q t  = A 

(A: FIT? (A+ )+I A -1. i.e. 
Q = ( ~ t 1 - 1  A T (A1-1 A +,. (2.46) 

It is evident that the matrix (A+)- lA , which also occurred in (2.411, plays 
again a fundamental role. The main conclusion of this relation is that 
the operator T t t  in the general case is different from T. 

Even in this case, the ket-bra operator G = I xll [11 I may be 
transformed to the space A = {XI, and one gets directly 

G =  Ix11IliI = Ixl><liI. (2.47) 

The resolution of the identity I = I XI{F I takes now the form 

I = I X><Xrfl- I ,  (2.48) 

and, for the operator T, one gets now the resolution 

T = T . I = T  IX><&tl = IX>T<Xr'J,  (2.49) 

and this gives also a new set of fundamental units in the operator space 
(TI. By using (2.45) and (2.411, one gets similarly for the adjoint 
operator T+ : 

T t  = Tt  .I = T t  I X>d: I = I = ( A t  )-IT? (AT )+lar? = 

= I X(Af )-1>T? <A? Xrf I = I Xr>Tt<Xmt 1,  (2.50) 

which is analogous to (2.49). 

Case o f a binarv D&ct with herm itean svm metry.- In many 
applications, it is convenient to have X, = X, and this is achieved if one 
assumes that the binary product (XI I x2) has a hermitean symmetry in 
the two positions, so that 

<XI I x2> = ex2 I XI>*. (2.51) 
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It implies that the length I I x I I in square, I I x I I2= <x I x>, is always a 
real quantity. which is of importance in many parts of physics. In such 
a case, the metric matrix shows an hermitean symmetry: 

A f = A ,  (2.52) 

and one gets ( ~ f 1 - 1 ~  = 1, which implies that X, = X, and Ttt = T. In this 
particular case, one says that T i  is the hermitean adjoint to the 
operator T. The relation Ttt = T is easily proven directly, if one 
observes that <Ttt y I x> = <y I Ttx> = <Ttx I p* = <x I T p * =  <Ty I x> for 
all x and y. 

one gets immediately Gt = I yl>url I , since one has 
For the hermitean adjoint of the ket-bra operator G = I xl><yl I , 

<Gty I X> = <y I Gx> = <y I xl<yl I x>> =<y I xl><yl I X> = 

<<y I xl>*yll X> = < y l a l  I ST> I X> = <( I y i > a i  I )y I x>, (2.53) 

which proves the statement. 

3. Mapping of the dual space Ad on another linear space . 

Let us now introduce a second linear space B = {yl, which is of the 
same order as  the original space A = (x) but not necessarily identical 
with this space. The space A = {XI is spanned by the basis X = 
(X1X2,,X3, ... I ,  whereas the space B is assumed to be spanned by the 
basis Y = {YlY2,,Y3, ... 1. Let us further introduce a binary product 
<ylx>, which is assumed to be anti-linear in the first position and 
linear in the second position. In this case, one cannot introduce any 
symmetry property whatsoever, but our reasonings above shows that 
such a property is by no means necessary to  derive the fundamental 

concepts. Putting y = Y b = b P and x = X a, one obtains directly 

where A = <q I X > is the interrelation matrix between the two bases 
associated with different spaces. 
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In order to study the transformation properties, one has now to 
introduce two linear transformations 

X'=Xa, Y = Y P ,  (3.2) 
which gives 

A ' = P t A  a .  (3.3) 

I t  is interesting to observe that, since x =X a, one has &Ix> =< * I X 
a> = c %7 I X>a = A a, which implies that I A I # 0 , that A -1 exists, and 
that 

a = A - l < k  Ix>. (3.4) 

Considering a linear functional l(x) = 11 I XI = l.a, one can now construct 
a mapping 1 + y = Y b by putting 1 = bt A in the relation 11 I XI = 1.a = 
b? A a = <y I x>. For the row vector b, this gives bt =A -1 1 , b = (A -1 17 lt 
and 

y = Y b = Y (A -1 )? I t .  (3.5) 

The mapping 1 + y is invariant under the linear transformations (3.21, 
since one has A' = p ?A a and 1' = l a ,  which gives 

The concept of bi-orthonormality [F I Xj = 1, is now easily generalized to  
two different linear spaces B = [yl and A = 1x1. Starting from the 
mapping F+ Yr given by the formula (3.5) or 

Y,= Y (A (3.8) 

one gets directly <k,. I X> = <(A *)-I* I X> = (A )-k* I X> = (A )-1A = 1. 
and Yr is said to be the basis in B which is reciprocal to  the basis X in 
A 

<qr,Ix>=l. (3.9) 

Using this relation, one gets immediately from the fundamental 
equations x = X a and T X = X T that 
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- 
a=<Y,Ix>,  T = < V, I T x >. (3.10) 

Let us now study also the adjoint operator TT, which is defined 
Observing that PITXI = through the mapping Tx + 

<y I Tx>, one gets directly 
Tdl+ T t y  . 

<yITx>= IJITx] = [Tdllx] =<TTyIx>. (3.11) 

I t  is evident that T is defined on the space A = {XI, whereas T? is 
defined on the space B = {y}. For the matrix representation R of the 

operator Tf' with respect to the basis Y, , one has TtY,= YJt or T t  kr = 

R V r  , ahd hence one has 

Rt= R? < Vr Ib = <R kr IX> = <Tt = T b  = 

<f, I XT> = <f, I X>T> = T, 

i.e. R = T?, and one gets the operator relations 

(3.12) 

T X = X T ,  TtY,=Y,$. (3.13) 

From the last relation one gets further Tt  Y, = T? Y (A ?)-I= Y (A +)-IT?, 
i.e. 

Even the ket-bra operator G = I XI] 111 I may now be transferred to  
the space A = {XI, and one gets directly 

G=lxi lPi l  = IXi><Yil . (3.15) 

The resolution of the identity I = I XI [F I takes now the form 

I =  Ib<k,l ,  (3.16) 

and, for the operator T, one gets the fundamental formula 

(3.17) 
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which also contains a new definition of the fundamental units in the 
operator space IT}. I t  is illustrative to check that this formula for the 
operator T is independent of the choice of bases for the two spaces 
involved. From the relations (3.2) and (3.31, it follows that Y, ' = 
Y (A 't) = Y p ( a t A  t p )-I = Y p $-I (A t)-l(at)-1 = Y,.(at)-1 . This gives 
further 

T' = < gr'l T X > = <(a*)-1 Z., IT X 

= a-1< Y", I X >T 01 = a-1T a , 

> = <(a*)-' 9, I X Ta > 

(3.18) 
and 

T' = 1 X'> T' < ?r,l I = I X a> (a)-1T a <(a*)-l ?r I = 

= I X > ~ t a - l T a  a-l<^k, 1 = Ix>T<"Y, I =T,  

which proves the statement. We note that, in this approach, there is no 
resolution of the identity in the space B = Ix} and no resolution of the 
adjoint operator Tt , but that it should be possible t o  obtain such 
expressions by starting from the space B = {y} and its linear functionals. 
For this purpose, we need one more binary product Ix I y) in which the 
element x from A has the first position and the element y from B the 
second position. It will again be assumed that the first position is anti- 
linear and the second linear. 

(3.19) 

For the sake of simplicity, it may now be convenient to  introduce 

Ix I Y) = <y I x>*, 
the definition 

(3.20) 

which is by no means a symmetry relation. 

interrelation matrix {X I Y) has now the elements 

The fundamental 

i.e. 

Using the results obtained above, one can now introduce a reciprocal 

basis Xr = X A-1, which has the property rr?, I Y} = I ( )sl r?, I Y) = 

(At)-l {gr I Y} = (At)-1 AT = 1. From y = Y b , one obtains b = I ly} , 
and this gives y = Y [I?, ly} = I Y)( I y for all y, which means that one 
has the following resolution of the identy in the space B = Iyl: 
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I = lYHgr I .  

Using the relation (3.14), one gets further 

393 

(3.23) 

which is the expression desired. 

The operator G = I xl><yll is defined on the space A = {XI, and , 
by using (3.20), it is then easily shown that the adjoint operator has the 
form 

GI = I Y i I l X i  I . (3.25) 

It is evident that the formalism using bold-face symbol is a very simple 
and elegant tool in studying the properties of linear spaces and their 
functionals, particularly in showing the invariance features of certain 
quantities . 

The main conclusion of Sections 2 and 3 is that, even if a linear space A 
= {XI has a dual space {ll defined by its linear functionals, and every 
linear operator T has a uniquely defined dual operator Td, there is a 
multitude of adjoint operators Ta of which only a few of the main types 
have been discussed here. 

4. Mapping of a space A = (XI on another space B = {y). 

One can now utilize these results to study also mappings between 
two spaces A = {XI and B = {y} of the same order having the bases X and 
Y, respectively, defined by the relations 

R x = y ,  S y = x .  (4.1) 

The operator SR maps A on A, whereas the operator RS maps B on B. 
The "mirror theorem" says that the two operators SR and RS have the 
same non-vanishing eigenvalues and the same type of classical 
canonical structure. The matrix representations are defined by the 
relations 

R X = Y R ,  S Y = X S .  (4.2) 
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As in the previous section, we will use two binary products <y I x> and 
{x(y} in which the elements are not interchangeable and without any 
connections. In this case, there are two interrelation matrices 

A=<$ IX>, D = { Z  IY). (4.3) 

Introducing the special basis sets 

Y,= Y (A $)-I, X, = X (Dt)-1, (4.4) 

one gets immediately the two relations <*r I X >= <(A * kl* I x > = 

A - k T  I X > = A-1A = 1, and similarly (2, I Y )= 1, i.e. 

<;jT,IX>= I, { Z r  IY I= 1, (4.5) 

and we will say that the basis Y, in the space B is bi-reciprocal to the 
basis X in the space A, and that the basis X, is bi-reciprocal to the basis 
Y. For the matrices R and S in (4.21, one gets immediately the explicit 
expressions 

From the relations x = X a and &, I X > = 1, it follows further that a = 

<fr I x>, x = X <Y, I x> = I Xxf, I x, which gives the following resolution 

of the identity operator in the A-space: IA = Ix><f,l From the 

relations y = Y b and p?, 1 Y 1 = 1, one gets similarly b= I X, I yl, y = 

Y{gr I y} = I Y}& I y and IB= I Y){X"r I, which is the resolution of the 
identity operator IB in the B-space. 

- 

- 

Hence one has 

IA = I , IB= IYIIZr 1 .  (4.7) 

For the resolutions of the operators R and S, one gets directly the 
expressions 
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Even i n  this case, it is possible to introduce "adjoint operators" through 
the special definitions 

{XI I Rx21= <Rtxl I x2>* , <y1 I Sy2> = {Sty, I y2 I >* , (4.10) 

which are  generalizations of those introduced in  the previous section. 
These relations imply that the operator Rt  maps A on B and St maps B 
on A, as the original operators R and S .  

Let us  first evaluate the matrix representation of the operator 
Rf, which in  analogy with (3.13) may be defined by the relation Rf Xr = 

YrQ1, which also gives R t  2, = q r  . One gets directly <Rf 2, Ix> 
= < Ql 9, I x> = (&f' <qr I x> = Qlf , and further 

Putting Sty, = X, Q2, one gets similarly {Sf ?I, I Yl= Q2f{ gr I Y) = 

Q2t, and Q2f= {St ?r, I Yl= < 9,. I SY>= < vr I X S> = S ,  i.e. 

Q2  = Sf ,  STY, = X, St. (4.13) 

Since Xr = X (Df)-1 and X = X, Df ,  one gets also RfX = RfXr Df = Yr 
RtDf  = Y A-1 R f D t  and similarly STY = STY4 t =X, S f A  f = X (Dt)- 
1 S f A  t. For the adjoint operators R t  and S t ,  one gets hence the 
following resolutions: 

R t  = R t  IA = Rf IX><'I?, 1 = I Yr>R'D'<?r I , (4.14) 

Sf = Sf IB = St IY){grI = I X, ]SfAt{g,l . (4.15) 

The operator SR maps A on A, and its adjoint operator has been defined 
in the previous section. At the same time, one has <ylSR x>= {Sty I Rx) 
= < R ~ S ~ Y  I x>, i.e. 

(SR)t = RfSf, (4.16) 
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which relation connects the two concepts of adjointness discussed here. 
Similarly, one gets (RS)? = StRf'. I t  is illustrative to check these 
formulas by using the resolutions of the various operators. 

We have so far worked with two independent binary products {x I yl and 
cy I x>, and it is evident that one obtains a certain simplification if one 
introduces the interconnecting relation 

Ix I yl = <y I x>*. (4.17) 

which means that one can now work with a single binary product, say 

cy I x>. In such a case, one has in particular for the matrix D = {fi I Y), 
that Dlk = {xi lYk)= <Yk)Xi>*, (Dt),, = Dlk* = <Yk)&>, which gives Dt 

= <%! I X> = A and D = AT. The relation (4.14) will now take the form 

RT = IY+R'DT &r I = IYr>RTD't <(A*)-'? I = IYr>R'A A - k ?  I = 

)Y,>R?<? I . Instead of (4.14) and (4.15), one will now get the simpler 
relations 

All these definitions will reduce to the standard definitions in the case 
when A and B are subspaces of a bigger linear space C having a binary 
product with hermitean symmetry, so that Ix I yl = Iy I x)* =<y I x>* = 
a ( y >  . In this case, the two binary products are identical, and some 
further simplifications are possible. 

In some previous papers [3], the author has ivestigated the 
properties of pairs of adjoint operators T and Tt in general, and the 
present paper may be considered as an extension of these studies. In 
the Uppsala group, there has also been a considerable interest in the 
properties of non-self-adjoint operators in connection with the method 
of complex scaling [4] with results which may be considered as 
illustrations of the more general theorems treated here. 
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external heavy atom effect on, 148-152 
formaldehyde, 106-107 
hexatriene, 128 
Jablonski diagram, 104-106 
nitrogen 

with, 239 

B”Zy--X’Z8+ Ogawa-Tanaka-Wilkinson 

C311,tX1Z8+ Tanaka system, 1 1 4 - 1  16 
Vegard-Kaplan system, 1 1 0 - 1  13 
W3A,tX’Z8+ Saum-Benesch system, 

system, 114 

113-1 14 
polyenes, intensities, 128-129 

A = I x 1, mapping on space B = ( y I ,  393-396 
B = ( y 1, space A = I x) mapping on, 393-396 
dual, see Dual space 
linear, dual space Ad mapping on, 389-393 
original, see Original space A 
site orbital, cuprate superconductors, 4 6 4 7  
three-electron, ally1 radical, 18 
two-electron, cuprate superconductors, 47 

atomic, group-theoretical Hamiltonian for, 

Auger, intensity rearrangement derivations, 

dN, group theoretical analysis. 60 
electronic, intensity, modulation due to spin- 

orbit coupling, 92-94 
freeon-wave, theory, 29-30 
interpolated, ethylene, 12-14 
negative-Hubbard Huckel-Hubbard 

Hamiltonian, 42-43 
optical, free molecules, 101-104 
pN. group theoretical analysis, 58-59 
polyenes, 10 
ultraviolet, free molecules, 101-104 

Space 

Spectra 

57-58 

92-94 
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Spin-arrow diagrams 
allyl radical, 20 
ethylene, 16 

Spin catalysis, application of response theory, 

Spin configurations, light nuclei 
j = 3/2 configurations, 64 
( j)A configurations, 63-64 

153- 154 

Spin density, negative, for allyl radical, 22-23 
Spin-orbital coupling 

induced dynamic properties, 94-98 
intensity modulation of electronic spectra, 

response theory calculation 
in molecules, 7 I ,  74-76 
test, 89-91 

92-94 

role in experimental interpretation, 74-76 
second order, contribution to total energy, 

91-92 
Spin orbitals 

in freeon dynamics, 4-5 
response properties, 84-86 

Spin paradigm 
features, 9 
from freeon Heisenberg Hamiltonian, 28-29 
freeon waves, 30 
in relation to Hund's rule and Heitler-London 

rule, 17 
Spin polarization, allyl radical, 21-22 
Superconductivity 

description by mean-field theory, 35 
Meissner effect, 37-39 
perfect conductivity 

observations, 35-36 
theory, 36-37 

Superconductors, see Cuprate superconductors 
Symmetry-quantization, for group-theoretical 

Hamiltonian, 57-58 

T 

Tanaka system, C311,tX'Eg+, nitrogen, 
114-1 I6 

Transformations 
linear, basis X, in linear functionals, 378-379 
nonlinear, fuzzy electron density fragments 

by dimension expansion-reduction method, 

by weighted affine transformation method, 
199-20 I 

201-206 
Triplet states 

electronic, isoelectronic molecules, 329-332 
ozone, role in low-lying absorption band 

analysis, 103-104 

U 

Unitary group, in freeon dynamic formulation, 

Universe, group theoretical history, 6 7 4 9  
7-8 

V 

Valence bond structure 
allyl radical, 19-20 
ethylene, 14-15 

Vector representation 
linear functionals, 373-375 
in mapping dual space Ad on original space 

A, 380-38 1 
Vegard-Kaplan system, nitrogen, 11&113 
Vibronic interaction, effect of wavefunction 

Vibronic structure, benzene phosphorescence in 

Vinylidene radical anion, proton hyperfine cou- 

amplitude, 52-53 

response formalism, 134-140 

pling constant, 350,352 

W 

Wavefunctions, bipolaron and hole, effect on 

Weighted affine transformation method, for 
vibronic interaction, 52-53 

fuzzy electron density fragments, 201-206 
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